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^ PREFACE TO TEACHERS * 

This text has baefi written for the ninth grade student 
whose mathematical talenjb is underdeveloped. The subject- 
matter presented is essentially that which appears In the Ichool 
Mathematics Study Group text* First Course in Algebra . This Is 
part of the body of mathematics which members of the Study Group 
believe is important for all well eduoated cltiztns in our * 
society. It Is also the mathematics which is important for the 
pre-eollege student as he prepares for advanced work in the 
field of mathematics and related subjects. . 

It is the hope of the panel that this material will serve 
to awpken the interest of a large group of students who have 
msthematlcal ability- which has not yet. been recbgnlze'd* It is 
hoped also that this text will contribute to the ^understanding 
of fundamental concepts for those students whose progress in 
mathematics has been blocked or hampered through rote learning 
or Inappropriate curriculum. However this text Is not offered 
as appropriate content for the slow learners among the non 
college-bound students , ^ * 

The mathematics which appears In the text Is ^not of the 
type normaZ^y^ called "business" or "vocational" mathematics; 
nor Is it Wtended that this serve as a terminal course. Rather* 
as the title clearly states, this is an introduction to Algebra 
which will provide the student with many of the basic concepts 
necessary for further study. 

Some of the Impor^arjt features of the text are the 

following: ^ . 

(1) .The reading l^el is appj^opriate tor the kind of 

students for whom the text Is written, 

(2) In order to achieve the objective of introducing 
one new concept at a time sections are divided 
Into subsections, each Including exercises, 

(3) New concepts are Introduced #hrough concrete 
examples. ^ 



(4) E&sy drill mattrlal li Ineluded In the exmrcl^mB,' 

(5) Chapter suimiarles and i^equate aefci of review 
problems are provided, f 

• (b) Terminology la kept to a minimum* 
(7) glqssar^ of Important'^erms .and deflnitlone is 
included at the end of each of the four parte. 

Some general suggestions for the use of the text are offered 
below. ' ' * 

\. 

Reading . - ^ . ^ 

AS la the case with all SMSG texts this text was written 
with the expectation that it can and will' be read by the student. 
Since many students are not accustomed to, reading a ^ok on 
mathematics, it will be neeeapa^ to assist them in l^rnlng to 
make the best use of the booic, ^ ^ ' - 

>T#achei^liL jreport that at the beginning of the course they ^"^^"""^ 
find it best^^o read the text aloud wriile students read silently. 
When students eventually do the reading on their own they need 
to be reminded again and again of the necessity for i^ereadlng 
some of the sentences. It is hoped that by the end of the year 
^ they will have gained a good measure of competence In reading 
mathematics. 

Check Your Reading . 

The text provides sets of questions titled Check Your 
Reading which are CQncerned with the Ideas In the material 
* which the student has Just read/ 

It would be wise to start a class period by reviewing the^ 
reading questions from the preceding day or the preceding two 
days. The student who was not able to discuss a question when 
It was first encountered would have the opportt|filty to do so In 
the review. 

Problem Sets . ^ 

The text has an amp\e supply of exercises. They are graded 
In each list so that the most difficult are at the end of the 
list. Irf an exercise which has parts the teacher should use as 
many nf them as seems best for the particular class situation^ 



Problemr tmve ^btjln included^ which may be omitted without any loss 
of oontlnyity. Among, them are stawtd problemi whloh are more-._^ 
dtffleult than others. Problems of this type as well as the 
challenge problems which appear at the end of each of the four 
parts J might well be appropriate for the "extrt credit" part of 
the assignments « 

^ This *text Is In four parti. In the directions sent out to 
"tiyout". centers during the-past two years teachers^ ware advised 
to use their own Judgement as to how rapidly they should 
Introduce the, material to their studew^. The reports of the 
teaahars indicate that It takes morg/thio. one year of stud^j for 
students of average ability to complete the four parts success- 
fullj. It is not clear as yet how well students of lower than^ 
average ability can learn algebra from this text, 

*A comparison experiment conducted recently by the Minnesota 
National Laboratory ^ showed that college capable, students studying 
^from this text performed as well on SMSG unit tests as students 
of Ilka ability* studying frort^he text First Course in Algebra ; 

i 





Chapter 1 ^ . 

' SETS AND THE NUMEER LI^E 

In this ehapttr w* use the non-negative rational numbers - . 
and the basle operationa upon them as a familiar baekground for 
the introduetlon of eoneepta and procedures which may be new to 
the* pupil . We'^onslder briefly two of the ind^ipenstble topla 
for our study of^ the' structure of the real number eystem /-isets 
and the number line* \ , . 

I One of the great unifying and simplifying concepts of all* 
mathematics I tht.ldaa of setj Is of Importapce thnoughout the 
course In many ^ ways: In classifying tlie ni^bera with which we 
work. In examining the properties of the operatlone upon these 
numbers, in solving equations and Inequalities/ In factortng * 
polynomials, in the study of functions, etc. 

''Slnc^ most students have not studied about sets before 
entering this course, and since the basic notions of set afre 
usually grasped quite readily. It seems a good topic, from a 
motivational standpoint, with which to start tt» course* We 
move on^ quickly from this first discussion of sets, howeverj 
postponing much wopI§ with operations on elements of sets and 
with closure* so as to get quickly to the presentation of variable 
(in Chapter 2). This Is done largely because (1) teachers and 
students expect the^ early introduction of variable and (2) our 
study of the structure of the number system can begin with; the 
Idea of variable. 

*Next we place the number line befori the student. Here 
again la a concept thpt of use throughout ^he course. It Is 
the device for picturing mahy of the Ideas about numbers and 
operations on them. This Is immediately apparent as the graph- 
ing of sets is Introduced and is"* followed in the final section 
of the chapter by addition and multiplication on the number line. 

Pupils who have studied SMSG Mathematics for Junlor ^ Highr^ 
School wlli have had a little experience with sets and the number 
line. They may be able to go through parts of this chapter a 
little more quickly than other itudents, but the treatment is 
sufficiently different that nothing' shoGld be omitted. 
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Th^ teicher U referrfd to Haag, Studiea In • Mathematics . 
Volume III, Structure of Elementary Algebra. . Chapter S, Section 1 

. Thougb thm ttr^t sets listed at the outset of the ahaRter 
are not examples of sets of numbers, we movm qulakly In th'e^text 
to oonslderatlon ©f^^sueh sets, Thpygh non-numerjLoal ^^ets ma^ be 
of Interest, a prolonged di|cuS8l^, of thern would eonstltute a 
diversion from the basic purpose of the course/ ' ^ 

The concept of set Is introduced by making use of the 
student's experlenae* Yoi^ay find it necessary or desirable 
to give several other examples, 

Wa do not introduce much of the standard a^t notation such 
as set builder notation, £ , ) * C * U * H * because the toprcs 
to which these notations , are particularly well adapted are 
probably too widely separated In the book for retention. There 
is I however, no objection to the teacher using any of these If 
he so desires. Certainly, If the class already has a background 
Including set ndtatlon, the teacher should mfilce use of it 

/ Braces are Introduced as a means of recognising sets and as 



a means of listing sets. " . r 



Study Gul4e ; page 2: 

1. Stress the Idea that "set" will b^ used throughout the 
■ course. 



ui 



Answers to ProClem^ Set 1 ^la ; pages 2-3: 

1. (a) (9, 19^ 29, 39, ^9] ^ 
(b) [3, 13, 23, 33, 43) 

. (c) [10, 20, 30, 4oj ^ ' ^ 

2. ' The^aet In (c). It has 4 elements. 



3. (a) [d, 'e, f, g, h, i, .1) \ ^ ^ 

(b) (o, e^ 1, a} 

(c) {1, s, p) (Point out that the letter Is listed 

only once, even though It occurs more 
than once . ) 

ji fl 12*4. 




pages 3-5; ' : / , . ' . 

(b) (|, 1. 1, |, |, |; |) - ^.^„ . 

Problems precede^ by the asterisk * are more challenging 
than others in tha s-ame set of exercises, Such ^fjroblems. are 
Included primarUy for the^bnlghter and more curious . student , 
and tha.use^of these problems^with aj[ij BntLre^ class may consume 
s^me .needed latef In the yea^r-to comprete= the ba-ilc .work of t,he 
course. The teacher will have to decide as he reaahes each such 
problem whet^ier time and the ability of fils students pemit him 
.to deal w^e^ the^problem with the ciass as a-^y^dle. , ^ ^ ' 

• "(a )^ ^ [-California , Connecticut, Colorado J ./ ^ = 

^ * ' (b) [N.Y. , N, J, ; N.H. /:N.C. , ^N.D/, N.M/, Neb, , Nev 

(c) ' iHawail } ' ■ ^ ^ 

(d) There are no elements in this set. 

Pases 3-^. It shoull *be pointed out that there are ^wo methods 
of deacrlbing sets . 1 A set can be listed with the elements en- 
closed in braces, ^ora set. can be described with a verjDal descrlp 
tlon. It is Important to note that in some cases a verbal ^ - 
description and a I'ljiPng ^are equal ly. adequate'Un descrlblni a 
set. However, there are sefts which can be described only In one 
of the two, ways. On one hand, for example, Is the-.set [2, 3, 3, 
7^ 8}, which is not easily described in words; on the other hand, 
there Is the null sit, which cannot be listed and must be 
described in some other manner. 

Pages 4^^ .' We Introduce the technique for listing sets which y 
have marly elements and sets that are infinite. We use the common 
notation of the three dots . which mean "and. so forth" or 
"continuing in the same pattern". Depending upon the class, this 
notation may or may not need more explanation. 

The representation of a set by a capital letter is Intro^ 
duced. The student should understand tha^t this is simply a way 
of naming the set, We then define the set of counting numbers, 
whole ^umbe^^ multiples of 3 (to' clarify the cun^^ept of a 
multiple), even numbers, and the set of odd number ri, 

J / 
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pages 6-7: 1-1 



Answers to Problem Set l-lb - pagea 6-7: 

1. (a) (1, ,2, '3, . . .,■ 12] 

(b) [0, 1, a, . . .,-10) 

(c) [11, 12, 13, ... ] 

' (d) [0, n. : . _ _ • 

_(e) [0, 3, 6, . . ., 27] 

'(f) (0, 2, 4; . . .,'12] . 

, (g) (16, 18, 20, . . .] 

(h) ill, 13, 15, . . .] 

• - . (i) (1,, 3,, 5, . . .,, 39] 

fi) fi 2 3 1 6, 

2. (a) A is the" set of all even numbers less than 7, 
'(b) B is the set of all odd nujnbers * 

(c) C is the set of all multiples of 6, 

(d) D is the set of all whole numbers. 
. ■ (e) E is the set of all multiples of 

(f) F is the set of all whole'' (or counting) numbers 
greater than- 11, 

(g) G is the set of all odd numbers greater than 21 
(or 22) , 

(hf)^ H Is the' set* of all odd numbers less than 19 
(or 18). 

(1)' I is the set of all multiples of '6 which are lese 
\^ than 72 ^(or 67) , 

(j) J is th^ set of all even numbers greater than' 26 

and less than 100. 
(k) K Is the set of all 30-day months. (Other verbal 

d'escrlptions are possible). 

3. The set obtained by dividing each element of the set 
of even numbers by two is the set: [o^ 1,2^ . . 
which is the set of whole numbers, u 



4 



pages 8-9: 1-1 

Many of the problem sets In this ■chapter are short, and the 
teacher may wish to cover more ^than one problem set In a,-'day . 
For moat students, the short problem sets should suffice to convey 
the- Idea of sets which are needed in this course. The teacher^fea 
cautioned not to dwell on these sections at length, nor to prolong 
greatly the exercise work on sets, for it Is the algebraic struct 
ture of the real number system, rather than the study of sets 
for their own sake, thal^^constltutes the heart of the course, 

pages 8-10: 



Answers to Problem Set l-lc 

B la a ^subset of A 
D/Ib a subset of a 
/% is a subset of A 
«• H Is a subset of A 



(a 

(b 
(c 
(d 



K 

(a 

(b 

(c 

(d 

(a 



C is not a subset of A because 30 
Is an element of C and not an 
element of A . 

F is not a subset of A because 0 
is an element of F and not an 
el-ement ^f^- 

g is not a subset of A because 27* 
29, . , . are .elements of G and 
"not elements of A. 



T - [1. 4, 
R - (1, ^) 
No, B 

Yes . 
Yea 
No . 



9. 16) 



does not contain 2 as an element. 

9, l6 are elements of T but not of S 
4, 9, 16] 



R, K. are all subsets of 
is a subset of R. 



(1. 2, 3, 
H 

K has the most elements, 
R has the fewest elem.ents . 

We have defined an odd number as "one more than an\ 
even number." Hence, if we add two odd. numbers ' 
we will have 2 more than an even number-=whlGh will 
be an even number. 



pages 9-10: 1^1 

■ • " ■ . ■■ ,/'• t . ■■ . 

(b) From our de-flnitiorl of an odd number, multiplying 
an odd number by ah odd number would always result 
In an/' extra" one, so the product 13 -always odd. 

* ' ^^^^^ 9^ pairs of T Is 

S - (2, 3, 4, i), o, 7/'8te /S is not a subset of T 
because the elements S, C',^ 7, 8 are not in T. 

o/ If Q - [0, l), then the set of products of pairs is 
P ^ (0, 1), P Is^a subset of 0. 

ff R = [0, 1, 2], the Set of sums of pairs of R is 

= [0, 1/ 2, 3, 4] and the set P of products of pairs 
of R is P = [0, 1, 2, 4); neither P nor S la a subset 
"^^^ of . ^ . 

*8, The subjectxof closure Introduced in this problem will 
be dwelt upon thoroughly later sg. it should probably be 
left as an, Interest problem at this tiire and should not 
be allowed to distract the class from more immediate 
Ideas . , ^ 

(a) T Is not closed under adcMtlon. 

(b) Q is closed under mul tlpQ. ica tion but not under 
addition. " ^ ^ 

(a) R is not closed under either mul tiplleatlon or 

addition/ ■ .. ■ ^ 

(d) N is closed under both multiplication and addition. 

Comment on problems 2_ and. J^. ' ' 

Experience shows ^tha t students usualli^ have difficulty 
understanding the directions given for these two problems/ 
regardless of the care with which tri^ ins^fcructions are ' - 
written. Here we are touching for the f^rst time the ideas 
.of "intersection" and *'unldri'' of two sets. These will ^be 
■ hit again in various contexts; :hus, it Ls not necessary 
for the teacher to make ^an all-out production ^ of problems 
2 and 3, The difficulties here can be eased^y means of a 
dialogue^between teachers and class In which it is. made 
clear that 



6 

Id 



pages 10-12: 
1) 
2) 



lil 



the elements In R a,nd In S consist of those.^ 
elements common ta R, S; 

the elements In R or In S Gonsls t .of ;'thoSe 
elements either In R or In S or both. 



After the class succeeds In understanding ther^^wo ^ • 
opera tlons^^on sets, be sure that the words dnd and or 
remain the l4ey words rather than th^ words '^both" , '"cpmrnon", 
"either'', etq. ^here is a good -reason for this, because 
very soon Iri^ the course (Chapter 3) we will meet 
co'njunctions and disjunctions of sentences in which the 
fntersec tione and unlpns offsets' will be Implied by and 
/ a^d respectively, =^ \ 

Paffes 10-11 , Trte teacher should be ^^a^ of three common errors 
made by studgrtts ^in 'working with the empty s^et-. The. m^t common 
error is the eonfuslon of CO) and 0, and thl^ is warned against 
in the text, out may neec| further emphasis by the teacher. A 
less s^ignificant mistake^ is to use the words empty set" or 

Va null set" instead of " the empty set" or " the null set". There 
Is but one empty set though it has many descriptions, A third 
error Is the use of ^he symbol, {0] , instead of Just" 0. 

7^^' The statement that the null set is a subset of every Set 
may cause some difficulty. The teacher should point out that 
to say^that every element of A is an element' of B means that 

/there is nq^ element in A which is not in B, The null set 0 is 
a subset of the , set {1, 2, 3) since 0 has no elements which are 
not in the set (l^ 2, 3). w 

A n s_we_rs to Problem Sat 1^1 d ; pages 11-12: . " 



(a) 


A ^ [2} ; therefore^ it 


ls*not 0, 


(b) 
(c) 


B ^ 0 

C 0 ^ 




(d) 


This is not the null £ 


3et 'but the set [O 


(>) 






(f) 


[0 ) , not 0 


• 



I 



The list of subaets of B is' 0 

• (?) 



, {^3] There are eight subsets. 
[1,2] 2 ^ 2 X ^2--^ 2^ 

(1. 3) 
(2, 3) 
(li 2. 3) 

The list of subsets of C is 

(2),^ C3), [4]^. (1, 2), (1, 3), (1^ 4), (2, 3), 
(e. 4), (3, 4), (1, 2, 3), [1, 2, 4), (1, 3/4), 
(2, 3, 4), [1, 2, 3, 4), 

4' 

There are Id sub^ta. 2x2x2x2-2 

For a set conalstlng of n elements j the number sub- 
sets is 2^. This problem is included to help discover 
the student who has the ability to generalize. Do not 
consider this as somettilng' for the entir^e class to 
master at this timej certainly not the notation 2^. 



12_-ljf . The number 1^^ is used as an illustrative and motl 
vatlonal devlcej and our d^^ussion of it is quite intuitive and 
informal. As was the oase^v^th the preceding section, more ques- 
tions are raised than can be answered immediately* i 

Present on the number llhe Implicitly are points correspond- 
ing to *the negative numbers j as is suggested by the presence In 
the illustration of the left side of the number line. Since j 
however, the plan of the course Is to move directly to the 
cpnslderatlori . of the properties of the operations on the non- 
negative numbers J anything more than casual recognition of the 
existence of the negative numbers at this time would be a 

distraction to the student'. ^ / 

. I 

The idea of successor is important.^ Suppose you begin with 
^he counting number one. The successor is "one pe^e", or 1 + 1. 
^he successor^ of 105 is 105 + 1, or 106; of 100jOOO/&^ la 
00j000,006. This implies that whenever you think oX/a whole 
number, however large, it always has a successor. To the pupil 



pages 13-17' 1-2 



should come the realization that there is no last number , nn .• 
interesttng reference for the student is Tobias Dantzig, Number , 
the language of Science , pp, 6l-^b4, 

The use of the term "infinitely many" on the part of the 
student and teacher should help the student avoid the noun 
"infinity/' s«id with it the temptation tu ■call ''infinity" a num- 
eral for a large number. 

The emphasis here is on the fact that a coordinate is. ttie 

number which is associated with a point on the line. "Coordinate", 

"associated", and "corresponding to" must eventually become part 

of the pupil's vocabulary. He must not confuse coordinate with 

point, nor coordinate with the name of the number. 
- ^ -- ' ' ■ 

The distinc,tlon between nu mber and name of a number comes 
w — . ^ - 

up herej|for the Tlrst tlm^e* Do not make an issue of it at this 
time, for it is dealt^with explicitly at the beginning of , 
Chapter 2. ' • 

Answers to Problem Set 1^2 a ; page 15'- 

1. S ^ il, 6, 11, l6, 21, . . ^6) (a list description) 

£v (a) finite (d) finite 

(b) infinite (ej finite 

(c) infinite . (f) infinite^ 

Pages 15-17 , Here we piaWre the number line, the points being 
labeled 'with rational numbers. You may want to point this out 
to the students after they have read at th^ top of page 17. We 
must be careful to observe that the general statement oh page 17 
concerning rational numbers is not a definition, since It does 
not take Into account the negative numbers. Do not make an Issue 
of this with the students; for the moment we-merely want them to 
have the idea that these numbers are among the ratlonals. 

It Is also possible to say that a number represented by a 
fraction indica ting /the (\ivlsion of a whole number by a counting 
number is a rational^'rtumber , This statement may.be of interest 
since it is expressed In terms of these recently defined sets, 
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pages 17-19: 1^2 ' i 

! - / 

but the stattment in the text has the advantage that the 



^ exclusion of division by zarpo Is explicit. ^ * ^ ^ ^ > 

y are some possible names 'for these numbers. 

,A rational number may.be represented by a fraction, but 
some rational numbers may also be represented by other numerals , 
such as 1,333.., and 1.42. | The number line Illustration on 

page iD.^lves the name "2" as well as the fractions ^ * ^ ^ . 



If Qtf 



to name the number 2. | «^ 

The same diagram makesi clear ^that not all rational- numbers 
are whole num^bers. The^stulents may have seen some fMctions^ 
^ that do not represent rational numbers, such as, , etc. 
They will have to be reminded that so-called "decimal fractions" 
are not by this definition fractions. 

It Is necespary to keep the words rational number" and 
"fraction" carefully distinguished. Later on In the bourse, it 
will be seen that the meaning of the term "fraction" Includes 
any expressLon, also Involving variables, which is In the form 
of an Indicated quotient. 

Pages 17-19 . The Idea of "density" of numbers is being 
initiated here. By density of numbers we mean that -between any 
two numbers there is alwayk another, and hence that between any 
two numbers there are infiiltely many numbers..- Ihls suggests 
that on the number line, between any two points there Is always 
another point, and, In facit, infinitely many points. We refjer 
here to "points" in the mathematical, rather than physical >^ 
sense-- that Is, points of no dimension, j Because the student 
may not be thinking of pc:iints in thl% way he n^ay not Intuitively 
feel that between any two joints on the number line other points 
may be locat^. Therefore, he Is shown "be tweenness" for numbers 
first; then, taking these numbers as coordinates, he can infer 
" betweenness" oif points on the number line. . 

The fact that there are points on the number line which do 
not correspond to rational ! nur^rs should arouse the students' 
curiosity Do not expffnd' bn this at this time , ^ftowev^r . Irra- 
tional numbers will be^ Introd^uced at a later tlme^ as coordinates 
of such points. 



pages 19-2C^ 1-2 " . ^ 

At this point in the course, it Is hoped that the .student 
will^accept the fact that every point to the right of 0 on the 
number* line can be assigned a number.'. He may not accept the fact 
that not every such point has a rational oumber as Its coordinate^ 
but this fact need not be emphasized until Chapter 12. He may 
also be impatient to apsign numbeFS to points to the= left of 0. 
For the time beingy until Chapter 6, we shall concentrate on^ the 
■non=nega tive real numbers. This set of numbers, including 0 and 
all numbers which are coordinates of points to the rl^,ht of. 0^ 
we call^.the set, of numbers of arithmetic . After we establish 
the properties of operations on these numbers (in Chapters 2 and 
4) we shall consider the set of all real numbers which IncS^wS' 
the negative numbers (in Chapter 6). Then in Chapters 7, 8, 9, 
and 10; w^ spell out the properties ' of operations on all real 
numbers . ' ■ ^ ^ - ■ 

; ./ ■ - ' ■ 

Answers to p^roblen! S et/l-^b ; pages ,yo-21 : ■ . ' 



1. (a)-^t —T-^^ * ^ 

0 I - 2 



0 .5 ' I 1:5 2,0 2,7 



4,0 4,4 



c 



2. The studeri|t shriuld circle the joints labele^/O, 1, 2, 
1, 4, 5. In (a) ^ ' 



C7 1 in (b) 

1, 2, in (c) 



11 ' 



page^ 20^^21! 1-2 ' 

3. This problem represents a very good ruler exercised If 
time Is a factor you may choose to .omit it. ^ 



i » ♦ — » t- • — ♦ » - 9^ 
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J. £ J. A ± i 19 

»2 a ~s --^ 4 i e 11 

1. L J. J. ^ 

12 — \z "y 12 Ta 

4 

¥ 

!2 



(a) largest, larger etc. 

1 112 
smallest, smaller, , ^ e 



tc , 



3 6 7 

The student may notice the sequence of -^j^ 



9f^d glvf bHe answer etc. If he 

doesri't, point this out, = 



i ^2 3 1 ^ 
2* ¥^ 5"^ 10' 



(b) 

(c) g- is a possible answer. 

12 2 4. .2_4 3 1 

12 ^ fT"^^ ^ gT' between and 5^ is gif or 



= Qf course otherp are possible such as 

(d) infinitely maw* 

4. (a) Infinitely many, . Infinitely many. 

(bT ^3 tare possibLlities ■ ^ 51 
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3 - ^ r ' ^ - - -^-^ 1000' 107000 
possibilities 



(c) There is none^-no matter what one is offered as 
"next" 3 another can be found between thTs number 
and 2. This should provoke some interesting 
discussion f 



12 



ages 21^22: 1 



4 



5. 
6. 



3, (3 + 1,-" 2x2 are possibilities. 



15-3 "^2 , 27 300 _ _ 

I - - * *73i are possibilities, 



7* Here we are building the idea of otder^: 

The point with coordinate 3.5 Is to the right of the 
point'with coordinate" 2 . 3.5 is greater than 2. 
The point with cooj^inate 1.5 is to the left of the 
pblnt with coordinate 2. 1.5 is less than 2. 



rinitg 



• 3 



5 5. 7 6 7 8 9 7 11 8 9 ^ 10 



7^ r 



^2^ 3' y 5' 5' D* 

12 il 13 9 11 13 15 10 11 13 1^^ ■ 
7^ 7^ 7'"^ ~W' T"' 9''^"9'' 9 ' 9^' 

ii ill " ^ 

- - , '9 9 

^- ; ornittinr^ thone v;hlch\ name the sanie nmnber. 

/(bf infinite 
(c) Infinite . 

gea 21 ^S2 . It should be pointed out that the graph of a set 
is simply the points marked on the number line. 

An_awers to \ Problem Set l-Sc-; pages 22-23: 



I 



10 



4 i i A — L 



- L - I 4 1 I i I- 



4 -J^- i — 4_ 



(a) If S = (0, 3_, '!,, 7) and T = [0, 2, 6, 8, 

then K = [0, ^ij and M = (0, 2, p , v, 7, 8, 10] 



13 



(c) 



4 




^0 



The points on-- ^hey graph of K^are projections of the 
points appea r Ins^^ Imul taneously on S and T. The points 
on the paraph M are the projection of every point on 
8 and every point on T. The student need notj of 
course, answer in these terms, / 



(a) A: 



10 



3 



8 



10 



(b) If C iB the set of numbers which are elements of both 
A and B (meaning In A and In B)j then C has no 
elements , 

(c) C Is the^ empty set (or the null set J. 



J 

This list should not be ' 



as a guide for the student 



used \as s 



a teaching aid but 



Review Problem Set ; paKes 2^- 

The review problems can be used in a variety of ways. They 
may be used for homework. They may tffe used for test items. 
Problem *12 should not be given to every student. It Involves a 



1^4 



I' 



very subtle idea involving infinite subsets. 
Answer i to Review Problem Set ; pages 24*2?: 
1... (0, 3, 6, 9, 12^ . . 

2. (0, b; 6, , hdj ^ ] 

3. [0, 6,:. i2,/\ . 48] ' ■ ^ ^ 

The e^ti. of multiples .of 3 lb not a subset of the sefr of 
multiple ^of 6 because there are elemeffPs in the first ^et 
not app^ring in the second.' For '^example , the* ni-mibar 9 is 
*a multiple of 3 but It is not a multiple of 6, The set of 
^ multiples o| 6 ^ a subset--of the set of multiples of 3/ 

5. The set of all" even mmbevt greater than 8. -Other , descrip-^ 
tions g,VB possible.- ^ ' ... 

6. "The Hf^jb of all odd numbers from 7^ to 59 Inclusive" i,g oi^e. 
of the possible descriptions . ^ ^ 

7. ' The empty set. ' ^""^ 

i 

8. (a) l8 elements 

(b) 25 elements 

(c) infinitely many elements 

(d) 3^' elements (don^t t^erget zero) 

(e) 101 elements 

(f ) Infinitely many elements 

(g) infinitely m.any elements 

9. If S - [5. Y, m and T - [0, .2, ^! , .6, 8, 10] ^ 

(a) then K ^ ^ , 

K is a subset or S and iDf T= All three are finite sets. 

' (b) M - [0. 2, ii, 5, 6, 7. 8, 9, 10}' 

M is not a subset of S. T is a subset of M, M ik a 
finite sot . 

" (c) R - (5. 7. 9] 

H is- a subset of 'of S. 

(d) A - 0. A has no elements. A is the empty set. 

(e) A and K are the same. 
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pages 25-26 _ ^ . 

(f) Subsets of^ finite sets are always finite, 

(g) The set D of all rational numbers from 0 to 10 

^ Inclua^e Is not a finite set. This Illustrates the 
Interesting idea that it ,ls not sufficient to be able 
to name = the last numbpr tg be able 'to'' fount the set. 



-J 



I 

10. ^ (a.) 
(b) 



S 1% a nuJ^Det of D. 

Every^nf inite set does have finite subsets. 
D is € mibset of D. ' 

Infinite s\ets can have infinite subsets, for example, 
the set of counting n>jjnber€^ is a subset of the set of 
rat-ional nLajTiberSj or of the whole nimibers 



4- 



^ ^ 1 and =^,3 are xvhole nuinberB . 

1 and- 3 are counting numbers. 
0 All the elements of the set are i"'ational ntinibers * 

11, M is betv/een the whole nujnbers 3 and 4, 

is greater than 3,1, 
The point with coordinate ^ lies'" to the right of 3.1. 
^ lies between 3.1 and 3.2. 
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10, The teacher BhQul:d not ?^eel compelled to use ■class time for 
this probl^^:slnoe t^e Ide^i tnay be lost on the class* How- 
ever. It can. l^d to an Interesting drscussion if enough of 
i^the class will benef It f rfeta it . The obviously capable indi- 
vidual in the .class should have the opportunity to do it. 
This is a much more .useful definition of an infinite set than 
has been developed in the text* 

""TOe^ pet of multiples of 3 is a^ proper subset of the set 'of 
whole nmnbers since it does not Include the elements 1, 2, 4, 
5, . . . as a partial list/.; One possible one-to-one corre- 
spondenct between the set ol*/ whole numbers and multj.ples of 

1 ■ 2 • * n 




3^^ 6 3>m 

* - where n represents, any 

= . ■ ■ y^hole number. ■ " 

t For t|te superior student it could be polnte^_^ut that 

mathematicians take this as a definition qff an^infinite seti 
A set i*s infinite if it can be placed in one-to-one eorre- 
i sporfdence with b; proper subset of itself.. " 



Suggested Test Items 



(The "afeggested test itgm^^whlch follow are not Intended to 
co|tlprlse a balanced t^r cpmpXete test, but are, as the title 
implies, questions which seem suitable for inclus^bn in a test 
on this chapter , ) 

1, Are the following sets finite or infinite? If it I's possible/ 
. list the alements of each. 
^\ (a) The people in this classroom todpy. ^ 
, (b) All multiples of 3. 

-^(c) All counting ntunbers lelps tAan 7, 

/ ■ 

' % 

'17 / ^ . 
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(d) all whole numbers whloh are not multiples of 5- 

, \ 1 * . 

(e) all numbers between Q ,and ;V ; 

2. (a) Given set S {0, 1, 2, 3, 4]. Find set the set of^. ' 

products of each element of set S and 1. Is T a subset* 
of S? 

' :ih)' Qiven set A ^ (0, 2, 4, 6, 8). Find set B, the set of 

pra^etB of eash element of set A and 0, Is B a subset 
of A? Is B the empty set? 

3- Describe in words each of the following sets 

(a) (1, 3^5, '7. . • J • [ 

(b) ' {0, §T 10, is, . . j . 

(c) (0, 1, 2, 3, 4] ^ ^ ' 

(d) 0 * 

4. Given set N - (1, 2, 3,; 4, 8, 9. IS. 16). 

(a) Find the subset R cQrislsting of all elements of N which 
are squares of whole numbers, - / -_■ 

(b) Find sat K of the odd numbers in met 

(e) Find set A of the squares of the elements of N. 

(d) Find set B whose elements are each 3 more than twice the 
corresponding element of N, 

(e) Find set C, the set of all numbers which arp elements of ^ 
both N and B. ^/ y 

(f) Find set D, the set of all numbere which are elamentB of 
either N or B or both, 

^5T" Consider each of the folio Ing sets, and for those which are 
finite list the elements. If poSBible, If the set is the 
empty setj write ^he usual symbol ^ ^, 

(a) All counting numbers less than 1, 

(b) All whole numbers less than 1, 

(c) All numbers less than 1, 

(d.^ All counting numbers auch that 10 times the number is 

greater than the nLunber Itself, 
(e) All v/hole nvmibers such that 10 times the number is equal 
' ^to the number times itself. 



(a)"^ Draw a nujnber line and locate the points whose 
coordinatei are: 

h h h h h I' ^/^^ ^'2, 1.5, 1.8, 3.5i ^ 

(b}' Whl4h^of these coordinates are counting 'numbers? Whole 
. > numbers? Rational numbers? 

(6)' On the number line how is the point with coordinate 

5*^ located with rtspefet to the point with coordinate 4? 
with coordinate 6,2? 

, (a) Is Y to the left of ^ on the number 11^? 

''(b) Show the graph of the set K ^ [0, 3, 7)* 
(c) Write 3 ^fcher names that could be used for the Gooridl'-j 
nate 3. " i ' 

If A is the set of all whole numbers less than 20 whloh' are 
not multiples of either 2j 3, or 5*.^ 

(a) list the elements offset 
,^0^) draw the graph of set A^^ 

l/.p -| " 

List two numbers between ^ and How do yo^ Imow that' they 

12 ' 
are between ^ and ij? 
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State Sj the set of all whole numbers = 

(a) Is It finite or infinite? 

(b) Is it closed under addition? Explain why. 

(o) Is It closed under multiplication? Explain why. 
(d) Is it closed upder the operation of flndling the average 
of two numbers? Show why, /: 
♦State T, the set of all odd numbers ^ and answer questions 
(a ) through (d) . ,^ ^ ' 

State R, the set of all odd numbers less t^ian 8 and answer 
questions (a) through (d), V 



Answers to Suggested Test Ittms 

1.^ (a) finite-^ .fAnn^ Mary, Peter, , T John) Really 
^ depends on the olass-, ^ 
(b) .infinite 'V ' ...^ 

, (e) Ji^lnite (1, 2, 3, 4. 5. 6) ' ^ ' > 
id) ' Infinite . 
.X*) infinite . * t ^ 

=2. XA> T ^ [0, 1, 2, 3, 4] Yes, % is a -subset of 

fb)» B ^ (0). Yes^ B is a subset of A. No, B is not the 
empty set . . ^ r ^ 

3. (a) Tha- set of odd numbers. ^ 
(b; .The set of multiples of 5* 

(cf) The set of whole numbers less/4han 5j or the sf t^ of 

whole numbers from 0 to .4/ inclusive, 
(d) The empty set, 

k.' (a) R^- [1, 4, 9. 16) 

(b) K ^ [1, 3, 9) ... ^ 

(o) A - (1, 4, 9. .16, 64', 81, 144-2561, 

(d) B - es, 1> 9. 11. 19. 21, 27> ^35) 

(e) C - (9) ■ ^ 

(f) D- Cl. a. 3, 4, 5. 7^.8, 9, 11. 12, l6, 19. 21, 27.^35) 

5. (a) ^0 

(b) (0) 

(o) infinite set \ . . . * 

(d) infinite set 
'(e) CO) 



6. 



(a) 



0 r 



2, 3/4 are counting numbers, ^ 
0, ''2, 3, 4 are whole mimbers, 
^11 are rational numbers. 

This is to the rl^it of the point whose coordinate Is 4, 
It, is to the left of the point whose coordinate is 6.2* 
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(a') ¥ai, Y is tp the left of ^ on tJxf numbei^ llni 



(to) 



•4 1 • I 

1' 2 3 4 5 0 7 8 9 

6 3 



(e) Among, "Sevepfl^ posBi^llitles are ■g-, 2 + 1, 5'-^Sj itaK 
8. (a) A « {1, T, 11^ 13, 17. 19) 

(b) — t #1 i i h h » f t t » I t i - j I • i » I 

0 1 2 3 4 5 6 7 8 9 10 II 12 13 14 15 16 17 18 19 20 

Among several ppBslbillties are ^,*'#tG. * 

1 Q 2 4 - ^3 1 2 ' 

-_ V •g^ ^ ^ ^ ~ thus 1b between ^vand ^; 

10. S » CO,"l, 2, 3, . !'.]: : ' 

(a) infinite ^ . .u.. 

(b) Yes J any element In set S added to any element In 
set S produces an element In the set S. 

(o) Yes, same as above. 

_ (d) No. ^ = ^ and ^ is. not an element of the sat 

of whole numbers. ^ 

T ^ (1, 3, 5/7, . . J 

(a) Infinite 

(b) Koj Islnoe 1+3^4 and 4 is not an element of the 
set T. 

(o) Yes, same as above. 

1+3 

(d) No, since - - ^ 2 and 2 Is not an element of the 



2 

set T, 



"i 

R ^ (1, 3, 5, 7} 
(a) finite 

.(b) No. 1 + 3 - 4 and 4 is not an'element of R. 
. (c) No. 3 ^ 5 ^ 15 and 15 is not an element of R 

^ (d) No. ^ g ^ 2 and 2 is not an element of R, 
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Chapter 2 
IWIffiRALS , SENTENCES , ' AND VARIABLES 



For baekgi^ound in the topics included in this chapter the 

.a*; . . / ^ / — ...... 

teacher Ifr referred to Haagj Studies in Mathematics , Volume III j 
.Structure of Eleffientary Algebra , Chapter 3, Sections 1 and 2^ and 
. Chapiter 6 See^lon 1.*. . 

2-1 . Numbers and Their Names . . ^ 

. Thft klm of,*^his section is to bring put thf dlstlnotlon 

between Inumbtrs themselves and th^ names for^ them and also to 

introduG# the notion of a phrase . Along the way a number of 

Important conventions used In algebra are pointed out . 

We ,dqi not want to make a precise definition of "common name." 

t -* ~^ 

The term Is .a^.-f^lative one and should be used quite Informally. 

;^No^e that some numbers do not have what we wduld wish at thi*s time 

,to call a common name, such ^s Tf while some may have Bev.eral''* 

Gompion names (e.' g. i, 0.5 and gi, ■|', etc,). 

The idf as of indicated sum and indicat&d product are ^eVy 
handy^ particularly in dlscuselng the distributive property, and 
will be used frequently . ^^hey are- also useful to counteract the 
\^ndency^ encouraged In arithmetic ^ to regard an expression such 
as"" "4 + 2" not as ,the name of a number but rather as a command 
to add 4 and 2 to obtain the number * 6 . This point N^f view 
makes It difficult for a pupil to accept such expressions as 
riames of anything ^ In passing, you may wish to mention to the 
class indicated quotients and Ind.^ .t , -. differences . Some may = 
already be fsuniliar with "indicate n lent" as synonytnous w^^'th 
"fraction." / ^ ' 

You will notice that tht word "factor"^ is not introddced hare 
and for the following reason. It Is felt that the mathematical 
concept of "f'^ctor" Is such an Important one that we should wait 
until fhf students are ready for its definition and application to 
the theory of prime factorization of integers and polynomials in 
Chapters ll-lj . 

If the taaGher feels compelled to use "factor" at this point 
as a' handy ^rd to describe the numbers involved in an indicated 
prodiJct, he should do so with caution. Be sure that the students 

■ , r .. ■ ■ ',. . 
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do not thlnrt of faGtors In ..terTtis of the form of a numeral. For 
exampiej avord this kind of «faulty thinking: "2 Is not a faotor 
of 2+4 because 2+4 does not InvaLve the Indleated operation 
of multiplication." Instead, encourage this kind of thinking: 
"2 is a factor of 2 + 4 beoause there Is b. nuinber, 3^, such that 
the product of 2 and 3 is 2 + 4,'* ^In general, the number a 

' V' _ _ _ _ ' 1 

is B^^f&0%Qr of If and only If there Is a nui(nber ==g such that 
ac - b. Later we learn why factoring Is mathematically Interesting 
only for Integers^ or polynomials . 

Note the use of quotes to indicate when the reference is to 
the numeral or expression rather than to the number repreBented , 
It is important to be careful about this at first , However, sinoe 
good English does not always demand this kind of distinction but 
rather allows the context to give the meaning, we teiid later to 
become more relaxed about it and use such forms as " the ^^xpreasion 
3x ^ 4y + 7'- rather than -'the exgresslon + 7'"' 

The agreement about the preference for multiplication over 
addition la made to facilitate the work with expressions and not . * 
as^ an end In itself . In certain kinds of expressions the agree- 
ment vshou Id also apply to division as well as mul-^lplicatidn , for 
example when division is written In the Tom 2/3 or 2 + 3, 
rather than We prefer to avoid these forms and, in partic- 

ular, to discourage the use of the symb*ol . 

The use of parentheses might be compared to the use of p\M^ 
tuatlon marks In the writing of English, Emphasis shblJld be on 
the use of paren^eses to enable us to read expressions without 
ambiguity and not. on the technique of manipulating parentheses ^ for 
their own sake * 

Answers to Oral Exe r c 1 s e^g 2-1 a ; page 28: - 
Exercises 7* 8, 9^10 may have more than one answer. For 
example, .5 and i are both common names *f or one half, Thla term 
"common name" Is Introduced to improve on the old term "elrifpler 
name" which la often ambiguous , ^ ■ 

1. 12 4., 1 7. e 10 ^ 



5 f 

5 



2. 5 5. 3 . 8- 11. 6 

3. ' 6 el 9. ^ 12. 4 



1- 
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15. * 



14, 



'Wies© are possible an'awers; 



16. 



'8 + 4 
3x4 

l4 - 2 

24 

T . 



17. 



■lO .(. 5 

5 )< 3 

18 
4^ 



An ewers to Froblem^Stt g-la ; 
1. (a) 5 

(b>;*15 ' ' 



1 

2 



15, 



4 



18; 



1 . 1 
? + ? 

3 X ^ 



1 - 

6 
S 



19. 



pages 28-89: | 





5 


(e) 


4 


if) 


1 



(a) 



9 - 4j 

I, 



1 2 - g 

f~ 



1 + 0 

1x1 

4-3 
t 

1 

r 



i_ 

2 



2^ or 2.9 



responaes are posslple, such as^ 

(e) -5 X 1; 3 + a 



(b) 15 - 1| 2x7.' 

(c) 1 + 1 + i + IM- 9V 

(d) ' EDEj* VI J . 3p + 6 

responses are poss: 
5x2; 8 + i; 



(a) 



(f ) I + |i 

> 

(gj 2+1; 

.(h) 1.7^ 

ble ^ such : 



10 
To 

3i + .5 



30 


\:_11 


^1 


1 

2' 




100 ^ 65 


H 








£^ 


1 1 


7 


J 


17 " TT 



/ \ o 1 ^ 1 ^ 1 



(d) 8 X 0;" 0 H- Oj 

Answers to Oral Exercises grlb ; page 31 • 

In Exercise 10, si^e only addition and subtraction are I 

involved J the order is immaterial , The same is true of, 
Exercise 13 because only multiplication and division are involved, 
1 . 17 3 * 5 . 11 7/13 
2. 19 4. 11 6. I 8. 17 



25 



pagfrs 31-53 5 2-1 , ■ 

9. . 2| . 11 . li , 13. 1 



Answers tp Problem Sgt ^=lb ; page Jl ^ 
1. 14 6. .3 



2ii ^ . f: 7 ' , 



5* ^ ^ 10, 36; herej order would not 

— mak^ any dlfferenGe, 

The wo^ds ^'numeral" and "numerical pYirasf-' denote almost the 
same thing, A phrase may be a more complicated' 6xpress'lon which 
involves' some operations "numeral" includes all these and also 
the common names of numbers. We do not wish to make an^fuss over 
this distincti^j -.and are happy if the student learns to use the 
worrfi iTT tfiis" wa^' in the eourse of the year Juet by watching 
o^are use them. We introduce both because people do use^^b^th, 
and beoa4i^0 ..a term for a numeral which involves some indicated 



* operations is sometimes handy. . 

In the term "numerical phrase" the .word' "nOmerical" is not ^ 

very important and is used not so much to distinguish it from a ' 

word phrase as from an open phrase (one involvlfig one or more 

_ variables) which is comi|ig. 

Thfe word "operationl" is Intended at this poi-nt to su^^st 

the basic .operations of arithmetic (multiplication, division^ 

addition and subtraction). In some contexts it may be desirable 

* to admit operations such as finding the square root, forming the 
% ■ ~ 

absolute value j etc. 

' Answers t£ Oral Exercises g^l^c ; page 33 : 

Exercises l(f)\and l(j) suggeBt properties that will be 
, discussed later and Ehould not be overemphasized here except to 

mention that the ord'er apparently is not Important . 

1 . (a) Yes (d) Yes - 

(b) Yes (e) No 

(c ) No (f ) Tea 



^6 \ 
u u r 




ERIC 







4 




pages 2-1 and 2« 


2. - 




to Problem Set 2 


-Ici 








13 






?■ 24 y it) 


.23 








19 






39 f ' (h) 


19 


2. 


(a) 


2 X (3 + 1) 








2 + (4 X 3) 




• 




(6 X 3) - 1 








(12'- 1) X 2 


3, 


(a) 


(| X 6) + 3 








(2 X 5). + (6 X 






, (°) 


(2 X 3) + (4 X 






(d) 


(3 X 8) - 4 






'(a) 


- 11 21, . yes 






(b) 


25 1, yesV 






(0) 


f ^ 3|-, yes ' 






(d) 


18 ^ 18, no 





r 



(1) 8 (m) 13 

20 

.7 
*4 



(J) 22 . (n) 
(k) 7 ' (o) 



(1) 11 (P) 



(el^ J.0 10, no 

(f ) I I' yes ■ 

(g) 11 ^ 15, yes 

■'V 

Ch) 15 ^ 10, yes 



2-2. Sentences . 

Tht words "true" and "false" for sentences seem preferable 
to "right" and "wro^" or '^correct" and "ineorrect" beoause the ^ 
latter all impl^y moral Judenents to many people. T^ere Is nothing 
illegal, immoral, or wrong In the usual sense of the word about a 
false eentenae . The student should be encouraged to use only 
"true" and "false" in this context. ^ ^ 

We have b^en doing two kinds of things with oi/r ^ sentences r 
We jtalk about sjbntences'f and we use sentences. When we write 

^ / ' "3 irj 8" is a true sentence, 

are talking ab out four language j when, in the course of a 
stries of steps, we frlte ^ 

5 + 5-8, 



wt ai*f using the language. 

we can perfectly well talk alfbut false sentensa. If we find^this 
UMful.^ ^us. It is quite iari right to aajr 



tw when we talk about fcjie language, 
u 



"3 H- 5 ^ 10" is a false sentenaej 
but It is far from all ri^t to use the.ientenee 



in the course' of a proof, v^en we are aotually using the language, 
false santenees have no ^aaa; when we are talking aboftt our 
language i they are often very useful. 

Check Your Raiding j i 

^ Question S should lead to a diseussion of varldus mnemonic 
devices such as '^points to the smaller number In a true sentence." 



Answers to Or^l . Exercises 2-2; * page 381 



1 : 

5^ 



False 

True* 

True 

False 

True 



6, 
7 • 
8. 

10. 



True 

False 

True 

True 

False 



11, 

12. 

14. 

15. 



True 

False 

False 

True 

False 



Answers to Problem ^Set g^g j pages 39^40: 



(a) 


False 




(e) 


False 


(to) 


True 




(£) 


False 




True 




(s) 


True 


(a) 


True 


(h) 




(a) 


10 - (7 


= /) - 6 




(g) 


(b) 


3 >< (5 + 7') = 36 




(h) 


(c) 


(3 X 5) 


+ 7 = as 




(1) 


(d) 


3 X (5 ■ 


. 4) =. 3' 




(J) 


(e) 


(3 X 5) 


- 4 = 11 




W 


(f) 


(3 X 5) 


+(2x4) 


a ,23 








(12 X 1 = 




9 = 1 




*(m) 


(12 X |) 




X 9) ' 




#(n) 


12 X (1 - 




9 = ; 



3. X 
(3 X 
3^x 
(3 X 
(3' X 



(i) 
(J) 
(k) 

(5 + ^) X ^ 
/s + 2) X 4 

b - 2) X 4 

5) - (2 X 

5 - 2) X 



f 




16/ 


False 




True 


16, 


False 


19. 


False 




False 


1 Ffelee 




1 True 





False 

. 84 
. 68 
. 36 
4) . 7 



4 ^ 52 
ft - 



18 



In problem 2 both 
parentheses and the 
convention concerning 
order of operatlona 
are used. 



28 



pageg 39-^1 r 2-2 and 2-3 . 

3." ^kj Falsa ' \ (f) mse . 

(b) Bfelse • ) ' ^ is) Fb1b& 
(e) Tmim : (h) False, 
(d) Ttm (i) mse- 

^ (#) maa (J) True ^ 

4/ "fa) Four plus eight 1^ equal to ten plus five* False 

7(b) F±vm plus sevtn l£ not equal to six plus five^ True, 

(c) IhlrWen i£ less than eighteen minus 7, False 

(d) One plus two ^ greater than ze^* True* 

2-3, A Property of the N^ber One . 

This is the first time the studer^t encounters the word 
"property" used in a nmthamatlcal senss. He will see this word 
often during the course and our object is to play heavily on the 
word tg indicate a characteristic^ a pattern j a behavior Wich 
a ^Iven element or operation displays. Th&t ±b, a property of an 
object is something it has v^ich is a distinguishing character- 
istic of the object, ' 

The particular number 1^ unlil<e all other nmbers^ has the 
peculiar property that the product of ' 1 and a given number Is 
the given number. This is quite obvious to a student j thus, we 
begin our discussion of propertiag^ with the property which is 
easiest to understand. Later v/e shall call 1 an Identity for 
multiplication, . It is also a valuable property to have estab- 
lished (or accepted) when we Introduce variables later in this, 
chapter, Otherwiser^we might have difficulty Justifying that 

3(y and n + 

are names for the s^e number no matter i^at number n is. 

For the time being we are content to find certain properties 
by considering many numerical examples and\^then state the general- 
isation In words, ^ In Chapter 4 we shall symbolize these proper- ^ 
ties using variables^ 

raere may be a tendency on the part of the student to 
resist the use- of the multiplication property of one In. the 
exercises. He may feel that he is being asked to use a more 
complicated way of doing things which he already knows how to do. 

29 



pageg 41-^^1 2-3 ; ^ ' ^ ' 

1% la impoptant to point out to him that we are not tFying to 
plish a "new" method but rather to show the Importance of the 
multl^ Icat ion property _Qf one. It is hoped that he wljl come to 
see that this property gives the Justification for the' various 
methods of simplifying expressions with which he may be familiar. 
Once the Justification is unaerstQod.it is all rl#it, of course, 
fbr him to use short-cuts. Perhaps It^eanjbe said that on^ has 
to "earn" the rl^t to use short-cuts, it is imp<it^tant to 
emphasize that in this seetion thie multiplication property of one 
and the uses of this property are more lifiportant than the 
methodolo©^ involved in simplifying expressions . 

Answers to Oral Exercises 2=3 ; page kk\ 



1. » 


1 


5 

5 


_ 5 
20 


(b) 


1 


1 
3 




(c) 




k 

T 


8 

" W 


(d) 


4 

H ^ 


3 
3 


12 
= 2T 



(?) 


5 
2 


X 


1 , 
3 


15 


(f) 


7 


X 


25 
S5 


_ 175 
~ TM 


(i) 


3 


X 


5 

5 ' 


15 
T 


(h) 


3 

7 


k 


5 

5 ~ 


15 



Aps^iprs to Problem Set 2-3 ; pages kk^k^i 
^' M ^x|-i (e) «x|.ii 

fhV 2 ^ 9 18 



2. 



(a) 


2.x 

5 - 


8 

H = 


24 


(b) 




4 

T = 


20 
IT 


io) 


10 ■ 


8 

B = 


72 

m 


(d) 


25 3 


ft 




, 1 




Tr(2) +. 

2.2 



M M-i(|).|(f)y 



5 . 9 



.^ag#i Hk-mi 2-3 and S-^ 

-^^.^ 

■ 10 _^ 7 10/2* .7 ■ 

(c) 3" + f = 7-(f),+ ^ 

/ - 20 7 ■■ ' ■ : 

^ 27 ■ 

"2 

.(c)' ^ = (j) x| (0) 2%t^ : (|) x3£8^ 

(d) .'§1 . (I) x f -(h) i^V^ . (J) x-(S,. 5) 



Some Prqpertlas of Addition and Multiplication . 
The aim of this and bhe next section Is to look at the ^ ^ 
fundamental properties of addition and multiplication in terms %of 
specific nuinbers. We go as far as obtaining a general statament 
of the properties in English, You should not stAte the properties 
at this time using variablea^! We do not need these formulations 
at this point and prefer to lead up to variables In a dlffereTit 
way In Section ^2=6. it is important to emphasize the pattern 
idea here and you mky want to da this by writing something like 
the following on the board when discussing ^ for example ^ the 
associative property for additions 

(first number + second member) + third ntamber = 
first number + (p.econd number + third ^^ber). 

The use of the ---properties of addition ahd^.multiplication as 
an aid to computation In certain kinds of arithmetic problems is .4 
both Interesting and. important but is not .the main point of these 
propertiea* ^ese properties will play much more fundainental a 



51 



pages 46-47: 2^^^ 

role in this course. They constitute the roundatlon on which the 
entire subject of algebra is built. 

The properties will be returned to in Chapter 4 and subse- 
quent chapters where the^eneral statements using variables will 
be given. They are^ discussed here not only as a part of the 
"spiral method" but because the distributive property is used 
in introducing the conoept of variable. 

From the mathamatiGian « s point of view the statement that 
an operation is a binary operation on a set of elements implies 
that the operation can be applied to every p^air of elements in 
the set . In this section we use the word binary only to-- bring 
out the fact that the operation in question , is applied 'to two 
elements . We do not concern ourselves here with the question 
whether the operation can be applied to every pair of elements 
that Grin be chosen. 

Each of the following five numerals 

4 + (6 + (3 + 8^ , 4 ^ ({6 \ 3) ^ B) . 
(4 + 6) + (3 + 8), ((4 6) + +8, 
(4 -\ (6 + 3)^ 4- 8 

is an Indicated sum of two numbers and each names the same number 
^This latner Tact enables us to write "4 1-6+3 -f 8" without 
any ambiguity. The fact remains, however, that addition is a 
binary operation , 

Anawero t£ Oral Exercia^a g-4 a : page 47: ' f 

1 ^ (4 4^ 2) t 7 - 6 -f- 7 4 + (2 + 7) = 4 + 9 

- 13 - 13 

2. (o + ^^)f3-^iL-}-3 6+('3 + 3)-6 + 8 

- 14 ^ 14 

3 . (? 4- 0) f n 1 I 4^ 4 2 -t- (9 + 4) ^ 2 k 13 

: is ^ . - 15 '■' 

^ (b -{^ 6) \ 1 - 11 4 L s t (6 -I- 1) - 5 4- 7 

- 12 12 . ^ 



i i 



pages U7-U8-. -a-*! 



7. 



8. 



f + 7 

2 
a 



5 



(2 + .25) + .75 = 2,.25 + .75 
= 3 

21 

= "T 



1 - (l - l) 



4 



£_ 

3 
2 



1 + a 

3 12 

ii 

12 
5_ 
T 



+ ( .25 + .75) = 2 + 1 



^2 + T 



21 



Answers to Problem Set a-ja ; pages 47-^8: , 

1. (a) h + {2 + f) ^ 'i 2) + 7 f 

(b) '(6 + 1) + I = 6 + (1 + |) 

(c) 3 + (^^' + 11) - (3 + 4) + 11 

(d) (5 + 1) + e 5 + (1 + 6) or 5 + (1 + 6) = (5 + D + 6' 

(e) (11 i 13) + 121 = 11 + (13 + 121) or 

11 + (13 + 121) = (11 + 13) + 121 



(f) 


(1- 




1 

= f + 

1 

2 


(a) 




3 s 2 


s 1 i 








1 


(=) 


(I 


|) - 1 


1 + 


(d) 




(I + t) 




(e) 


(4 


+ l|) 




(D 


2.7 


, (13.2 


, .8) 



(f + 1) 



r2 1^ ^ ^ 
(3 + 5) + 5 

? + (g- + 

2| (l| + 2|) 
/ I 1^, easier. (2.7 + 46.2) ,+ 



Lor 



4 + ai, eanier 



5.5 



ERIC 



pages hS-^O: 



(^) + Tt) + ^ -+ + neither Is eaBler. ./eiis is 

hintinG at the commutjatiVG pro^rty oi/ addition which Is 
coming. Do .not omphani?:e it unless some student wants 
to puraue it. ' ^ 

3, 179 mlllimetGrs 
Yes, 

Aithow^h the question is very easy to answer, the fact 
that the answer is '-yen'' dependo upon the property Studied In 
this neotlon, as can be noon by thOGe or similar calculations 

32 + 71 4- . ^ 76 + 71 4- 32 

^ (32 , 71)-H 76 . (76 + 71) 32 

103' -h 76 , .1^7 + 32 

179 / 179 

AnBWfers ' to_ Profelem Sab pages 50*51 ^ 



Some of these problems might batter be given, as oral 



exercises , 


J. ^ 






1 . 


True J 


Gommutative ^property 


of 


addition 


2, 


Tyue, 


G 0 m m Li t a t i V e p r 0 p a r t y 


of 


addition 


3. 


FAlse 








4, 


True, 


commutative pro pre r t y 


of 


addition 


5. 


True , 


but not because of the commutative property! 


6, 


True , 


associative property 


of 


addition 


7. 


True , 


c ommu t a ti ve p rope r ty 


of 


addition 


8, 


False 








9, 


True , 


both properties 






10, 


False 








11 . 


True 


n e 1 1 h e r p r 0 p e r t y 






12 . 


False 


i 








True, 


0 om^ u t a 1 1 ve property 


of 


addition,- 


14., 


True , 


Gommutative property 


of 


addition 




False 








16. 


True J 


both p rope r 1 1 e s 






17. 


True , 


Q ommutat Lve property 


applied twice 


18. 


False 








19. 


True , 


ft 

b 0 1 h properties 







page 51; 2-H 

20.. One purF>oBe this problem is to help the students make 
a habit of quickly recognizing addition combinations which facil- 
itate aomputatlon. Another and more immediate purpose is to 
help the pupils begin to, become aware that tohese manipulations, 
whleh, they^may have taken for granted, a-ye possible because of 
the associative and commutative properties of addition, ^ . 

In these problems we do not ask specifically which properties 
are used in going from one step to the next. This ^ is often p 
tedious * particularly In the latter steps of the calculatiork^ 
We do not insist that this be done at this time for we are more 
concerned with having the student recognlEe the usefulness of the 
properties ^ than in having him pursue a thorou^ step-by-step ^ 
reasoning process from /beginning to end of the calculation. 

In several parts of this problem there are vari^^tlons on 
''the easiest way" to/perform ^'the additions. Comparls'pn of some 
of these in .cjass ^discussion ^should help fulfill the purposes of 
the question. ' - ^ 

(a) The student may express his answer In a manner like thist 

"Add the 6 and the . 4 to ^get 10, then 10 and 8 to 

make l8." This can be shown step by step in several 



ways , e . g : 1 
6 (8 + ^) 

6 + (K^ 8) (8 + ^) 

(6 + + 8 ' ■ 8 -f (4 + 6) 



6 + i8 + 4) 

+ 6 



10 + 



+ 10 



18 ; 18 



. X 2 2 - 1 8 
(b) ^ ^ y + 1 + 5 



V/ 



+ 1 



2 + 1+1 
2 + (1 + 1) 
2 + 2 
4 ' 



55 



page 51 

i 



(c-) 5|. + 6 =K l4|- 



7 



5^ + 1^ + 6 

(5| + I4l) + 6 
20- + 6 



(d) 



(e: 



^ l^ils is a case in which there is no '^^easler'' way . 
Neither property Is of help dn this computation, though 
several properties to be studied later, most notably the 
^distributive property, lie behind the students' calcula- 
tions. ' ^ 



13 
1? 



2f 7^ . 6 



(si ^ 6 4 31 



10 + 6 



(10 + 6) ;h 3| 
16^. 4 ^ ^ 
igf or ^ 



(f ) Here is another case in v/hich neither pr^operty 
facilitates the computation. i& + f ^ ||- 



(g) . (1.8 4 2,1) + (1.6 ,9) 4- 1.2 
^ 1,2- -f (1,8 V 2.1) + (.9 4- i;6) 
(1,2 ^1- 1.8) + (2,1 4 .9) + 1,6 
3,0 -f- 3,0 4- 1.6 
(3,0 t- 3.0) -f 1.6 
6.0-^1.6 
7.6 



36 



pages 



1 



(h) (8 + 7) 4 + (3 I 6) 

(8 + 7) + (3 4 6) + 4 
' 8 + (7 + 3) + (6W4^ 

8 -h 1 0 <h 1 0 ^ ■ 
8 + (10 + 10) 

8 + 20 = 28 



Answers to Oral Exerclsea 2- kg • pages 55-5'+: 



1 . 


True, 


assoc iatlva 


property 


of 


multiplication ' • 


2' 


True , 


oommutatlve 


property 


or 


m u 1 1 i p r i c a t lp#i- 


3. 


True , 


Gommutative 


property 


of 


addition "^"n; 




T^ue, 


commutative 


prbperty 


of 


multiplication 


5. 


False 


/ 








6. 


False 


♦ 








7/ 


True , 


commutative 


property 


of 


addition 


8, 


True , 


commutaflv a--p r o p e i^. t y- -o £- 


addi tinn ( twic.^ ) 


9, 


True , 


Gommutative property 


of 


mul tlpllcatlon 


10". 


True , 


commutative 


property 


of 


mult iplication and 






Gommutative 


property 


of 


addlcion 


11 . 


True , 


assoG iative 


property 


of 


mul t iplication 


12 . 


True, 


agsociatlve 


property 


of 


addition 



Answers to Problem Set ; pagea. 54 = 57: 

1. This problem, is Intended to serv^ the same ptii^pose-s for 
the* properties of multiplication which Problem 20 of ] 
Problem Set 2^3b served for the addition properties. 

(a) 4 X 7 X 25 

4 X ^25 X 7 . 
(4'^x'fe5) X 7 

r 

,,100 X 7 . 

700 . - . - 

\ ■ 

(b) I X (26 X 5) 
I X (s'x 26) 



5) 



26 



X 26 
26 



(?6 



(26 X 5) K. 

26 x^i5 X 
26 1 

26 



•« 1 



page 2-4 ^ ^ , i ^ 

% . /' ^ 

(c) ^ 73 ^ i 62 4 27 ' , 

73 + 27 62 " ' 

' ■ ' (73 + 27) 62 

100 4- 62 ^ 

162 . ' 

This pp^sfclem Is a remi'nder that addition properties are not 
to be forgotten^v/hlle multiplicatic3n properties are at the 



center of attention, 
(d) 2 X 38 X 50 



(39 X i) X 2 

39 X (| K 2) 

39 X 1 
39 

, ; 1^^ A 'I J ) X fa 

(43 X. |) X 6 
43 X (j'x 6) 

43 X a 

86 

(e) t X (18 X 15) 

^ X (15 X 18) 

(|'^--ij ) K 18 

3 X 18 
54 

(h) 50 X (97 X 2) 
'50 X (a X 97) 
(50 X 2) X 97 
100 X 97 
9700 



2 X '50 X 38 ^ 
, (S X 50) X 38 
. 100 X 38 
3800 

(e) (I X 39) X 2 



page 54 ; 2-4 i " - 

) 

- (1) (I 19) >Hf ' 

-(19 X |) >: 4 , 

19^x 3 

57 

(J) (4 X 8) k'(25 X 5) . ' 
4 K (8 K (25 X 5)) 
4 >: ((25 X 5) X 8) 

4 :c (25 X (5 X 8)) V, 
(h X 25) X (5 X 8) - _ ' \ / 

100 X ^0 ' • / 

4000 

(k) (3 X 4) X (7 X 25) The student v/111 probably 

3 X (4 (7 X 25)) clve an ansv/er such as 

3 X ((7 X 25) X 4) /"Multiply 4 times 25 and 

3 X (7 ^< (25 X 4)) get 100; then multiply 3 

3 X (7 X 100) ^ times 7 and get 21] then 

(3 X 7) X 100 multiply 21 times 100 and^y 

21 X 100 Get 2100, " 

21 00 ' 

(1) Here is an exerclne in which there is no "easiest" way^ 
that io^ re Grouping is not Involved, " 

12 X l^f =- 168 ' 

(m) , J X ^ X ^ 

^ (f >^ j) >^ F 
1x5 

^} 

This v/ay of doing the calctilation is prof erablex only In 
that it InvolveD only one dlf^it ntunbero mitil the 
simplest Torm is v/i"itten, 

(n) 6 X 8 X 125 

6 x (8 X 125) ' 
^ 6 X 1000 
6000 

\ ^ -IQ . . ' 



pages 5^-55: 2-^ 



} 



(o) (1.25\ X 5*5 X 8 
53 X 8 X 
5*5 K (8 X 1,25) 
5.5 X 10 
. ' 55 

(p) (2 X 5) X 1.97 
19 X 1.97 
19.7 



1 
5 
5 




X 6 X ^ K F- 



6 X ^ X ^ X ^ 



6 X I X (| X |) 

6 X X ^ 

6 X (| X J) 
' 6 X i 



Observe that in this case 
the original form of the 
problem is the best from which 
to work. 



5^ 



'Hie first yoTrms of each part of the problem are easier 
to compute because repetition of a partial product is 
Involved in each case,. Thus the recurring partial 
products can be copied after their first writing. 

These problemB are the first in which a variable occurs. 
It Is not the Intention to Introduce "variable" now, but 
only to have the student ' replace "t" with the correct. 



number , 



^Variable" will be dlBcussed in Section 2-^ 



(a) 


fc = 


5 


(b) 


t = 


8 


(0) 


t = 


4 


(d) 


t ■ 




(e) 


t = 


3.' 


(f) 


t .= 


.5 


(g) 


t - 


7.; 



+ 1) or 1 



5 or 12 



the coiranutatlve property of 
multiplication is the important part* 
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pages 55^ 


'D f * 




(h) 


t 


= 6. We expect some ansv/ers of t ^ 4, but this Is 
no 1* an exajnpxe ox une QonuTlu ua u i v e pi op^r ^ 
since subtraction is »not Gonmutatlve, 




t 


^ [(3 + 2) + 5] or 10 


( 1 ) 


t 


^ r fri - 2.) 51 or i 


(k) 


t 




(1) 


t 


^ 6.2 


(m) 


t 


^ l6. Again/ t = 4 is wrong. Division Is no-t 
commutative* 

f 


H, 


No. 


Have students give counterexample ^ such as 




(a) 


8 ^ 4 V ^ " 8 




(b) 


8 = 4 4 - 8 




(c) 


(8 ^ 4) - 2 ^ 8 t (4 + 2) 




(d) 


(8 - 4) ^ 2 ^ 8 ^ (4 ^ 2) 



Problems 5 thro^yjh 10 are difficult and are Inoluded only for 
use with the better atudenta, 

5. 2 © 3 = 2 + 2(3) = 8 
3® a = 3 + 2(2) ^ 7 
Not commutative sO^e 2 © 3 ^ 3 © S 

) 6. 2 X 5 - (2 + 1) ;< (5 + 1) = 18 
5 « 2 = (5 + 1) K (2 + 1) = 18 

Yes, It la commutative. Don't expect the student to 
^.prove this, but he should be able to^jfiirnlsh several 
examples , 

•7. {\@ 3) © 4 e (2 4 (a X 3)) @ 4 B 8 + (2 X 4) = 16 

2 © (3 ©4) = 2 ® (3 + (2 X 4)) = 2 @ 11 = 2 + 2(11 ) = 24 
No, It is not associative. 

*8. (2 xjs) X 3 " ((2 + 1)(5 + 1))X 3 - 18 X 5 

= (18 + 1)(-. + 1) = 76 

2 X (5 X 3) =■ 2 X ((5 + 1)(3 + t)) - 2 X 24 

= (2 + 1)(24 + 1) . 75 
No, it is not aesoclative. 

*9 and *10, ''Keep the instructions simple" should be the cau- 
tion for all except the exceptional student. 



41 



pages 57^61 i 2-5 



2-3. The Dlatri|^.tive Property . 

'The properties of addition and ^.multiplicat Lon studied in the 
previous section appear symmetrical in form and do not peally 
reveal anything different about the two operations . Here the 
student discovers from his number t^acts that "multiplication la 
distributive over addition," that is, that there is a definite 
connection between the operations. Although we mean "the dis- 
tributive property of multiplication over addition," throughout 
the -course we shall usually shorten this to "the distributive 
propec'ty." It is not necessary that the student immediately 
grasp the slgnificanGe of the full statement of the property. 
An example is given to show that addition is not distributive 
over mul tipl Lcation , 

Again we use the spiral technique of presentation. One form 
o^ the distributive property, a(b + c) ^ ab + ac , is given; 
then after some experience with this form it ^s presented in the 
fo™ ab + ac - a(b + c). The emphaslB her^e is on changing back 
and forth between indicated -sum^ and Indicated products. Later, 
in Chapter 4, other forms, (b'^+ c )a ^ "ba + ca, ba + ca ^ 
(b -h c)ai ar^4tudied and used to simplify certain expressions. 
Even later, in Chapter IJ, the distributive property is applied 
to the problem of multiplying polynomials and factoring poly- 
nomials. In the meanwhile many examples of the use of the pro- 
party are^acattered througliout the exercises. 



Answers to Or 




Exerc Ises 2-5a ; pages 6O-6I : 

this doej^s illustrate the distributive property, 
this d^aes illustrate the distributive property, 
this 'does illustrate the distributive property, 



This, in fact, illustrates that addition Is not 
distributive over multiplication, 

thitj does not illustrate thte distributive property 
this does illustrate the distributive property. 

Indteated product 11, Indicated product 

Indicated sum 12 . Indicated sum 

Indicated sum ' 15 . ^Indicated product 



pages ol : - j ^ ^ 

Answers to ppoblem Set g-jja. ; pages 6l-62! . ■ 

1 . 6(8 + 44 = 6(8) +6(4) 

2. 9(7 + 6? . 9(7) + 9(6) 

3. 0(8 + 9) = 0(8) I 0(9) 

■ 4. 9(8 + 11) = 9(8) + 9(11) 

5. 5(8 + 4) = 5(8) + 5-<4) ■ : 

6. 7(2 + 8) - 7(2) + 7(8) 

7. 3(80 + 3) = 3(80) + 3(3) 

8. 4(100 + 7) - 4(100) + 4(7) 

9. 13(10 +.1-) « 13(10) + 15(1) 
10. 18(20- + 2) . 18(20) + 18(2) 

11 Not true 

12. Not true 

13. True 

14. True. Dl s t rltai t i va property Is used* 
Ib^ Not true 

16. Yes. Distriputive property is used. 
17 « Yes. Distributive property is used. 
'18. Not true V 

19= 7(33) - 7(50 + 3) \ 22, 8(l3j - 8(10) + 8(3) 
- 7(30) -f 7(3) -80 + 24 

■ ^ 210^ 21 

tp. 6(1C^) - 6(100 +^9) 23= 14(16) - 14(10) + 14(6) 

- 6(100) -V 6(9) ' - 140 + 84 

- 600 + 5^ ^ 

21, 13(21) - 13(^) + 13(1) 24. 15(23) - 15(20) + 15(3) 

- 260 + 13 ^ ^ 300 + 45 

n|wer3 to Oral Exerolaes 2-5b ; page ^ \ 

• 5(7 + i) = 5(7) + 5(i) ^3. 12(2 + i) « 12(2) + 12(|) 

/ = 35 +1 . =24+6 

. 4(8 + \) = 4(8) + 4(1) 4. 6(5 -+ i) = 6(5>,+ 6(i) 

. - 32 + 2 = 30 + 



"3 5, 



pages 6j 












'.6. 


6(| + i) = 6(|) 4. 6(i) 








- 3 + 2 




fn Opal Fxercises 2^^c l 


page 65 ■ 


1 . 


2(3 +5) ^ 


6. i 


( 5 + 3) 


2 . 


l8(3.2 + .8) 


^- f 


(8+4) ^ 


5. 


(3.i)(7 + 3) 


a. ik{ .6x+ .4) 








t76 + 4) 


4. 


6(19.2 + .8).^ 


9. 9 


> 5. 


3(37'+ 3) . ' 












66: 




1 1 w ^ 1 UU ) ^ IX J UUU 






- < 

2 . 


12(4) + 12(i) - 7 


12 . 


0(17 + 83) - 0 


3 . 




13. 


88(200) + 88(1) - 17,688 


4 . 

) 


5(1) = 5 


14. 


|(9) = 8 ; 








9(1) -9 ; ^ ■ 


6. 


6(|) + 6{|) - 13 


16 . 


7(4) - 28 


7. 


9(20) ^ 180 




8(100) " 800 


8 . 


100(100) 10,000 




(7(|) + 7(|)) ■+ 7(5) 


9. 


5(|) + 5(^) - 7|. 




7(1) + 7(5) 


10 . 


7(8) + 7(i) - 60 " 




7(6) =. 42 




8(10) + 8(1) = 80 + 24 


23 . 


25(10) + 25(4) = 250 + 100 




^ 10^ 




- 350 


20 . 


7(100) +"7 (8) m 700 + 5 




80(10) + 80(2) = 800 + 16q 








= 960 


21 . 


12(10). + 12(3 ) - 120 + 


36 25 . 


75(1000) + 75(1) 




- 156 




75,000 + 75 


22 , 


12(20) ^ 12(^0 = 240 + 


48 


=• 75,075 




= sea 


26 . 


4(6) + 4(|) = 24 +_ 2 


\ 






, - 26 



ERIC 
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A 



27. 9(8) -+ 9(y) =^72 + 3 

' ' = 75 * ' 

28. 18(1) + 18(|) = 18+4 
■ , ' = 22 

29 _ 4(1) + J_(i) = i + i 

- 10 

30. 13(2000) + 13(2)^= 26,000 + 26 

= 26,026 

31. 30(50) + 30(2) = 1500 + 60 

■ - 1560 

32. 101(100) +.101(1) = 10,100 + 101 

= 10,201 



3^t. 
35 



21 



36^ 
37, 
38, 
39. 
UO. 



2(5 + 6) 
3(5 + 2) 
7(2 + 3) 
5(7 + 3) 
^(9 + 3) 
j ■ 



41 
42 

43 
44 



4(5 + 8) 

5(5 + 6) 

5(5 + 6) 

6(3 + ^) 



'^%- (f + |)(11 + 7) 
(| . f )18 

(i)l8 + (1)18 

• 9 + 12 
21 



45 



(b) (|+i)(10+'0 

4 + 7 f 
11 

2-6. yaflables . 

The aim of this sectlq^ is to acquaint the pupil with one 
meaning of tht word variable , At this point we Insist that "n" 
or "x"^ or whatever letter is used as the variable, must be 
thougit of as the name of a definite number although we may nat 
have very much InforiTiatlon about that number. In some cases, sueh 
as In the example discussed in the text, the number may be 
unspeolflfd because what we want to say about it is the same for 
every\number In a given set. This is always the case when we 
are^ Interested In the -pattern or form of a problem rather than In 
the answer. In other cases the number may be unspeelfled because 
we do not know what it is at the outset but will find it put 
later. Variables used In this context are usually called "un- 
knowns J' In any case try to avoid the .concept of a variable as 
something that varies over a set of numbers , 

The discussion of the example would not have been changed in 
any essential way if we had decided to denote the chosen number 
by some letter other than^ n. 

The set of numbers ^^from which a variable may be specified 
is called ^'domain" by some, "range" by others, depending largely 
upon the point of view from which the variable and Its set are 
being seen. There are points of view, then, to "support the choice 
of either term. Since the most natural connection for many 
teachers to ma^e, when a variable and its set are mentioned, la 
to see that variable as the "independent" variable in a function 
relationship, the name "domain" for its set comes easily to mind, 
^ It must be emphasized, however, that the variable need not be 
seen as the "independerft variable" In a function relationship, 
but may in fact be conaldered as the "dependent" variable* 



pages 66-691 2-5 »nd 2-6 

•*6. (a) {| + |)(8 + 7) 



(|)15 + (f )15 

9 + 10 
19 



page 70; £-6 ' 
Answers to Oral Exerolsea g-6a j page "70: 

1. 9, IS, 17 

2. 10, 25, 50 

3. 22, 55» 110 

4. 3, 12, 27 

5. 3, 18, 43 
6., 21, .30, 45 

7. 10, 25, 50 

8. 36j 69j 124 

9. ^, |, I 
10. 2, Tp, 4 



11. 
12. 



1 



14. No 

15. n H 2 

16. n - 7 

17. 6n 
l8. 



n 

T 



19. 2n + 4 

30*. Five more than some number . 

21. Tv/o less than some number, 

22, Four times some number, 

23, Some number divided by 5. 

24. Tnree mor^e than twice some number. 

25, Two less than three times soma number. 

26. Sevan, times the result of finding two less than some 
number. • 

27. Some number divided by 4 and the resiilt increased by 

28, The product of five more than some number and two less 
than the original number. 



pate 7^ i 2-6 ' ' > 

Anawegj |g Pr^bigm Set g-6a ; pages 71-72! 



1. 2, ^, ¥ 



2. 



, 13 „ 
If ^» 7 



' 3.' I' ¥' 

4. 3, ^, 15 

P 21 300 

5- T' 



6. 



1 

i4 



33 



147 



3(3) I MS) 7. 7(2) - 2(5) + ^ 

g + 20 . ■ 1^ - 10 + 3 



7 



8. 6(?1 - 3 am 9. (3(2) + 5)(5 - 3) 



(6 + 5)(2) 
(11)(2) 

22 



10. 7(3)(2 + 5) 11- (3(2) - 2(aj)(2(5) = 10) 

7(3)(7) (6 - 6)(10 - 10) 



0 



12. |(2) + |(5) + |(3) 13. ^ ~ 



Point out the use of the associative and conmutatlva proper- 
ties In Problem 8. 

14. 3n - 7 aicourage students to use 

IK 1 . F different letters rather than 

Id * + o ^ 

^ always "n" or always "x'\ 



pages 71-75: 2-6 



16. i(y + 6) 



17. "^ + 7'- ■ 

18. I -.6 . . . 

19; 2n + 3 
20. 

Sip* Po\^ more than eight times a nianber* 

22* Fgiir less than the quotient of twlee a-niffiiber divided by 
three. 

23. Ihe produot of eight and the dlfferenc© obtained by sub- 
tracting 5 from 2 times a number* ^ 

£4, Itoe a nwibar, subtract 5, multiply by 12^ add Oj 
and divide by three. 



The steps in the proposed example are 

t 

n 

3n + 12 

3n + 12 5 
-5— " ' 

The last phrase is a numeral for n + 2. 

The student may wonder why we insist on writing 
Jn + 12 ^ 3(n +4), Either method will, of course, lead to the 
same result* The completion of this as 



ukfral n + 



and the subsequent simplification lead to the nun 
with less computation than the first method. 

Perhaps it will satisfy most students who raise the question 
if you point out that the first method brings out the pattern 
while the second method tends to obliterat6 the pattern. 

Some tea^|||prs have found it helpful, in introducing the 
notion of variables to their students, to play a number game in 
class in addition to the material in the text , Another successful 
method has been to use such a game at the board* 

^9 ^ 



pagei 7S^6i 2-0 , 

Ex^pie ' "Chooie' a number froh some set S ^ puch as, for 
^ instance, the whole number^ between 1*^ and'^^ 30 = add Ji 
multiply by 2, and subtraot twice the number qhoeen." 

Different pupils try ihe game at the boar^ with different 
numbtrs, and always obtain 6. Others may be/instructed to 
^ deave the numerals in Indicated form, anQther may use "nurnl^r" 

instead of a specif Ic numeral , and yet others^ may use a ^arr^le , 
' like "n" or -'*x" from the beginning. The board may look 
this: ^ 

k 5 * number ^ n 

^7 '5+3 " number + 3 n 

. lii 2(5 + 3) £(number + 3) 2(n + 3) 

9^ Ik 2^5 + 6 2(number) + 6 ^ ^ 2n + 6 

\ 6 2.5 + 6 " 2^5 2(numbf^) + 6 - 2(number) 2n + 6 2n 

6 6 6 6 

/ ■ ^ 

'Jbie example uses the distributive property, which the students 
have seen, but it ^Iso uses associativity and commutativlty with 
one subtraction, which they have ndt s^en. The qperatlons with 
numbers are quite simple, however, and so the "2n - 2n'' should 
really not give any trouble = It Is cert^alnly not worth making a 
fuss over. If the subtraction Is^ for. some reason, likely to give 
trouble, the game may always be played with an example such as 
the one In the text v^lch involves no subtraction. 

Answers to Problem Set 2 -6b ; pages 75.^77: 
1 . 2 ( t + 3 ) 

3. Both forms are correct. The second Is found from the 
first by use of the associative property of multipli- 
cation . 

5, Neither form Is ^^ct ; 2 (a + b) and 2a + 2b are 
correct forme . * 

6. (a) |c + 52 - |(100) + 52 

^ 160 + 32 

- 212 



I 



pages 76-77: 2-6 , ' ' 

• s# j _ 2(14) 

(c) P(l + rt) = 506(1 + 0.04'(3)) 
= 560(1 + .IS)- " 
, = s 50&+ 60 

■ s 5b0 ■ 

(a) £^ . ii|8i^ . 96 _4 
(e) ^vih ^ 24(12)(5) ' 
3(n + g) 6 ig the final niOTber. 



4'' 



3n + 6 



3n 



Yea, we get the original number. 



8. - 4 - 2x 

2x + 4 ^ 4 - 2x 

0. Every answer Is zerol 

9. True for all values of xl 
10* True for all value! of xl 

11. False 

12. True for all values of x\ 

13. False, Don't be concerned about the negative result, but 

caution those who want to think of subtraction as 
being commutative. ' 

ij -J 



pagei 77-79 • ^ ■ 

15 . True ' ; 

16. True for all vdlues of xt 

t*. ----- - 

17. False ; , ' \ 

18. False , ): 
1%, Falsa 

20^^/fi*ue for all values df ^xt 

Answers to Review problem^et j pages 79-Qlt ^ ^ 

1, Many passible answers ^ for example 1 4 - 1, ^ g 

2. A '■aommon name" of a number is a numeral most often 
used to represent the number. For txamgl^* "2" 

is a oon»Mn name of 5 3* 4* ©ta * 



3 . 


. We do the multlplleatlon and division first, then 




addition and subtraetlon , 




27 






5. 


(a) 


true 


(d) false 




(b) 


false 


(a) true 




(c) ' 


false 


fcf) falsa 


6. 








7. 


(a) 


7 > 5 






(b) 


3 > X 






(c) 


N > M 




8. 


A binary operation' Is 


an operation that Is applied 




only 


two numbers at a 


time . 


9. 


(a) 


Yes 


(d) Yes 




(b) 


^Yes 


(e) Yes . 




(c) 


No 


(f) No 



10* (a) AesoGiatlve property of addition 

(b) Neither, it is the commutative property of addition 
which is Illustrated. 

(c) Assoaiative property of multiplication 

(d) Neither, the commutative property of multiplication 
is Involved If we replace 'y by "1^". The sentence, 
as it stands, Is false. 



52 



if ' " 



11, (a) I H (^) i ^ A 



(a) f|/-fx (|) ■>:: . ;. 1 J 



12* (a) Kn^fij connnutative property of Edition and conmuta- 
tlve property o£ mul*tlplleation 

(b) toue^ oormnutative and assooiative propartles of 
adolltionp 

^(c) *n™e, multlplloatlon proptrty of one 

(d) False ^' 

(e) Trme^. connnutative prbperty of multipliGation and 
distributive property 

(f ) False i 

(g) tt*ue^ multiplication property of one 

(h) False 

(1) True^ none of the properties are involved t 
13. .(a) 19il + 1^ 

19 X 1 ' 15(10 + 2) 

19 150 + 30 

180 

(c) 9(f) + 9(|) + 9(29) (d) (a03)(10l) 



f2 . 3 



(203)(100 + 1) 



9(5- + ^ + 29) 20300 + 203 

9(30) 20503. 
270 

l4. A variable la a numeral which represents a definite, but 

J. 

unspeolfied, number ohoaen^rom a given set of nimbers. 



5? 

o 
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15. If X - 4, 

f 



(a) 7 

(b) 30 

(a) 0 

» ^ 

X 



f \ c 4.V. ™ X + X lx)(x) + (xUll xjx * 1 ) 



V 

* • = X + 1 

If X = 5, 
<b) 37 . 

(0) f • > 

(d) I • 

(e) 6 

If X - 6j 

(a) '9 . 

(b) 44 

(c) 26 

(d) I 

(e) 7 

n + 1 + 7 
n + 8 

The trick la to add eight to each number n. 
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^ 1* tosert . parenthesas in eaoh of the following so that the 

reiultli^ Bentenoe is truei - *k 

ta) 5 X ^ + 3 ^ 35 ' (d) 7 X 2 + a K 3 ^ 56 

(b) 5 K 4 + 3 ^ S3 ' (e) 7 x 2 + 2 x I 20 

(o) \ 7 X 2 + a X 3 m 84 (f) 7 X 2 + a x 3 e 48 ^ 

a, Stat4 the property illustrated by eaoh of the following true 
ientenc€ii 

/ 

(a) 7 X 3 » 3 X 7 (d^ 7 + (5 + 4) = (7 + 5) + 

(b.) 5(6 + 2) - 9(6)) + 5(2) (e) 9 + (3 + 4) ^ (3 + 4) + 9 

(c) (8 X 2) X 3 X (S X 3) 

3. Vflildh of the nvnp^rala listed below are namas for 6? 
(a) (d) ^ ^ I 1) ^ ^? 

' '^^^^^ (e) 3(i.|)+l 

(c) 3 X 1 + 1 

4. Milch of the follovrlng sentences are true and **ileh are false? 

(a) 7 > 2 + 3 (e) 5(2| + 1) = 5(2|) + 5 

(b) 4(5) ^18 + 5 6 /a . 4 
(0) 7 + (2 X 3) = (7 X 2) + 3 1^^, 

(d) 7 + 3 < 7 X 3 

5. Show the steps In finding the slmpleBt name for the number 

Indicated; 

- g° (b) ^g^l ^ 3) _ 10 

6. ^ow how you would use the associative , conmiuta^lvej and 
distributive properties to perfom each of the following 
computations as simply as possible? 

(a) 6| + (17 + 3|) 

(b) (12.8)(7) + {ia.8)(3) 

(c) (5 X 13) X 20 

(d) |(J) + |(|) 



55 




7* ii^eertaln niniiber n is multiplied by 5* then Inoreased by 3j 
- an^ this result is multiplied by 2. Wiieh of the following ^ 
open phraws describes this statement? 

(a) Z\K 5^^+ 3) ^ (c) 2n(5 + 3) 

^ (b) a(^^ 3) (d) 2(5n + 15) i 

8. Given that the domain of x is the set .(0,lj2)| find the 
value of the phrase 

for each value of x. 

9, Use the numbers 3j7, and 5 to illustrate " ■ 

(a) the associative property of multipllQation , 

(b) the distributive property, . 

10* Show how the distributive property can be used to -^flnd each of ^ 
the following products: 

' (a) > X 5| 

(b) 15 K 1006 

(c) 6 X (| + |) 
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f 



1. 



3. 



(a 
(b 

(c 

(a 

(c 
(d 



Answers to Suggested T^at itimB . ■ 

5 X (ft + 3)- 35 W 7 X (2 + (2 X.3)) = 56 

(5 X 4) + 3 ^ S3 (e) (7 x 2) + (2 x 3) 20 

7 X (2 + a) X 3 - 8U (f) ((7 X S) + a) X 3 = 48 

the coimnutatlve property of multiplication 
the dlitrlbutlve property 
the associative property of multlplljPlf^loh 
the asBOclatlve property of addition 
the eonmutatlve property of addition 



The minerals In (b), (d), and (e) are names for 6. 



(a) 

(c) 

(a) 
(b) 
(e) 



6 » 6 
~5~ 



12 

= a 



3x1 + 1- 3, + 1 

m 4 

true 
true 
false 



(d) 
(•) 
(f) 



true 
false 



(a) ■ 5f3 - go ^ 5(3) + gf4) ^ 20 



15 + go - go 
- 1^ 



- ¥ ■ 

« 5 

(t) + 3) - 10 = (^)(5 + 3), = 10 



= 2(5 + 3) - 10 

=16-10 
= 6 



(a) 4 + (17 + 4) - 4 + (4 ^7) oomiutatlve property of 

^ ' 5 3 5 3 addition 

= + 3i-)+ 17 associative property of 

5 5 addition 

= 10 + 17 
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(to) (ir.8)(7') + (12.8)(3) m IS. 8(7 + 3) distributive property 
i - ia.&<io) 

- 128 

(e) (5 X 13) X 20 - (13 x 5) x 80 oomnutatlve property of 

^ multiplication 

^ ' ■ 13 X (5 X 20) assoelatlva prdperty of 

muitlpllcatlon 

= 13 X 100 
- 1300 

(d) l'(l) + |-(|)^ |-(| + |) distributive property 
■='|(1) 

1 - . 

7. (b) The phrase "2(5n + 3)" Is the eorrest one. It Is built 

up In the following sequence i 

5n^ 5n + 3, S(5n + 3). 

8. If X = 0, we get 0 + S^-i a 2. 
If X m 1, we get 1 + - 1 + & . 







1 + 




a 




2 + 


4 


s 



If X " 2, we get 2 + ^2 + 3 

= 5. 

9. (a) (3 X 7) X 5 ^ 3 X (7 X 5) 

21 X 5 ^ 3 X 35 

(b) 3 X (7 + 5) = {3 X 7) + (3 X 5) 

3 X 12 =21 +15 



10. (a) -4 X « ^, X (5 + |) 

- (4 X 5) + X |) 

E 20+3 

' = 23 
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. (bJ M X 1006 - 15 K (1000 + 6) 
^ 15(1000) + 15(6) 
..^ • » 15000 + 90 

" - 15090 

; 6, X (| + |) = (6 X |) + (6 X |) 

- 5 • 



Chapter 3 ■ 

OPEN SENTENCES AND TRUTH SETS 

The propertlea of operations which were verbalized In 
Chapter 2 will be formalized In Chapter 4 In Bymbollc form. In 
preparation for this formalization we first enrich our vocabu= 
lary. The concept of a aentence . from Chapter 2, is enlarged In 
three wayB: (1) W# Increase the variety of relations which 
our sentences can express, so that inequalities are Included 
along with equations. (2) We write 0£en sentences which 
involve variables, and for which the notion of a tr^ fet 
becomes important. It is essential that the student consider 
both equatlonB and Inequalities as sentences, as objects of 
algebra with equal right to our attention, and as equally 
interesting and useful types of sentences. (3) We consider 
compound s^tences as well as simple sentencea. While not all 
of these concepts are Immediately neoeflsary for stating the 
properties of the operations on the numbers of arithmetic, it 
is worthwhile to introduce them together^ and they will be used 
many times throughout the course. 

Although this chapter is devoted entirely to sentences, it 
must be emphasized that we do not study sentences for their own 
Bakes. AS always, our main goal Is the understanding of the 
properties of the operations, and sentences happen to be useful 
language devices for recording these properties. Students 
quickly become enamoured of the process of solving sentences. 
This is good, but be sure that this enthusiasm is directed 
beyond the mere fun of manipulating v^ntences. After all, 
sentences are only part of the language, but not the substance, 
of algebra , 

The teacher may want to read, as a general reference for 
the work of this chapter, Haag, Studies In Mathematics, Volume 
TTT. Structure BUflmgntagy jOaa^. chapter 2, Section 2, 

3-1. Open g^entencea . <«; 

^he experimentation with the example "2x + 3 = l8" Is 
aupposed to suggeBt a syatematic way of guessing values of the 
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variable which win make the sen^nee true. The methpd might 
also suggeBt how one might decide whether or not all such values 
have been found. For example, a value of x greater than 
% wlU give a number greater than 2(8|.) + 3 and a value smaller 
than 8| win give a number leas than 2(^) + 3. The properties 

of order Which are suggested here will be taken up later in 
Chapter 9.^ 

Anawers to Oral Exercise a l-lg ; page 85: 

1. (a) True (f) True 

(b) True (g) paiae 

(c) True ^ (h) False 

(d) True (i) paiae 

(e) True 

2. (a) 2 (e) 3 

i (f) I 

1 (g) I 



(d) 



3. (a) 3 (g) I 

(b) 2 (h) 0 

(c) 1 (1) 1 

(d) ' (,J) ^ 

(e) r-x (i,) 7 

(f) I ^ (1) % 
Anawera to Problem Set 3-la ; page 85 - 86 

1^ 5 l3 not a truth number of the sentence, 

(b) 16 13 a truth number, 
(c") 3 Is a truth number, 
(d) 1 is B truth number, 
' (e) 5 Is a truth number. (The alert Btudent may observe 
that 4 la also a truth number for this santence.) 
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(f) 5 la not*a truth number* 

(g) 12 is a truth number. 

For finding a truth number for each of these sentences, 
emphasize reasonable guessing procedures that "center In' 
on the target. Systematic solution of equations will be 
dealt with In later chapters. 

(a) 8 . (f) 

^ (s) 

(h) 



(b) f 

(c) 2 

(d) I 

(e) f 

(a) 5 

(b) 5 

(c) 2 

(d) 3 

(e) J 

(f) f 



5 
8 
5 

3 



(i) 



(i) ^ 

(h) 6 

(1) 12 

(J) 18 

(k) 0 

(!') 5 



5 



ft 

(n) 
(o) 
(P) 
(q) 

(r) 



5 

5 

7 
3 

11 
T 

3 
f 

58 
IT 



Anawers to Oral Sxerclaes 3-lb ; page 



1, 



2. 
3. 
4. 



(a) 
(b) 
(c) 
(d) 
(e) 
(f) 
(8) 
(h) 



True 

False 

False 

False 

True 

True 

False 

True 



i 



(1 
(J 

(K 

(1 

(m 

(n 

(o) 

(p) 



88: 

False 

True 

False 

True 

True 

PalBe 

Palse 

False 



(g), (1). (n) 
(a), (b), (e), (K), *(p) 
(c), (d), (f), (h), (J), (1), (m), (o) 
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Answers to Problem- Set 3^lb ; page 89: 





[3} 






Mil 


numbers greater than 


3. 


0 




4. 


All 


numbers greater than 


5. 


All 


numbers less than 8 


6. 


(3) 






The 


set of all numbers 


0 
0. 


(0) 






The 


set of all numbera 


1 n 


The 


set of all numbers 


i i , 


All 


numbers greater than 


12 , 


The 


set of all numbers 


13. 








{6} 




15. 


0 




16. 


The 


set of all numberB 


17. 


AirVnumbers less than 27 


18, 




numbers less than 5 



♦19. The set of all numbers except zero 
•20. (oj 

Answers to Oral Exarclses S^lc ; page 90: 



(a) 


0 


(f) 


None 


(b) 


s 


(l) 


None 


(c) 


5 


(h) 


3 


(d) 


3 


(1) 


2 


(e) 


None 


(J) 


4 


(a) 




(f) 


144 


(b) 


100 


(g) 


64 


(c) 


36 


(h) 


196 


(d) 


121 


(1) 


1 


(e) 


8l 


(J) 


0 



pages 90-93- 
3. 



93: 


3-1 and 3-2 






(a) 


P 


(s) 


14 


(b) 


4 


(h) 


0 


(c) 


8 


(1) 


1 


(d) 


15 


(J) 


5 


(e) 


100 


(K) 


3 


(f) 


3 







* ' 

Answers to Problem Set 3-lc ; page 91- 

1. 3 6. 0 11. 2,3 , , 

2. 5 7. 1 12. l.S 

3. ' 3 8. 0,1 #13. I 

4. 2 ■ 9. 7 •1^. I 

5. 1 10. 5.1 ' •IS. h 

3^2. Truth Sets of Open Sentences . 

An open sentence Involving one variable has a "truth apt" 
daflned as the set of numbers for which it Is true We ao 
need at this time to Introduce a name for the sat ^hlch makes a 
sentonce false . The phrase "solution set" Is also used for 
"truth set/' particularly for sentences which are in the form of 
equations. We shall use ''solution set" later, but we want the 
student to use "truth set" long enough to get Its full slgnlfl- 
eanee . 

Until the introduction of the real numbers Ir Chapter 6, 
when a sentence is written and no domain Is specified, the domain 
may be inferred to be the set of numbers of arithmetic for which 
the given sentence has meaning. Note, however, that when the 
student begins to translate "word problems" into open sentences, 
he will sometimes find inherent in the problem, but not spelled 
out for him, some further limitation upon the domain* ^ Thus the 
agreement specified in the text regarding the domain refers to 
sentences only, and should not be extended to include "word 
problems," 

The teacher may want to take a moment of class time to be 
certain that the students remember clearly the set of numbers of 



65 



pages 93-9^1 3-2 



arithmetic. This understanding can be reinforced soon (in the 
next section) by the graphing of this set. 



Answers 


to Oral 


Ixerclses 3_2a 


pages 93-94: 






1 . 


(0) 


8. 


[0] 


15. 


(2) 


2. 


tl,2) 




0 . 




(2) 


3. 


(1) 


10 : 


(0) 


17. 


(2) 


U. 


(0,1) 


11. 


0 


18. 


(1,2) 


5. 


(23 


12. 


(1.2) 


'^19. 


(2) 


6. 


(a) 


13. 


(1,2) 


20. 


0 


7\ 


(2) 


14. 


^ 0 







Answers to Problem Set 3«ga ; pages 94-96! 
1, 





r 


= {3) P ■ [0 


, 1, a 


, 4, 5. 6, 7> 8) 


(b) 


T 


a (4] P = [0, 1, S 


, 3, 5, 6, 7. 8] 


(c) 


T 


= (6, 7, 8) 


P = [0, 1, 2, 3, 4, 5) 






= (0, 1, S, 3, 


.4, 6, 


7. 8) F ^ [5] 


(e) 


T 


= (0, 1, 2, 3, 


4, 5) 


F - [6, 7, 8] 


(f) 


T 


0 P = W 






(a) 


T 


= CO, 1,2, 3, 4) 


(f) 


T - (4) 


(b) 


T 


- (2) 


(s) 


T - jZf 


(°) 


T 




(h) 


T - [8] 


(d). 


T 


= 0 


(1) 


T - [0,1,2,3,4,5,6,7} 


(e) 
f 


T 


= (0,1} 


(J) 


T ^ [0,1,2,3,4,5,6,7) 


(a) 


T a 


(2,3,4,5,6) 


*(d) 


T la the set of numbers 




P = 


(7,8,9) 




greater than 4 and less 










than 7, F Is the set of 


(b) 


T = 


(0} 




numbers greater than or 




P = 


{ 10 , 20 , 30 , 40 , 50 ) 


equal to 7. 


(c) 






*(e) 


T is the set of numbers 


T = 


(3,5) 










less than 7. P Is the 




P = 


(7,9,11) 




set of numbers greater 










than or equal to 7, but 










less than 10. 
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3-2 



1 

•(f) T is the empty set. F la 
the set of numbers greater 
than 8. 



4. 


(a) 


T = 


(0,1,2,3.4) 


*(e) 


T = [1,2,3,4,5,6] or T 




(b) 


T - 


(6) 




iB the Bet of counting 




(c) 


T - 


0 




numbers less than 7. 




•(d) 


T - 




♦(f) 


T = (0,1,2,3,4,5,6) 


5. 


(a) 


yes 




(f) 


yes 




(b) 


yea 




(g) 


no 




(c) 


no 




(h) 


yes 




(d) 


no 




(1) 


no 




(e) 


no 








6. 


In 


this 


exercise encourage 


Btudents to give a variety 



of examples. 

(a) Examples are x+5^x+^; x+S<x+l 

(b) Examples are x ^ 5; x + 7 ^ 10 ^ 

(c) Examplfee are 2y + 4 ^ 2(y + 2); x + 3 ^ 3^ + x 

(d) Examples are x > 5; 3x + 2 > l4 

This exercise might be a good one for class discussion. 

7. (a) T - [2) (c) T - [3,^,5) 
(b) T ^ the empty set (d) T ^ (0,1) 

8. (a) T ^ (2) (c) T - set of all numbers 

greater than £ and less 
t^an 5. 

(b) [^) (d) T ^ set of all numbers 

greater than 0 and lees 
than 2. » 

The seta in (a)^ and (b) are finite, 
1 

9. In connection wi^h these exercises the teacher should 
bear in mind that fomal methods for solution of 
equations and inequalities have not been developed as 
yet, Liince they depend upon properties of the real 
numbers to be presented In later chapters. Somewhat 
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systematic i 


sue ss work 


l3 


the 


student* 


s method and the 


stress should rest more 


upon 


the 


fact that the value 


question is 


indeed in 


the truth s 


et, 


than 


Upon the 


device used 


to _d is cover 


It. 










(a) (4) 


(id) 0 




(s) 






(J) 


the set 


(b) [2] 


(e) (12} 




(h) 


[3] 






of numbers 


(c) [1] 


(f) (6) 




(1) 






(K) 


except 0, 
0 



In exercises (b), (c), (j) and (k) above, the student 
may need tp be reminded that division by zero has been 
excluded im the formation of rational numbers. Later 
it will be stressed that since zero has no reciprocal, 
an expression with denominator 0 does not'^represent 
any number, / 

Answers to 0 ra tl Exerc ises 3^ 2 b : page 97 ^ 



1 . 


(2,3,4,^) 


6. 


(0) 


11. 


0 t 


2. 


(4,5) 


7- 


(0,1,2,3,4,5) 


12. 


to, 1,2) 


3. 


(5) 


8. 


(0,1,2,3,4) 


13. 


(1,2737^,5} 


4. 


0 


9. 


(0,1,2,3,4,5) 


14. 


{1,2,3,4,5) 


5. 


(0,1,2,3,4,5)^^ 


10 . 


(0,1,2,3,4,5) 


15. 


(0,1,2) 



Answers to Problem, Set 3^213 ; page 97; 



1. 


(1} 






The 


set 


3. 


The 


set 


4. 


The 


set 




The 


set 




0 




7. 


The 


set 


8. 


The 


set 


9. 


The 


set 


10. 


The 


set 


11. 


The 


set 



reater than 1 
0 to 1 inclusive 



equal to 
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10 



»12 The sett of numbers ^ or greater 
*13. The set of numbers less than or equal to g- 

15. ^ 



3-3. Graphs of Truth, Seta . 

We shall soon start saying "graph of the open sentence" 
Instead of the more clumsy but more nearly precise "graph of the 
truth set of the open sentence." 

In graphing sentenoes whose truth set is 0 do not ^uas 
over the "plotting" of the empty set. Either no graph at all or 
a number line with no points marked is all right. 

For convenience in doing problems Involving the number line, 
you might find It helpful to duplicate sheets of number lines 
for the pupils' use. 

Answers t o ^Problem Set 3-3 ; pages 98-99: 

We have not included^oral work In this section because we 
feel that this can readily be oentered around the examples In 
the text, which the teacher should review carefully with the 
class , 



1. (a) 

(b) 
( = ) 



0 n 



(f) 



(s) 



(h) 



Z i 3 



I 2 f 3 



(e) 



• O- 

0 I 



(1) 



(J) 



- O i 

I 2 



t ■ 
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(1) 
(m) 

(n) 

(o) 



t - 4- 



0123 



0 



If the student showa on hla graph an arrow to the left for 
parta (e), (l), (j), and (o), simply point out that the 
domain of the variable for these sentences Is the numbers of 
arithmetic. Later when the real numbers, the operations 
upon them, and some of the properties of these operationa 
are known, the student will be able; to work with confidence 
with sentences In this extended domkin 

(a) Yes 

( b ) No \ 

(c) Yes^-assuming that the dot on the number line has the 
coordinate ^ , 

(d) No, the graph Is of whole numbers only^^no such restric- 
tion has been placed upon x. This is a good time to 
re-emphaslze that the domain of a variable when unspecl« 
fled is the set of all numbers of arithmetic for which 
the sentence has meaning, j 

(e) Yes 



/ 
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pages 99-1021 3-3 and 3-4 

3. Accept and encourage a variety of reaponaes In these 

exercises. Possible answers are: ^ 

(a) - 2: 2x + 4 ^ 8 (c) X > 4; 3x + 5 > 17 

(b) X ^ 2; X < 2 or x > 2 (d) x > 1; 5x + 1 > 6 

3-4. Compound Open Sentences and Their Graphs . 

The student has dealt with simple sentences, finding their 
truth sets and graphing these. With compound sentences, as with 
simple sentences, the emphasis should be on what constitutes a 
truth value rather than on any technique of finding the truth 
values. Prequent use of the compound sentence is made throughout 
the course, so that further practice in this area awaits the 
student . 

Trie word "clause'' Is used to denote a sentence which is part 
of a compound sentence. Just as in the corresponding situation . 
In English. The word is convenient but not very Important. 

Answers to Oral Exercises 3 -4a ; page 102: 

1. Yes 
Yes 
Yes 

The left clause - 1 ^ 7" and the right clause 

"5 + 4 ^ 9" are both true, 'Therefore, the^ompound 
sentence is true. 

2. Yes 
No 

\^ Mo 

\ The clause "11 + 12 ^ 25" is false. Therefore, the 

\ compound sentence "13 ^ b and 11 + 12 - 25" la 
false, 

3. No 
No 
No 

Both clauses are false. Therefore, the compound 
sentence ''5| 3j - 9 and 9 + l8 - 37'' is false. 
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4. (a) false 

The clause "8 + 19 ^ I?-' Is false, 

(b) false 

The clause "l6 8 + 8" is false. 

(c) false 

The clause "9^6^ 2" is false. 

(d) false 

Both clauses are false. 

(e) false 

Both clauses are false. 



5. 


(a) 


(4) 






(b) 


(3 


,4,5) 






(c) 


(10) 






(d) 


0 






Answers 


to Probli 


em Set 3-4a; pages 102- 


103: 


1. 


(a) 


T, 


both clauses are true, 






(b) 


F, 


both clauses are false 






(c) 


T, 


both clauses are true. 






(d) 


F, 


second clause is false 






(e) 


T, 


bo th clauses are true . 






(f) 


P, 


first clause is false. 






(g) 


P, 


second clause is false 






(h) 




second clause is false 






(1) 


P, 


second clause Is false 






(J) 


P, 


second clause Is false 






(K) 


T, 


both clauses are true. 






(1) 


T, 


both clauses are true. 






(a) 


T = 


^ (12) (e) T 


- (2) 




(b) 


T = 


^ (4,5,6). (f) T 


- 0 




(c) 


T = 


(3) (g) t 


- (3,4) 




(d) 


T = 


0 (h) T 


- (3) 



The text defines the truth set of a compound sentence with 
the connecting word "or" as consisting of all those numbers 
that are in at least one of the truth sets of the clauses which 
make up the compound sentence. It is particularly important. 
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not jnly In the interest of clarity here, but for the sake of 
his later work In mathematics, that the student be given a 
eareful Introduction to the phrase "at least," To have him, 
explore such synonomous phrases as "not less^ thl^" may help pin 
down the idea. 

An swears tg_ Oral Exercise s 3 -4b ; page 105' 

1. Yes 
Yes 
Yes 

^Both clauses are true, 
es 

o , ^ 

/Yes ^ . - ■ 

The first clause Is true. 



3. Ho 
No 



No 

Both* clauses are false. 

(a) true 

The first clause Is true,. 

(b) true ^ 
The second clause is true. 

(c) true 

The second clause la true. 

(d) false 

Both clauses are false, 

(e) true 

Both clauses are true; the student should note, 
however, that since the first clause is true, the 
truth of the sentence is established without 
/ conalderation of the second clause. 
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pages 


105-106: 








5 


. /(a) 


(oa,2,3)^ 


(f) 


(Oil, 2} 






(b) 


10,1,2,3} 




f n R 1 
10 , D j 






(c) 


(0,1,2,3,4,13) 


(h) 


CO] 






(d) 


(0,2) 


(1) 


The set 


of ail whole numbers 


. h. 


(e) 


(1,2). 


(J) 


The set 


of all whole numbers 


Anawera to Problem Set d-^h; 


pages 


105-106i 




1 . 


Each 


1 sentence which 


is true is true because at least 




one 


clause Is true. 










(a) 


T 


(f) 


P, both 


clauses are false 




(b) 


T 


(i) 








(c) 


Pj both clausei 


> (h) 


T 








are false 










(d) 


T 


{!)■ 


T 






(e) 


T 


(J) 


F, both 


clauses are false 


2. 


(a) 


Tha set consisting of 


5 and 


all numbers greater 






than 6 









(b)^--^he set consisting of all numbers less than or 

r 

^ equal to 3 



(c) The '^t of all numbers 



1 

(e) ^The set of all numbers less than j and the 



number 1 



3. (a) True 



(b) False because "5(8) < 5" la false 

(c) True 

(d) False because both clauses are false 

(e) True 



7^ 

8^ 



p«g« 1081 • 3-4 



AstBmrB to Problem Sft 3^ 4 01 page 108: 




a. 



g I i i r t -< I — H 
0 I t3*S S78 



Oia3 #5i78d 



5* 



6. 



012345878910 



• i \ i t i t — I i • I t 

0I23458T89I0III2 



8. 



9. 



10. 



11, 



f a 3 4 5 6 



-0-4^ 
7 8 



5 € 



H h 



0 I 2B4S678 



0 1 a 3 4 5 € 



9 ID 



la teacher may want to note 
that exeroise 8 Is the first 
graphlj^ exercise- Inoludlng 
exan^l^B In the text-in which 
the truth sets of^^the clauses 
of a compound sentence have a 
comnon value. If the student 
recall a the meafting of the 
phrase "at leasts " he will not 
find this troublesome*) 
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Purther exerelses In graphing j truth sets of ce^ound san- 
taneea with eonneetive "or" can be obtained from the preoedlng 
section, Oral acerclses 3-4b and problem Set 3-4b,^^ 

Answers to Oral Bcereiies 3^4d 1 page llOi 

1* no 

no ^ ^ 

yes 

3. yes 

no ^ ■ ^ 

no ^ . . 

4, /yes 

no 
no 

toawers to Problem Set 3^4d; page 110 1 
1. 



3* 



0 


1 

1 


t 

2 


— -t— = 


— 
4 


a 


— 0 

6 








♦ 




— 1 




1 — = 
0 


— r 
j 


1 

2 


3 


4 


5 


6 


1 




— 0— 


t 


1— 


t 


t- 



Hie en^ty set. 



5. , , I I I I — I— enpty set. 

0 12 3 4 5 6 
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6. H 



7. t- 
0 



8. 



o- 

0 



10. 



0 I 



6 



0 13 3 4 5 8 
Answers to Problem Set 3- 4e; page ill; 

1. (2, 3] t. — , , , , 



The empty set. 



a. (|,3i 



0 ' 

(3) 

[2,3) 

C3) 



0 T 



I 



-» 



7. The set of numbers equal , 

to or greater than 3 0 

8, The set ^tfilch includes 1 , 
and all nmbers greater 0 

~y than 3 
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, 9^ Hie set of all numbers 
leii than 5 or . i 
. greater than» 7 ^ 

10. The set of all 

numberi equal to ^ 
or less than 3 ^ 



^ 4 



11, The set of all 

numbers except 4 ] 

3 . and 4 0 I 2 

12, The set of all 
nunAjers ^greater |' — i— ^ 

' ' than 2 0 ! 



% 



13. (2] 



1^, The set of all nxmherB i / \ 1 i 

0 ' I 2 3 



15, The set of all 

numbers less than 
two, all numbers i 1 — 

greater than 4^ 012 
and 3 



16, . (3] 



\ 



17, . The set of nimbers 
between 2 and 3 



Sunsnary , 

^e summary is Intended to help the student make a quick 
recall of the concepts that have been studied In the 'chapter. 

'/ 
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pages 112^113 



Answers to Ravlew Problein Set j pages 112-115: 

It is expeoted that the Review Problein Set may help the stu- 
dent to jLfflprove his overall understandins of mathematical sen- 
tenoea by giving him opportunity to work with a mixture of sen- 
tences less sorted into "tripes" than the problem sets throughout 
the ohapter^have been. 

1. (a) 



2. 



(o) 
(d) 
(e) 



(d) 



Yes 
Yea 
No. 
Yes 



3(4) - 2 < 7 is false 



Yes (^e student should 
note that this exercise is 
an instance where the 
consnutative property of 
addition enables him to 
answer without arlttunetic 
calcinations. ) 



(a) {|] 




(b) The set of all nuin'bers 

(c) The ^et of all numbers 



(0,1) 



(f) 
(S) 
(h) 
(i) 
(J) 



No 
Yes' 
No 
Yes 
Yes 



(f) C3) 



(g) c^] 

(h) The set of numbers equal 
to or greater than 3 

(1) The empty set 

(J) ^e set of all nwibers 

greater than^ 2 and leas 

than 7 



(a) 



1— — 


— - - -t 


— 1 — 




0 


1 2 


3f 


4 












* O ' 


f 1- - 






2 3 
'Bia empty aet, 



2 3 4 5 6 7 8 





0 1 


2 


3 


(a) 








0 J 1 




3 4 


(h) 


— -4- 






0 1 


2 


3 


(1) 








0 i 1 


f 2 


3 


(J) 


j 1_ — 







'^e empty set. 
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0 I a 5 4 5 S 7 

(b) The'^et of all numbers 

less than 13 , j , i i i t i i i i i i p i 
0 2 4 i S. 10 li 14 



(c) (f) . , I H 

0 12 3 




(d) The empty sat | , i t 

0 I 3 



(e) The set of all numbers 
less than 3 

if) lOA) ^ 



0 12 3 



^ =h 



0 12 3 4 



(4) (1,2) 



0 12 3 4 



(h) The set of all numbers 
greater than o 



r- ♦ i I i — -1- 



2 3 4 5 6 7 



(1) ihe sat of all niflnbers except 0 



2 3 



(J) [2) 



I— — — ^ 



0 12 3 



(k) The set of all niimbers 
less than 3 * 



2 3 4 



(1) CI) 



\ » ^ ^ 

0 12 3 
(m) The set of all nwnbers 



0 I 



2 3 4 
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pigea 113-115 

(n) The tmpfey tet 



8. 



10. 



11. 



(a) True 

( b ) True 

(e) 
(d) 
(t) 

(«) 
(b) 

(e) 1** 
(•) 0 



False 

False 
False 



11 

4 



or 



or 



10 
T 



(f ) 


True 


(e) 


Falst 


(h) 


True 


(I) 


True 


(J) 


False 


(f) 


8 


(g) 


2 


(h) 


1 


(1^ 


0 



The sentanoes In (a), (o)# and (a) are true for ever^ 

value in the domain. 



Palae 

True 



(a) 
(b) 

( c ) True 

(a) 



(d) True 

(e) Time 

(f) True 



3" 1 



6 



3 « 



(b) 

(c) f 

(a) 20 

(b) 4 



10 



(f) S 



20 
IF 

32 
If 



(c) 26 

(a) 3(10 + 3) - 3(10) + 3(3) 

(b) 5(8) + 3(8) - (5 + 3)8 

(c) + ^)6 - H6) + 1(6) 

(d) 38 + 5a - (3 + 5)a 

(e) 5a + 5b - 5(a + b) 

(f) a(6 + b) - a{6) + ab 



(a) 2 

(e) 8 

(f) 0 



r' 
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Suggested Ttgfc Items 

Which of the following sentences art true and which trt 
false? ^ 

(a) 5 s 6 + 1 (c) J + 2 > 3 

(b) 9 + 11 s 5 , . (d) 5 + 3^7 

2, Whleh of the following sentences are true and which are 
false? 

(a) ^ I ^ > I and 6 < S - 1 ^ 

(b) S ^ i ^ I or 4 s 3 

(c) 6+1^4#^3 or 6>7 

(d) Y + I > I + I and 4 a 5.3 

3. Which of the following sentences are true and which are 
false? 

(a) (18 10) - 4 ^ 18 (10 ^4) 

(b) (18 ^ 10) - 4 ^ l8 ^ (10 +4) ^ 

(c) 3 + 4 < 8 or 6 + 5-> 5 + 6 

(d) 7 + 0^7 and 7(0) ^ 7 

(e) 4 > 6. or 5 H- 2 ^ 10 
7 ^ 3 or 17.813 + ,529 - 8.777 + 18,442 



Determine whether each sentence is true for the. given value 
of the" variable. 

(^) at + 4 ^ 15^ 2 (c) 20 ^ 2x 2 10; 5 

(b) 4x 3 < 7j 7 (d) f + J ^ 1? + 9^ ^ 

If the varlableB have the values assigned below, determine ^ 
-^whether the sentence is true, 

(a) 3x ^ 4 + X is 2 and y is 2 

(b) 5x < 2 + y, X is 3 and y is 8 

List the truth set of each of the\ following open sentences, 
^e domain is the set of nmbers indicated. 

(a) X + 3 - 3x = 5l [2.4,6] # 

(b) x2 + 2 - 3x ^ Oj [0,1.2,3] 




8. 



10. 



11, 



Deteraine ttie trut^ sets of the followlr^ open sentenoas: 

(a) 3x + 4 ^ 25 ^ (g) - 2x + 3 ^ ax + 5 

(b) ax + 1 < 3 (d) 4 + X ^ Ex + 1 

Sraw the ^t^phs of the tmith sets oj^he open eentaneesi 

(a> X + 5 ^ 6 
(b) X =1. 1 > 3 

Pfew the graphs of the truth sets oft the oompotmd open 
sentenoesi ' m% 




(c) x-5or x<4 

(d) X < 3 and x > ^ 



12, 



(a) X > 3 and x < 4 

(b) X ^ 5 and x > 4 

VOiioh of the open sentenQee A, Bj G, * and E below has the 
same truth set as the open sentence "p ^7"? 

A. p > 7 or p - 7 . D, p ^ 7 



p > 7 and^ P ^ 7 



7 i P 



C* P ^ 7 or p > 7 

♦ 

W^lte open sentences vAiose truth sets are the sets graphed 
below* 




12 3 4 5 



2 3 4 5 



or eaoh of the sentences in column I, select the appropriate 
graph of its truth set In colimn II* 



II 



(a) 6x - 18 

(b) y < 3 

(c) b ^ 2 

(d) t > 4 

(e) d 2 2 and d < 5 



2 3 4 5 6 7 



2 3 4 5 6 7 

t t r "I- t- 
2 3 4 5 6 7 



H — ^ — — I ! 1 \ 

0 1 2 3 4 5 6 7 



i 2 3 4 5 6 7 
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(f ) X ^ 4 



\ ^ 



0 12 3 4 5 6 7 

(g) w < S and w > 4 i i ^ i i i i i 

01234567 

13. If the domaln^f the variable is the set U m [2,4,6,8,10,12], 

find truth sets for the following open sentences* 

(a) 3x + 1 m^l2 (c) 2x < SO and x + 4 ^ 4 + x 

(b) as - 10 (d) 2x + 1 - 7 or ax - 1 - 3 

Aniwers to Suggested Test Items 



1. 


(a) 


True 








(t) 


Palse '" ■ 


w 


True 


2. 


(a). 


False 


(c) 


True 




(b) 


Pals-e 


U) 


S^lae 


3. 


(a) 


False 




5^1 ae 








(e) 


B^lse 




(o) 


True 


(f) 


True 


4. 


(a) 


No 


(c) 


Yes 




(b) 


' No 


(a) 


No 


5. 


(a) 


Yes 


(b) 


No 


6. 


(a) 


[43 


(b) 


(1,2) 


7. 


(a) 


(7) 


(c) 






(b) 


the nwibers of 




the n 



arithmetic less than 1 ^ equal to 3 





h 

0 


1 2 


-f 

3 


^ — 1 

4 


4- 

5 


6 




(b) 


















0 


— ^ ^0— 

1 € 


3 


4 


5 


6 


— ► 


(c) 












—-—4-- — 






0 


1 2 




4 


— t ^ 

5 


6 




(d) 
















^ — 
0 


- \ 

1 2 


3 


4 


5 


6 
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9. (a) 



I 



I \ ^ — I 1 

10. A, C, 1 

11* Pgfflslbla answers are: 
(# X < 5 

(b) X > 2 and x < 4 
12. (a) . ... , t I , 



0 1 i 3 4 5 



(0) 



0 1 2 3 4 5 



0 12 3 4 5 



13, (a) (4) 
(b) p 



the empty set 



(c) x^l or 

(d) X ^ 3 



0 I 2 3 4 5 6 7 



2 3 4 5 i ? 



2 3 4 5 * € 7 



(g) 0 12 3 4 5 6 7 

the en^ty set 

(c) [2.^.6,8] 

(d) [2] 
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Chapter k * ^ ^ 

PROPERtllS OP OPERATIONS 

In IntroduQlng this chapter, it Is perhaps advisable for 
us, as teachers, to consider « basic difference between this 
cQurse and the arithmetic vilth which the student has previously 
•forked/ The principal conoem of this course Is a systematic 
study of numb^s and their properties j and arithmetic would seem 
to have had much the same purpose. Arithmetic often consists of 
a rather mechanical application of a large number of mles for 
computing correctly with "getting an answer" as the objectlye. 
On the other hand, we are interested in understanding rather 
thoroughly why numbers and operatlona on numbers behave as they 
do. A rather well defined search is made here for Importafit 
general properties of the numbers and the arithmetic operjtlons 
with which ^e student is already familiar. In short, we^^flTe 
Interested in what is sometimes referred to as the "structure" 
of the "system" of- numbers. Other words which convey some of 
the same meaning as "structure" are "pattern", "form", and 
"organisation" . 

It is inevitable that many oH th^ general properties of 
numbers and of the operations we apply to them are already quite 
familiar to the student, even the slower one, from the study of 
arithmetic. The properties are familiar, however, only from 
specific Instane^s and not as explicit principles. 

In Chapter 2, the aim was to have the student discover some 
of these properties by means of questions and examples. In the 
present chapter ^ the properties are studied further and are 
formalized. The properties which we have sought to elicit from 
students in this way are: 

(1) Commutative and associative properties 
^ for both addition and multiplication 

(2) Distributive property of multiplication b^er 
addition 

(3) Addition property of 0 

(4) Multiplication property of 1 

(5) Mult'ipllcatlon property of 0 
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Properties (3) and (4) above state, In terms we would never uie 
with the i^tudent before he Is ready for them, that 0 and 1 
are/ respectively, the additive and multiplicative Identities. 
PTOperty (5) above Is Included in the list even though It can" 
be deduced from the other properties. 

It Is worth noting that In this ehapter we are considering 
the properties only In relation to the non-negative real numbers 
with which the student Is already familiar, ^We call these the 
numbers of arithmetic. Later, It will be seen that the same 
properties hold for all real numbers. 

The student, conditioned as he is to arithmetic, may Well 
ask, "Why bother?" when confronted with the formalization^ of ' 
these properties. This question may be forestalled somewhat by 
exercises which are Interesting in their own right and by the 
teacher's own established devices. Of course, the real answer 
^-to^ the question "Why bother?'* consists, to a large extent, of 
what has been said In the paragraphs preeedlng this one 
regarding our concern with structure. 

Mnother major goal of this chapter Is the development of 
a good deal of technique In the simplification of algebraic 
expressions, a conspicuous feature of any beginning algebra 
course. Here, however, we are introducing these techniques In 
conjunction with the properties of numbers and operations. 
^^IgetFralc simplification is practiced at th#, time the principles 
upon which such simplification r^sts are first developed, and 
many times thereafter. Theee prlnclplea are precisely the 
properties of numbers which the student is to discover in this 
chapter. 

The teacher may war.t to read, as a general reference for 
the work of this chapter/ Haag, Studies In Mathematics . 
Volume III J Structure of Elementary Algebra , Chapter 3, 
'Section 2. ^ 



Pap«a 117-118! U-i 

■> 

4-1. Identity Elements . * ' 

Identity Element for Addition . 

It may well be advisable to spend more time with slower 
studentB aiting specifie numerieal Instances of the addition 
property of iero> suoh asi 

5+0-5 

^ ^^^1 + 0 - 3S| 

4,7 + 0 ^ 4, 7^ etc. 

These may help the student^l^preaiate the significance' of^ the 
statementj '|For every number a, a + 0^^ a", * * 

Note that the open sentenoe "a + 0 ^ a" \% true for all 
values of the variable. Such a sentence conveys "structure" or 
"pattern" information about the number system, ( 

The association between the "result being identical with 
the number to which laro is added" and the name " Identity 
element" l^||y be worth emphasizing. Slower students frequently ' 
need the aid of such associations in learning new words ^ and they 
are seldom successful in making^he associations themaelvas. 

Answers to Oral Exerclsf s 4-la j page H8i 



1. [0) ^ 6. [1] 

2^ [0] 7. the set of all numbers 

3, [0] ^ 8. the set of all numbers 

4, {0) 9. the set of all numbers 

5, [7} 10. ^ 



Multiplication Property of One . 

The multiplicative Identify element has been Introduced 
after the additive Identity element, rather than simultaneously, 
in order to give the student ample time to assimilate the 'ideas,- 

The different numerals for the number one are mentioned in 
.this section to help the student appreciate the fact/ that the 



BultlplleiMon property of ont la i property of the^ number ^and 
hBB nothljig to 'do with the numeral chosen to represent the . 
number one. Thus^ . . ' 

"x(l) ^ and - ^ 

both expreei the property, ■ 

■ ' , ' I* 

'^ ^Answers to Oral Exerelaes 4^b ; page lig^ ^ 



1^ tlJ 6. the set of all numbers 

2% ClJ 7, the set of all numbers 

3: 8. {3} 

tl] / 9. . ' , 

s5. flj 10. (1) 



Multtpllcatlon Property of Zero . ' / 

The multiplication property of zero Is not, like the others, 
a fundamental property of. the real number system; It would not, 
for example, appear among,*the axioms for an ordereS field. It, 
can be ^derived from the distributive property, the *ddltlon 
property of zero, and the exlstenoi of An opposl*te (which. comes 
in Chapter 6J. ' As a matter of Interest, a derivation of this 
property Is given below; ^ 

For any number a, consider the expression 

a(l + 0). 

' Then' a{l + O) = a(l) + a(0) by the dlsti'lbutlve property, 
' but a(l + 0) = a(l), by the addition property of 0 

' then a{l) + ai(o) = a(l). 

To conclude that a^) is 0,, we must add ' -a(l) 
(the opposite, or addlt^e Inverse of a(l)) to both sides 
of the equation above, thus obtaining 
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than Y-a(i) + a(l)^ + a(0)- ^ -a(l) + a(l) by the asaoclatlyt 

* ^ ^ , ^ . property* df addition 

and ^ 0 + b(0) q ^ ' , by the additior) 

* _ ' ' * ^property of*^ 

V ^0 ^ . . , by the tddltion 



property ^of .0 . J 



Anewars to Oral Exercises ; page 120; 

addition 'proper^ of zero 

2. raultlplleatlon *P5bpe%*ty of one 

3, roultip 11 cation property of zero \ 



In. Exe'rclBe 3 of Oral Exercises 4^1d and In Exercises 3, 

4, 5 and 6 of Problem Set ^-Id ^ and In future work in which the 

multiplication property of 1 Is used in adding fractions or 

'rational expressions, thf student should be ertcouraged to mention 

or "write owrt" the numeral he has jised for 1. It is ImRortant 

that the computations which 0apend upon this property be clearly 

tied to it. Her^j as* at many points in the course, only a 

thorough appreciation of the connection between concept and 

manipulation entitles the student to take "short cuts." Before 

asilgning Exercise ' 5 of PraMem Set 4 -lb you may wart^ to remind 
^ ■ ■ ^ 

* " m 2 b 

the" students that — or ^ is a numeral for 1 for all ^-^ 

values of the variables except 0. , 

AnswetJr to Oral Exercises 4^1d ; pages 122^123: 

1, (a) 6./*^ addition property of zero } ^ 
Cb)*4,jS5/' multiplication property of one 

(c) 0, multtpllcation property of^ zero 

(d) addition property of zero 

(e) 2.8l, multiplication property Vf one 

(f) .,_.0 , multiplication property of zero 

''(g) 5.2, addition property of zero and multiplication 
property of one 



n ' 

So 









(a) 


True, 


(o) 


m 


False 


(a) 


(a) 




u ■ 

12 






8 • 

m 




m = 


■ y , 


(d) 




3m 



:{ftlgea' 122-123; ^-X . 

Pttlse (e) True (g) Falae 
True . , (f) Tinie* (h) False 

•3., (a) |(|) - i' V|| . • 

3 = ^ 

^ ^ . Answers to Problam Set ^-Idg pages 123-I24i ^ . - 

1* ' '(a) 0, . Kultipl'lcation property of zero 
- -i^^ {h) bV Multiplication property of one 
(c) Addition property of zero 

fd) 1, No property 

*-■-'■■ . ^ ■ 

a*, (a) Fals^ Numerals re^esent the same number because of 

the multiplication property of one* 
f True. Bjlultlplicatlon property 0f one 

* -{o) False, ^ mi^rals represent the same number because of 
the multiplication property of one* ' ^ ' 

f (d*) False, TheXaddition property of zero^ i*e*j /or every 

number m. m + 0 ^ m* 
I (©) False for every value of m 

{^) False for every value of m ^ , 



1^ 



(d) 


X X 

10 ^ 10 


X 


1 




10 


3 3x 
3 - 30 ' 






(e) 




K 


1 




5 


3 - 15 






(f) 




1 




a' 

2 


2b 








(s) 


2 ^ 2 X 


1 








^ d. 
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Page* 123-124. 4-1 



4. 



/w\ l/3b\ . l/2a% _ 3b 2a 



21 



1 




(d) 



b,4» 4b 



6. (a) |-+^=|-xl + A= +'^=^+5^a^ 



j.3.b l_6a. Jb ^±5_ 
■3 + 35 ' 15 15 15 




(g) 



(h) 



a(f) 3 ■a(f)(3) 



r ;< 3 



15 



a 

IS 



(b+ii(|) (b^l)(i) ^ _ (b+i)(|)(io) ^ (b+i)g ^ 
"3 ° 3 10 " 3 „ ,^ ^ 15- " 



2b 



2 



'1 

;2- 



3 
2 



I X 10 



15 
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PagCB' lSi»-iabr and 4-2 ■ , • *' v ' 

7. ?(») The set of all lumbers * (g) {5) 
(b) {0} (h) (3) 

(e) llJ r (1) t5l . 

.(d) (i) — (J) (3) . : 

* (e) The set of all num|ers ^ (k) (11) 

(f) to) * ■ : : 

4-2, Closure . ' . — ^ 

This section li eoneerned with two related Ideas.' The 
first Is important and is one that should .be Impressed strongly 
on the student. It Is this: if Is an^ number of arithmetic 
andj^ is any number of arithmetic, we can add a and b and* we 
can multiply a and b. This means that we can freely write 
numerals such as "3a", "2b", "3a + 2b", "ab", etc. Each of 
these ha^ a meaning; there Is a number which It represents. 
Moreover, the student must be reminded over and over again that 
an ekpressi^ such as "a + b" Is a numeral rather than a ^onuhand 
^ t© do arithmetic* In contraa^^^ we recall some cases Irt which 

siibtractlon can not be*perfonnfed,^ and we remember that division 

I ' ^ 

by gero is Impossible.^ Thus "a - b" has meaning only if a is 
greater than or etfual to b, and ^ has meaning only if d is 
not 0. ' ' . 

The second idea la to introduce by examples the notion ^f 
a set of numbers being closed under an operation; a concept 
which the student has met Infonnally In previous exercises. The 
text does not give a formal definition of this since it might 
be too technical, ^at we have In mind is this: a particular 
aubset A ,of the numT^e^'S of arithmetic Is closed under a 
particular operation (e.g., addition, subtraction, eto/) if the 
fallowing statement, is true: if a is any element in A and _b is 
any element In A , the operation can be applied -to a_ and b and, 
moreover, thelnuhiber which Is produced Is an element of A. For 
example, the iet [0] is close^'under addition since 0+0-0, 
id^is closed* under subtraction since '0-0^0* and It is 
closed under multiplication since 0^0-0. It Is not closed 



under division slnoe division by zmro cannot be done. The set 
(1) li alosed under multiplication and under division. It is 
,n©t alosed under addition since 1 + 1 - 2, and ii is not closed 
under subtraction since 1 - 1 ^ 0, He« the operations can be 
performed but the numbers produced are not in the set (l). The 
set. of even numbers tO,2,^,.,rJ li closed under addition and 
under multiplication. It is not closed under subtraction and 
it is* not closed under division. ThesI operations cannot always 
be perfofmed for this set; moreover. In some cases where they 
can ^e performed they do not yield an even number. 

Answers to Oral Exercises ^ ^^g ; pages 128-129: 



1. 


yes 


3. yes 


5. (d) 








yes 


, yes ^ 


i 








no 


4. yes 










yes' 


yes 








iwers 


to Problem i 


Set ^'2; pages IS 


!9-131: ' 








Addition 


Multiplication 


Division 


Subtraction 


(a) 


closed 


closed 


not closed 


not 


closed 


(b) 


closed 


closed 


not closed 


not 


closed 


(c)' 


closed 


closed 


closed 


not 


closed 




(Can't yet 


subtract a larger from a smaller. 


) 


(d) 


closed 


closed 


not ^closed 


^o t 


closed 


(e) 


not closed 


closed 


not closed 


not 


closed 


(f) 


closed 


closed 


not closed 


not 


closed 


(g) 


closed 


not closed 


not closed 


not 


closed 


(h) 


not closed 


not closed 


not closed 


not 


closed 



Subtraction Is not closed until we extend the number system 
to Include negative numbers, but this need not be mentioned at 
this time to the student. Division Is not closed for any set 
containing 0. This again can be played down or barely mentioned 
at this time. Just say "We don't divide by o" and ^let It go 
at that. Later It will, be shown that 0 has no reciprocal. 



Pagas 129-131 s ^^-2 



a. 

3. 



4. 
%■ 



A 18 not cloa^ under addition since 2 1* not in set A. ■ 

A la clrted under multiplication since every element In the 
table la an element of A , ■ 

Construct tables. 



+ 


0 


1/ 


2 


0 


0 


1 


2 


1 


I 


2 


3 


2 


2 


3 


h 



K 


0 


1 


2 


0 


0 


0 


0 


1 


0 


1 


2 


2 


0 


2 


4 



We see that there art elements In each table that are not 
elements pf A'. Thus^ A is not closed under either 
operation. 

r 

The sets In pa^ts (d) and (e) 

All 4 sets ^ 



•6, C ' is closed under addltiDnj but not under' multiplLQation* 

Notice that these are new operations of "m\iltlp^^€atlon" ^d 
"addition" that hay;e been defined, by the tabl*^ and are not 
related to the operations we will be deallng^Vwith involvi 
numbers, 

c ■ 

•7. The operation "+" Is not commutative since for eVample 
b + a ^ b and a + b \c* Therefore^ a + b 5^ >d + ar, 

^ The operation "x" is^ eor^utative as can be shovfri by tryUng 
V all cases,, but is more readily seen ^^obM?vin^ 
sjrmmetry of the table about the diagonal i^^^Qf 

Class tlme^ should not ordinarily be usdd for discussiopi of 
the starred problems since thf orderly progress of this course Is 
not dependent upon a successful solution of such problM^* 
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Pages 131-1321 *-3 " 

*-3 . Comrautatlve and ABSoclatlve Properties ot^ Addition and 
Mul.tlplicatlQn , - 
The ,eommutatlve and assoalatlve propartles of Addition and 
multlplioatlon ware dlsdussed In Chapter 2 by means of numerical 
examples. In this section* the propertlei are stated In open 
sentenc/es. Actually the properties are translated from word 
^ strtements Into the language of algebra. The translation prpcess 
of ^hlch this Is an example la considered more systematically in 
Chapter 5. Some students may find it easy to by=pass the word 
statement and go directly from the numerical exampleB to the 
^ al^bralc statemer^ of the propertlei. In fact, this could hive 
— ^en done In Chapter 2 except that we did not then have' variables 
and so had to fall back' on word statements , The comparison of 
the word statements .with the algebra, statements shows the gr^at 
advantage of tW latter in- both clarity and simplicity, 

ib^^tae the form of the statements of the properties! If we 
had stated ^©-Commutative property of addition for example, 
^ithout quantification of the variables as 

a b ^ b + a • j 

we would have had no Irfcn^atlon whether this open sentence Is 
true for some* none^j d^all the values of a anrd b. Thus we ^ . 
quantify the variables and statei "For every number a and 
every number b, a + b ^ b + a," ^In this way we say that the 
open sentence Is true for every^ a and eve^ b. 

Examples like "(2 +^ 3a) + 2b^- 2b + (2 + 3a)" and 
»*2m + 3n ^ 3n + 2m" are Included (pages 131-132) since students 
often have trouble appreciating the generality/ of the statement 
"a ^ b ^ b + a." These examples are Included Vto help head off 
this sort of difficulty. 

The purpose of the laht portion of the section la to 
emphasize that there are operations which ^ar^ neither commutative^ 
nor associative. ^ 

We suggest ,that the problem sets in 4-3 be don^-ffs oral ^ 
exercises with ample discussion. Perhaps this is the b^t way 
'to a'vold tedium and to get to the root /of misunderstandings, 

■■ . ■( \ ■ • , 

" . 9ito4 



PagM 132-134 1 4^3 



Thar© sstms to bm no extra value to be gained by Individual 
moTk pn these aiceralies. ^ ^ 




AnBwera to Problem Set ^-3aj pagea 132-133 • 

1,^. True^ commutative property of addition 
S. True, commutatlva property of addition 
3. True, -^rafutatlve property of addition ^ 
^* True^ commutative property of addition 
5. False, slnoe XSa + ab) may be ^ number different 
from^ (3b 4-s2a) ^ 

. * ' * ' 1 - ^' ^ 

Answers to Oral ExerQiies pages 134-135- y 

1- (a) True^ Gonmiutatlve property of addition 

(b) True, associative property of' addition 

(c) True^ aisociative property of multiplication 

(d) True, copiutative proQ^rty of multiplication 

(e) True, none of the properties 

'(f) False / 
(s) False * 
(h) Truey Commutative prOBfirt^of multiplication 
^ (i) True, commutative property df addition and 
^ commutative property of mulmplicatlon ' - 

(J) Falsa . ^ 
(k) False . ^ 

(1) False ■ ^ ^ / 

, (m) False 

yrue, commutative property of Addition and 
commutative property of multiplication 
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2, (a) .7(3a) 

(b') 5m(it) 

^(c) 5(3c) 

Md) 9(3«t) 

(e) 3x^) 

(f) (8y)2 



((7) (3))/- 2la 
(4)(5m)^((t),(5))m = SDm 
((5)(3))c « 150 
((9)(3))x = 27X 
3((k)'(x)) ^ 3x2 
5(8y) = ((2)(8))y « l6y 

*(g) (|)(l5m) = ((|),(l5))i - lOm 

(h) (.iq)8 - 3(.iq) * ((S^(.l))q = .8q 

(1)^ (I6y)(|) = (|)(l6y) = ((^l6))y - 2% , ' 

(J) (2m)iy= 2({m){m)) = ^ 

*(1) (8a)(|a) - ((8a)(|))a- Qs) ((a) (|)^ a ^ 

^ ^((8)((|)(a|) a = ^(8)(|))^a (6a)a ■. 

=.4(^(a)(a)) 6a2 

The student may not consciously go throu^ all the steps In 
the exercises above, but If he Is jancertaln of an answer the 
ability to speU out th^ steps should reassure him. 




Answers to_ Problem Set 4-3c ; pages 135-13flT 

(18 + 6*) 4 2 

l8 + (6 + 2) 



Division la nat associative. 



3 
2 

6 
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Subtraetlon Is not eomrautatlve. ' "a » b - b - a*" 

Consider x - 3 and 3 *^ Whatever number of arlthmetiQ 
Isehoaen for x, one of these expressions Is not a number 
of .arithmetic while the other is. He^ce -'x - 3" and 
"3 - x" cannot name the same number. 

■ ' ■ < ■ ■ • ( 

{sl) True, Associative property of addition ^ 
(bj True* Commutative property of multiplication 

Trui* Associative and commutative propertlei of 

multiplication f ^ 

(d) True* Commutative property ofi multiplication 

(e) ^ True* Commutatlye property of addition and coranutatlve 

property of multlpllGatioru ^ ' 

(f) True. Conputative propert^f multiplication artd^ 
associative property of addition 

(g) True. Commutative and associative prdperty of 
multiplicatpn and associative property of addition 

th) False* The left side may be written (b(^) + c^ + 2a, 

which may be a number different from ^ b(2) + q^2b. 
(l) Tru«* Commutative "property of addition and 

commutative property of multiplication i 
^(J) True, Associative and comjnutative property of addition^ 

and commutative property of multiplication . ^ 

(k) True* Commutative and associative^ property of 
multiplication 

(aj Yes 

(b) Ho for example, (8 * 12) * l6^- 13 

8 » (12 # 16) ^ 11 

(a) No _ for example, 5X7=5 

N .7 % 5 ~-7 

(b) Yes This can be Illustrated as follows: 

, (4 A 6) d 8 = 4. A 6 

- ^ r 
4 A (6 A 8) = 'i+ 
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•PatS^S 137-138: 4-4 



• I ' . ■ • •- 

4-4. DlBtrlbutlve Property . 

The distributive property, 'like the others befoire it, is 
statad here as mn ppen sentence, ^gain building updn ntaerlcal ^ 
experiencei in Chapter S. The property is stated in four 
different forme t© lay the foundation for some of its future 
applications. However, the student should^ understand that t^ere 
is only one distributive property" under ^consideration. 

The exMples should be carefully discussed, with emphasis 
on the fact that these are applications ^f the dMtributive ^ 
^ property. example^ you will note^he phrase ''simpler form". 

We Would like to use this phrase to deacribe the end result. 
Although in most instances it is quite obvious, that one form^ 
is simpler* than another*, it appears to be virtually impossible 
to give^a good definition of '^simple". T^erefo^e, we will be 
satisfied to use the expression in concrete situations where 
there is no possibility of confusion and will not attempt to give 
a general definition. The important idea here Is that, when we 
use the basic properties to^ write a phrase in another (simpler, 
more^compact, more useful, easier to write^ easier to read, etc.) 
form, the result is a phrase which names the same number as the 
given phrase* 

"Hj^ great deal of*practice is given with the distributive^ ^ 
property in the problem sets or Section HoweverX there is 

no need to aespair'if the 'students seem., to l^ave something less 
than /a mastery of the principle. Following the spiral method of 
development, the property is^&ed In the same and different 
contexts throughout future chapiters j a greater fegree of mastery 
mi^t well await thoie later Ghapters. 

Arisv/ers to ' Oral Exercises ^^^a; page 139 : 

li ^ (a) indicated product (g) ^^ndlcated sum 

(b) ICndicated product (h) indicated sum 

(^c) indicated sum (i) indicated 

"^d) indicated product ^ (j) Indicated 

(e) indicated -^sum (k) Ind^ated product 

(f) indicated sum^ ' (l) ^indlcated sum 

* ^ . ' 101 
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Pa^es 138^1421 4-4 " ■ 
» 'I 

2. (a) 3(a) + b{2) ' (g) eafb + 1) 

.2fc) + 2(b)^ "(ta) a(b + 1) • 

+ a) " '(i.) 6(a'b + 1) - 

m(n) + m(l) - ' (j) s(x,+ 2y) 

5(.3 + .2) ' (k) S(2a) + 2(3b) 

3(2a + 7) ' , (1) /3(2a + 7) 

- ^ ^ ., 

'AnsyierB jt b^) tia 1 Exerclses^ ^i^^b; page IHO: 




,'■ ^1. 


M3rv|(3>^' _ 


10. 


a(8) + b(8T 




'(6 i '»)c ' 


11. 


(a -+ b)3x 


-"3. 


(2j+".3)a ; 


IS. 


6'(a + 1) 


^t. = 


7(m) + 3(m) 


13. 


6(a + 1) 


5. 


(7 + 8)ii 


l^t. 


(3 + l)x 


6. 


9(2) + 3(2) 


15. 


(.7 + .^)m 


^ 7. 


2(| + ^0 


16. 


a(b) + c(b) 


.8. 


m(a) + 6(a) 


■17. 


5a + 5b 




6(a + b) 


18. 


^■■(r + s) 
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Angwers to Problem Set 4^ 4b ; pages 14^142: 

1, (a) True- ' ' ' 
(b) True ^ ' , 

Cc) True ^ ' ^ 

The aim of Exercise 1 in this problem set Is to have the 
student recognize the truth- of each sentence not because both 
sides can be reduced to the same common name^ but becaua$the 
sentence Is an example of a true pattern. You may have^ to 
remind your^students to do this. 

2. (a) False (d) False 

(b) True I ^ (e) True ^ .j 

(c) False ^ ^ (f) False . 

J 



Page 142: 



4.4* 





True. ■ 






(h) 


True, 






(1) 


True. 






(a) 


3flO) + 3(5) 


(f ) 


a(4) + b(4) 




2lx) + 3\(2) 


(g) 


ab + a(2) 


(a) 


m(2) + 312) 


(h) 


ab + ac 


Id) 




(1) 


x(m) + Y(m) 


(e) 


ll(k) + l(k) 


( J ) 


a(a) + S(a) 


(a) 


3(5 + 7) 


(h) 


cannot be done 


(b), 


.(3 + 7)5 


(1) 


(2 -¥ a)a 


(c) 


(15 + a)4 ■ 


(J) 


x(x + y)' ^ 


(d) 


2(b^^ c) 


(k) 


(4 + 3)c 


(e) 


a(2 + 3). 


(1) 


(a + l)x ' 


(f) 


(c + a)d 


(m) 


7c J 


(g) 


a(b + 4) 







The student may want to work some of theee problems more 

quickly by *■ collecting tenns" . He may want to write "7b" 

J" 

ifnmedlately for part (a). Make sure^..that he earns the 
right to use these short-cuts. 

(a) 5b + 2b ^ (5 + 2)h ^ 7b 

(b) 4a^ + a(7) - + 7a ^ (4 + 7)a - lla 

(c) c(2) + c(3) - c(2 + 3)1 - c(5) - 5c 

(d) /ifTi + ^ - + |^)m ^ . ' 

(e) " 4- .6n - (.4 4. ,6)n ^ In - n 
.(f) 8.9b 4- 3.2b ^ (8.9 + 3.2)b ^ 12ab 

(g) 3y + y - 3y + ly - (3 + l)y - '^y 

(h) m -+ 2m ^ Im + 2m ^ (l 4- £)m ^ 3m 

(i) 2a + 3b 

(J) 3,7n + n{A) - 3.7n + , = (3.7 + .^)n - 4, in 
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Pages 14S_143: 4-4 



Answers to Oral Exercises h-kcy pages ikj, .144 

f 

1. True 6. True 

2. False ^ 7. Palse 
' * 3. False B. True. 

4. False 9. False- 

5. True / 10. False 



Answers- to_ Problem Set 4-4c • pages l 44 -i 45 • 

'1. (a) 6(m) + (3B)m , (f) (53)5+ (5a)a 

(b) (2h)k + (2h)l^ ^ ^ (g) 2m(x) + 2m(3y) 

(c) 6(2s) + 6(a^ " (h) a(3ni) + m(3m) , 

(d) . xC2a).+ y^ta) (i) x(4x)+y(4x) 

(e) 7a(a) + 7a(l) (j) k(ax) + k(5) 

2. (a) 2a + 2b = 2(a) + 5(b) 
= 2(a + b) 

(b) 2mii + 5n ^ (2rTi)n + 5(n) 

^ (2m 4- 5)n 

(c) 2mn + 2n ^ 2nm + 2n(l) 

3^ (2n)m + (2n)l 

- 2n(m 4-- 1) 

(d) 6bc 4- 5c ^ 6ch -4 tm 

^ 6c(b) +'6c(l) 
z^;. ^ 6c(b 4- 1) ■ 

(e) ^mn 4- -^mp ^ %(n) + ^ni(p) 

^ 4m (n + p) 

(f) cx + ^cy - c(x) 4- (4c)y 

. C(X) + ((C)(4))y ^ 

^ c(x) + ci^hj) 

- c(x + %) 

(s) 2ax + 5x ^ 2a(x) 4^ 5(x) 
^ (2a + 5)x 

,(h) 3ab + 9a^ ^ 3ab + (3a) (3a) 

3a(b) 4- (3a)(3a) 
^ 3a<b 4- 3a) 

10^ 
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Pa»ges 143-144: 4-4 



(i) 3x + 3x^ ■ 3x + 3(x)(x) 



(J) 



; 3x(l) + (3x)U) 



XZ + X z 



3x(l + x) 



x(z)(zO +(x)'(x)(e) 

(XZ)(2) + X((X)(Z)) 

(xz) (^) + xz(x) ' 
xzfz + x) 




(a) 
(b) 
(c) 
(d) 
(e) 

(f) 

(b) 

(c) 
(d) 
(e) 

(f) 

(a) 



3b(2 +\,) 
(2 + 3)f 
5a(x + t) 
9(5b + k|j 
(m + l)x^N, 
ox(3x + 1 ) 

(3 + 2)x^ 

(a + b)x^ 

5(x2 + c) 
3c(3b + 2) 
4b(3a + 2c) 
6a (1 + a) 



Note; 



5a c4n be written 



id)". 



A rectangle has two^equal sid'es and two equal ends and 
so its perimeter is found by adding the number of 
inches in the , length and the number of inches in the 
width and multiplying the result by 2. 

2(7 + 3) - 2(10) ^ ^ , / 

= 20 The perimeter is ^20 inches, 
(b) 1.5(375 + 125) - 1.5(500) . ' . 



750 



/ 



The amount of money collected. is $750. We could hav^ 
found the amount^ collected at each window and then 
added the two amounts. This would certainly be ''more, 
complicated. 
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Pages 144-145: 4^4 

Anawer's tg -^ Oral Exercises j page lhb\ 

1. (a + c)(a + if) = (a + c)a + (a + e-) 4 

2. (* + i)(x + 3)- - (x + a)x.+ (x + a)3 

3, (x +*lX(a + b) a (x + l)a + (x + l)b 

• ^. (3a + i<)(a + 5) = (3a +:4>a + (3a + 4)5' 

'S.-" (7 + x)(x + 7) = (7 + x)x (7 ^ x)7 

6. (3a + b)(o + d) = (3^ + b)cJ+ ('3a + b)d- 

7. (mn + x)(a + b) = (mn + x)a^ + (mn + x)b 

8. Cab + c)(b + c) = (ab + c)b + (ab + c)c 

9. (8 - x)t8 + x) J (8 - x)8 + (8 = x)x, 

-J ■ • ■ • 

AnswerB to Problern Sgt 4-4a ; page^ 145 - 147: 

1. (a + l)(a + b) = (a + l)a +''■ (a + l)b 

+ a + ab + b 

2. ^ (a + 5)(a + b) ^ (a + 5)a + (a + 5)b 

^ a~ + t^a + ab + 5b 

" (2x + d)(x + ^ (2k + c)x + (2x + c)^^ 

^ 9x^ + GX + 8x + 4g 

4, ^ (3 + m)(5^^4'-- (3 + m)5 + (3 + m)a 

- 15 + (5) 4^ 3a + ma 
' % 

5/"" (a + b)(c + d) ^ (a +^b)c + (a + b)d 
\ , ' / ^ ac +/bG + ad + bd 

.6, (2c. + d)(a + d) ^ (2c + d)a + (2g + d)d 

^ 2ea + da + 2cd + d~ 

7. ^^,P_+ 5)(^0 + 3) - (20 -+ 5)^cD +^(20 +^5)3 
^^'^ . . \ / ..^ 800 + 200 + -60 + 13 

^ 1075 

'8. (x + 2). + (x + 5) F ((x + 2) + x)" + 5 



) 



^x4 (x + 2)^ + 5 ^ ^(x + x) + 2j 
^ ^(Ix + lx)^+'2) + 5 - + l)x + 2^ 

^ (2x + 2) + 5 
^ 2x + (2 ^ 5) 
^ 2x + 7 
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Pages li^5-l^6i 4-4 



9, ^j(20 + 5Hx + 3) - (20 + 5)k + (20 + ?)3 

m 20x + 5x 60 + 15 



10, 



- 25x + 75 

a + 2b)(2a + c) ^ (a + 2l>) 2a + (a +^ 2b )c 



4ab + ac + 2bh 



11* m(m+n)-m + 



mn 



12. |x + y)(m + n) ^ (x + y)iTi + (x + y)n 

1 ^ xm '4- ym + xn 4- yn 

i ■ " 

13. (i3r + l)(r a) ^ (3r + l)r + (3r + l)a 

^ \ ' = 3r^ + r -H 3ra + a 

I , . " 

14. * (pr + l)(r + 3a) ^ (3r + l)r -h l)3a 

I " • - ■ 2 

1 ^ 3r^ + r + 9ra -^Sa 

15. (rifirr + b)(mii + a) ^ (rnii +^ b)rnn 4- (mn + b)a 

\ ^ (mn)^ hmn -4- mna ba 



l6v (xy +: d) (y + b) ^ (xy 4^ k)y + (xy + a)b 

^'xy"^ + ,ay'4- xyb -4- ab 

17^ If ;a' is 5 and x is 2^ then ^ 
; (a '4- 2)(a + x) ^ (5 4- 2)(5 +'2) 

If a is 5 and x is 2, thc5n 

a" + 2a 4^ ax + 2x ^ (5)^ + 2(5) 4^ (5)(2) 4- 2(2) 

Therefore, (a 2)(a -4- x) ^ a^ 4- 2a + ax + 2x 
' when a is 5 and X is 2* - h 

18, If X is ' 3' and j.. ^ is 0, ^ 

(2x + 3)(x 4 a) ^ '(6 + 3)(3 4- O)*^ 

" - 27 , . ' . 



If X is 3 and a is 0^ 



\.2k^ ^ 3x 4^ 2ax -h 3a - 2(3)^" + 3(3) 4- 2(o)(3) ^4- 3 

- . \ \ -f' 

Therefor^, (2x 4- 3) (x 4- a) - 2x-^ + 3x 4- 2ax + 3a 
when X is 3 and a is 0# 



X 
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page I46i 4: 4 





(10 


+ 


2) (20 




4)^ 




(t) 


(20 


+ 


2 ) (20 








(c) 


(10 




6) (10 




2) 




(d) 


(10 


+ 


8) (60 




1) 




(e) 


(so 


+ 


5) (30 




2) 




(f) 


(ilO 


+ 


2) (30 


-f 


6) 




(s) 


(30 


+ 


3) (20 


+ 


3) 




(h) 


(10 


+ 


1)(^ + . 


2) " 


ft 


(i) 


(3 + I 


=)(2 + 








(J) 


(30 


+ 


^0(30 




5) 





MilL* (1 + .5) (30 + 6) 
(ff'-i^ + .5)(^A+ .5) 

(m) (^^0 + 5) (200 + 2) 
(n) (20 + 5) (1000 + 3) 

(o) - (4 + |)(3 + |) 

(p) (6 + .4)-(^00 + 8) 

(q) (6+|)(8+|) 

(r) (3 + |)(^ + .8) 



Thie aummary of properties Is very important. We v^nt the 
student to begin thinking of the number system more and more 
often in terms of the basic properties so that eventually almost 
all operations he does with numbers will be performed with 
these properties in mind, This is^j a di^velopment which will not 
take place for moat students very 'qiiickly; howeverj by the end 
of the year it is hoped that the majority will have progrisaed 
to within sight of the goal. 
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Pages 146^147 



The list of properties obtained "at this point is not 
complete* We still must introduce the negative numbers and 
obtain the properties of order. The list will be completed for 
our purposes by the end of Chapter 12, ^ 



• Answers to Review Problem Set; pages 148-151* 
1, Zero is the identity element of addition. 



3.. 



For every* number a, a + 0 ^ a 
For every number a^ a(o) ^ 0 



Addition property of zero 

Mul tlpM'catlon property 
i of zero 



One is the Identl t^-^r^lement of multiplication. 



For every number a(l) ^ a 



1 

5 ' 

(a) 
(b) 



Multiplication property 
of one 



are numererals for one. 



X + b 

a 

3 



h 



J ' ^ J J ^ CJ 



3 

8" 

3 



X 1 = 



3 



3 

3 '< 



3 K 2^t 
B 




4. 




- 0 



\ 
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Page 149 



(a) [0] .^^ (f) [0] 

(b) Cl)' ^ > (g) [1] 

(c) The set of all, 
numbers 

(d) (0)'"' * (ij 0 

(e) [1] ' (j-r [0] 



(h) {§} 



6.. Set of whole numbers eroding In^ a Is closed under addition, / 
is closed under multipllcatlonj and is not closed under 
s-ub trac t i on , ' ^ ' 

7- For ^very number every number' and every number c 

a H- b ^ b +- a ab ba fcommutatlve properties 

""'(a+b) + c ^ a + ("^-+c) (ab)c ^ a(bc) '^soclatlve properties 
^ a(b + c) ^ ab -+ ac Dr&tclbutive property 

8.^ pi) False, If X is 1, m is ^2, y is 3, and n is 4, 



: r 



/ then (1 + 3)(2 + h) ^ (1 + 2) (3 + 4) is a fa\se 
^ sentence* ) 

(b) True, Commutative property of addition ^ 

(c) True, Commutative propei^ty of addition 

(d) True* Comrtiutatlve property of mul|tlpllcatlon 

(e) False, if x is 2, y is 3, ' and ' ^ Ib \, 
\^ then 2^ 3(1) = 2(3) =f 1 is a false sentence* 

(f) 'False, yif X is 2, y is 3, and m la 1^ then 
2(3 +^') ^ 3(2 + 1) is a false sentence* 
True, Commutative 'property of multiplicat^^on 

(h) True'. Distributive property and commutative property 
of multiplicfatlon , t 



(i) False. If x' is. '2, y is 3, and m is 1 
' 2 4- 3(1) ^ (5 *^+ 3) (2 + 1) is a f.aJ/Se sentfnce, 
(j) True* AsBociatlve pri^erty of multiplication 
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Pages 1^9-150 ' " / y^' 



(a^, 2n + 5 ' (f) (n + 5)(n + 2) 

(b) |n - 6 or I = 6 (g) (n + 7)^ 

(c) 3n - 6 ' , . (h) n(n - 2) 

(d) n(5 + n) "Jl /l. (1) § 

(e) + 2n / (j) ; 



10. (a) 



a 2 

(b)i ^ - How hard did the students work on these? 

Mre they using the properties of 0 and 
Q 1 to make .their work easy? ^ 





7 








11. (a) 


3m + 3n 




(1) 


6a(x + y) 




6(m +,. n) 




(m) 




(c) 


ab + ac , 




(n) 


'^{/2x + 3 ) 


(d) 


"^xb + xc + 


yb + yo 


■ io) 


2 2 
a ^ b + a b 


(e) 
(f) 


7xy + 7x 
2 . 

a X + am 




' (p) 
(q) 


» ' / 

x(y + z) ,v 

6a^ + lOa 


(g) 


a (ab + 0 ) 




(r) 


' 2 

3m + 3mn 


■■i ah) 


axy + 8xy 




{%X 


2 

B + ac + 3ba + 3bc - 


(1) 


4a^ + a + 


4ra + r 


(t) 


abc(x + y) 


(J) 


ab + ax + 


Vb + 3x s 




b)(%-+ M ) 


(K) 


(3 + a)(x 


+ y) / 


(v) 


( X + y ) ( m + n ) 


12. (a) 


3 X (2 + 5 


I) = (3 X J 







Q 
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Pag. 150 _ ^ - ^ 

(b) jxi4.5x(4.^) i 

- (5 X 4) + (5 X ^) 

. 20 + ^ 

" -13 

(c) 4 X if, 4 X (1 + |) 



(4 X 1) + (4 x|)y^ 



4 ^ 



13. truph set: (l) truth set: [1,2} 



— — 1^ 



0 I ' 2 3 4^ 0 I 2 3 \4 

The truth set of/'the first E^ntence is a subset of the 
truth set of th4 second sentence. ^ 

/ ^ 

l4-. truth set: All numbers truth set: All numbers 



less than 2 



0 12 3 4 0**l ¥3 4 

The first truth sit Is a subse^ o|* the Aecond truth set, 

7 

truth set: [^1 truth set: All numbers less 

^ than 2 



3 i 4 



Neither , is a subset of. the other. 



/ 
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Show how to use the multiplication property of 1 to find 
c omm on n am e s f o r ^ 

(a) f + T . T~ ~ 

^ 1 - 3- 

» 

'Which of the following sentences are true for ever/ value 
of the variables? (^ve raesons for your aiiswers.) 

(a) x(2 + 3) ^ (2 + 3)x W (e) (3a + c) + d ^ (c + d) -h 3a 

(b) h(a^+ 2)^^^a(b -h 2) (fi (2x)y ^ 2(xy) ^ 

(c) a^b^^^b^a^^ f (g) a(b - b) ^ a 

(d) + y)3 - %(y + 3) - (h) a + (b^^ b) ^ a 

Each sentence bdlow is true ^ov every lvalue of thfe variables. 
In each case dec ide whlqh propertieB^^able us to verify 
this fact * jf 
(a^ ,x(y + z) ^ xy + xz 

(b) xy + (ay + c) - (xy + ay) + c / 
-(c) abed ~ ab(cd) , 

(d) xy + xz ^ yx +- zx 

(e) (ab)(cd) ^ (dG)(ba) 

(f) X + 0 - 'X . 

(g) 0(x) ^0 ^ ' 

(h) i(x) ^ x : ^ 

Show hS^ it is possible to use the distributive property 
to find common na|ies for the following In an easy way, 
(a) (212)(101) (d) (13)(29) 



7)(f) + (37)(|] 
(c) 60(1+1) (5) (lJt)(^3) + '(1.6)(43) 



M (37)(f) + (37)(3) (e) (| + |)(c72) 



{ 
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fpv each step except the^ last in the fol^ov/lng, state which 
property of €he operations Is used to derive it frocL^the 
preceding step. 



3(2x +^y) + 5x i (6x + 3y) + 5x 



- (3y + 6x) + 
/ " + {6x + 5x) 

. ^ , 3y + (6 + 5)x 

^ 3y + iix ' ^ 

Use the properties ^lof the operations to'wrlte^the followihg 
open phr»ase's In simpler form. 

(a) 6x + 3x I ^ 

(b) ^la + 37b + 82a + l4b 

(c) .3x + 1. V + 7*lx laz + 2.3y 

(d) ^ + fx ;^^^x-.iy- / 

Find the truth sets of the following sentences, , 

(a) % =s 0 (d) i+(a + 4) = 12 

(b) % = 4 (e) V + S = Jv+ I 

(0) = 1 (f) = - (w - w)it 

Change indicatsd products to indlca'fred sums, and Indicated 
sums to indicated products, using the distributive property. 

(a) 5x'+ 3y (d) 2(a + 2) + x(a + 2), 

(b) (u + Sv)4 (e) (a + 2)(b + l) 

(c) 3a(2 + 4b) (f) (x + y)(x + 1) 
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Hnswers to ^ Suggested Test Items 
3 2 . 3 

/ 




or 




(a) ^True, Commutative property of multiplication 

(b) ^ False, ba + b(9) and ab +^a(2) are different 

^numbers if a ^ b. 

(c) True. Commutative^ property of multiplication 

(d) False. 12^^ 3y and 4xy + I9x are different nurr^ffers 
unless 3y is 4xy , i,a., unless y is o or x is ^. ^ 

(e) True. Associative'^ and commutative properties of 
addition ^ 

(f) True; Mssoclative property of multiplication 

Jg) False. Bu the multiplication of zero, for any number 
. a, a(0) - 0, ' 
True. Addition property of zero 

Distributive property ^ 
(7) Associative property of addition 

(c) ^Associative property of multiplication 

(d) Commutative property of multiplication 
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» (e) Commutative pr^erty of multiplication 

(f ) Addition property of zero 

(g) Multlplloation prope3^:ty of zero 

(h) Multiplication property of one 

(a) (212) (101) = 212(100 +. 1),,= 21,200 f 212 = 21, 4l2 

(b) (37)(f). + (37)(|) = (37)(§ + |) - (37)(|) -'(37)(3) = 411 
Jo) 60(| + |)"^ ,(6o)(|),+ (60) (|) = 50 + 36 = 86 

(d) (^.3)(29) m 13{20'+ 9) = 260 + li^ » 377 

V. > « 

(e) (| + |)72 = "(|)(72) + (|)(72) =*16 + 60 - 76 ' 

(f) (l.^)(^3) + {1.6)(43^^ il.k + l.efi^S) ^ (3)(^3) - 129 

^ : - ..'^ ^ " ■ > ^ = ^ 

3i2^^ m (6x -f 3y)^+ 5x distributive property 

^ (3y % 6x) + Jx ' eOTTirnutative property of ' 
' " r . ^ ^ ' ' ^ addition 

: - : / = 3y + (6k + 5x) a|aociative property of,^ 
^ ,L addition ^ 

^ ' ^ 3y + (6.+ 5)x . distributive prop^ty ' 

^ ay + llx 

6. (a) '6x + 3x + 3)k^ 9x , * ' 

(b) 4ia + 37bi+ 82a + 1 4b ^ (4ia + 82a) + (37^> + l^b) " * , 
_ / - (4a + |s)a,+ (37 + l4)b - 

. ^ ^ \ 123a + 51b ; ^ 

(cr^.3x + i:4y +4.1X + l.lz + 2.3y ^ 

(:3x + T.Jx) + (l,4y + 2*3y) + l.lz 
^ (.3 + 7.l)x + (1.4 + 2,3)y + l.lz 

^ 7* 4x + 3,7y + l.lz 
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.-' . 3 2 .5 . 16 * ^ 



y 

- I + Ix + '% 

= + X + % 



7. U) (0) (d) 0 

(b) (1) (e) 0 • 

(c) {1} . (f) the set of all numbers 

8. (a) 5(x + y) (d) (2+x)(a+/2) 
(b) u(4) + (2v)(H) (e) ab + 2b + a + 2 

(p) (3a)(2) + (3a)('tb) (f) + yx + x + y : 
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^ Chapter 5 
OPEN SENTONCTS AND. WORD SENTENCES r 



' V The purppsa^of this chapter li to help devel^ some ability 
in writing open ae^ntenc^s for^.word problems.* We work first Just 
with phrasea. -^e d^^ some Inventing of English phrases to fit 
open phrases at the staTt to try to h^p give a more complete 
pieture of what this translation baok and fdrth Is, lifce .y ^en ^ 
we translate ^baek and forth .sentences Involylng both statements 
equality and inequality, 

In order to concentrate on the tr^anslatlon process, we prefer 
at present r>ot to become Involved in finding truth sets of the 
open sentences . We nevertheless ^fcve asked questions in the 
word problems , This seems necessary in order to point clearly to 
a variable, to make the experience more closely related to the 
problem solving to which this translation process will be applied, 
and to bring forth the sentence or sentences we are really wanting 
the student to think of. Thus in the first example in the exposi- 
tion of Section 5-^^ If Instead of saying, "Hq/tf^ong should eaoh^ 
piece^ be?" we spld^ "Write an open sentence about the lengths Qf 
the pieces,*' the student might well answer^ "If one piece is _ n 
inches long, then n < kk," or he might even answer, "n >'0." 
These are true enough sentences, but they miss the experience we 
want the students to have . 

Some s^dents may feel the urge to go on and "find the 
answer" , In that case you should let them try, but don't let / 
"finding the answer" become a distraction at this point. Tell the/ 
students that we wi^l be developing more efficient methods of 
finding truth sets of sentences later on, but for the present we 
shall go no further than writing the open sentence . 

In a few of the problemB dn this course there Is superfluous 
information which is not necessary for doing the problem , ^ This, r 
is intentional. We hgpe tha^t occasional experience with such 
Irrelevant material will help make the student more aware of 
information which IB^ relevant . 

An attempt Is made throughout the chapter to bring out the 
point that, in trying to solv problem about physical entitles, 
one must first set up a- mathematical model. Having made the 
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pages''.l;53-lB'+i 5-1 • 

mmthernatloal abstractions corresponding to the physical nitaiure's 
aftd their relationships, one can then write one or more open 
sentences, and direct his a^tent'lon to finding a solution to this 
mathematical problem. Onc^ such a solution Is obtained* it can 
be related once again. to the original physical problem. 



.5^A* Open Phraseg. to Word Phrases . * ^ 

In translat'lng/ from open phrases to word phrases ^~ you' may 
prefer to say "Erigrish" phrases mAy word phrases are possible* 
Encourage the studentp to use their Imaginations, and bring in as 
great a variety of . translations as possible. It is clear that the 
broader their experience tA this type of translation, the broadlt* 
will be the base fr^ which they start the reverse process i trans- 
lation from word phrases to open phrases in the next section* 
Thus, if supervised study time Is available, it may be advisable, 
for the teacher to worK with the student as he begins Problem 
Set 5^1 J 30 t|^e student may be helped to think of a variety of 
word translations for the given open phrases , If the student says 
that he cannot think; of any different translations., the ^teifcher 
can ask him (as was done in the text) to respond to the question, 
"Number of what?" and almost any answer to this question Is a 
substantial beginning for translation . * 

In the last example of the text in Sectlpn 5-1? it may be 
necessary for the teacher to work with particular care with the 
-^class On the phrase "number of points t Bill mad^ if he made 3 
more than twice as many as Jim," It seems impossible to simplify 
this language further j and yet this Is typical pf a kind of 
wording that often bewilders' a slower student . The teacher 
should stress that 2x +3 is a number. 

Possible translations of inolude "less than," "the 

difference of," "shorter than," etc. You may have to warn your 
students that, slnGe subtraction Is not commutative, they must 
watch which number comes first in using "less than." 

You will sooner or later find a student who Is confused about 
the differenoe between "greater than" -or "more than" which calls 
for and "is greater than" ^or^ "is mora than" which calls for 

">" . Be prepared to make this distinction clpar/ Thus, "This 
turkey Weighs five pounds more than that one" could call for the 
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page 155 i ^ ^ ; . . 

• — ^ . • ^ ^ -4 

phrase "t + 5% %milt "ftils turkey wel^a more than twertty 

pounds" Could aall for the sentenoe "p > 20"- 

I * ^ r ' ^ . 

Answers to Oral EKeralseg 5-11 page 1551 

This exerolse Is Intended' to provide experlenGe in trans- 
latilng open phrases when the translation of the variable Is^ given, 

^ : J. If ^ 1! 

Pay partloular attention to the translations of slnee this Is 
a n^w notion riot dlsoussed In the reading, Slnee the multlpll- 
Witlye Inverse and the definition § * a ^mll ahead Irt 

«ii'ttxt-; It wllL probably b^ neeessary admply to make plausible 
to the student that g ^ f ^* relying on some examples to do this. 

1. (a) One more thari the number of quarts of berries that can 
be pleked In one hour . ^ 

Two less than the number of ^quarts of berries that oan 
' be plpked In one hour ; . ^ 

^ \Twlat the number of quarts of berries that ean be picked 

in one hour 

Three more than twice the nurflber of quarts of berries 
that can be picked In one hour 

One half the number of q/arts of berries , that can be 
plGked in one hour ^ w 

; (b) One more 'than the number of records you oan buy for ft? 

Two less than the number of records you can buy for $5 
Twice the number of records you can buy for $3 
Three more than twice the number of records you can buy 
for $5 ^ ^ * 
Half as many records as you can %uy for $3 
(c) One more than the number of feet in the diameter of a 
given circle 

Two leas than the number of feet in the diameter of a ^ 
givei> oirole , 
Tw^ce the number of fe^^ln the diameter of a given 
, circle ^ 

Thr^^more than twice the number of feet in the diameter 
^\ , of Vs^lven circle 

One *half the number 'of feet in the diameter of given 
circle 
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page 155; 5-1 - ^ .. 

Aniwers to PrQblem Set 5^1 j page 1551 

•Rit translations given jDelaw are, of course, suggfeitlons ^ 
only, EnGOUrage students to use deferent translat'lons . Perhaps^ 
y^u will want to handle these problems as oral exeralaes. It is ' 
advisable that, the student should write out the tranelatlons for 
some of the problems but not to the point .where it. beeomes 
tedious. In Problem 12 the phrase should be translated as it 
standi, 8x is a different phrase from " x + 7x, :^ 

Be sure that the student *s response* oral or written * shows 
that he Is aware that the variable represents a number; In this 
sort 0^ problen^j for example ; the variable^ w Is not "width" but 
"the 'number of feet In the width," x Is not '*books"* but "the 
number of books Mary has," b is not "the boy" but "the number 
of years in the boy»s^ age" . Notice also that a clear; eorreet, 
and smoothly flowing way to gay the last phrase is "the boy Is 
b years old" . ^ ^ ^ 

1. If n is the number of books George read in Julyj then the 
phrase Is "7 more than th| numberWf books George read in 
July" , ' ' \ . ^ ^ ^ ^ \ - 

2. If yn is the number of ^ pennies Mary had when she went to the 
. store, then the phrase.^ is "th^number oY pennies Mary has 

left Wf ter she spends 7 of them for' candy" . 

"■^ 

3^ If X is the number of Inches in Tom's height on his el^th 
birthday, then the phrase Is "the number of 'Inches in Tom's . 
height on his ninth birthday If he grows 2 Inches .during 
the year" . ' . - 

f ^ , . 

. If X is the number of people that a c '^t-- bus can hold, 

then the phfase m "the number of people, the bus if there 

are two empty places" , 

5 * If n . is the number of couples attending a dancej then the 
' ■ phrase is "the number of people at the dance" * 

6^ If n. is the number of miles from A to B, then the phrase 
is "one more than the number of mlleg from A to B and back" , 

7. If n is the number of hats Linda has,^ then the phrase is 
"the number of hats Joyce has if she has one less than twice 
the number Linda has".^ 
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pages 155-156: 5-1 ^nd 5=2 

. 8, If n Is the number of W^fcie a dertaln city, then the 
phrase Is "the number of people owning^ cars .If . one third of 
the number of people in that city own cars". The teaoher , 
ml^t mention the restriction on the domain of n . 

"If n is the number of oranges on the table, then thf phrase 
^ is "the number of oranges Tom puts in his basket if hig 
^4tpother firtit puti^aji^thiir orange on the tablSj^^^d Tom then ^ : 
. r takes one -third* of the oranges and puts them into his basket", 

10. If r is a certain number whlGh Harry chooses, then the 

I phrase is "the number Harry gets if he doubles the number he 
'chose and then adds ' 5 to the result" , 

11. If r is the number of points ma^e by Prank in his first 
game, then 2r - 5 ^ is the number made by Joe if he scores 
'five less than twice as many as Prank. 

^2* 15 X is a certain number, thfn x + 7x is ^be sura of - ttp^t 
number and one seven times as great. ^ , * 

13, If t Lb the number of students In Mr. White's class, then 

+ 3 la the number in Miss- Brown's class .when her ,olass Was y 

three students more than half as many as Mr. White's. Again 

there Is a restriction on the domain of ^t, 

1^. If r is the number of dollars Mary has in fier purs§, then 
jr 4 1 ^ is- the number of dollars Bill has when he has one 
dollar niore than three times as much as Mary, 

15.' If t Is the number of miles covered by the Joo^s family on 

2t - 1 * s 

the first of their summer trips, ^ ~. Is^he number of 

miles covered in one third of the second t^rip If it Is to be 

one mile less than twice the length of the first trip. 



5-2 . Word Phrases to Open Phrases . 

Great care is taken throughout the chapter to point out that 
4 variaScLe represents ^ number . We have seen that no matter what 
physical problem we may be concerned with, when we make a ;nathe- 
matlcal translation we are talking about numbers . 

On this point It may sAem that. In the example involving line 
aepTients given in Section 5-2 of the text, we ylolate our 
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Insistenoa upon the fact that t ^ a number. Care should be 
taken to emphaaige in this example that t is Indeed a number. 
The phrasing in the problem, howeverj is of a kind that- th^ 
students are^ going to see , They might as well get used toj 
understand that even though we ta-lk this way we are using a 
variable to represent a number, not as a line sepient , 

Somev.of the problems in this chapter may involve more ttoan " 
one variable or may suggest the use of more than one variable, 
^Is should be allowed to happen casually. In the case pr apen- 
sentendes you may have opportunity to show the possibility of a 
compound sentence. It Is t©o early. to be able to sh^w the ^ 
necessity = of a compound sentence for | unique solution , Slnoe. we 
■i are not at present looking for answers it will not be necessary 
^ to worry yet abotft how we wll,l fln^d the truth get. Nevertheless j 
the student \phould be encouraged to use one variable only when- 
ever he- is ablf to, so that, for example, consecutive whole 
numbers would be represented by x, x + 1, and x= + 2, rather * 
than by x, y and z. If the examples In the text have been at 
all effective and if \the translations of the previous ^sectlofts 
were done satisfactorily, then 1^ seems likely that the u'fee of' ' 
more than one variable will be, for most' students, a. sof»t "bf last 
resort measure , In many of these cases the teacher can aid the 
student In thinking ^ijrou^ the problem again so as to .pirmit the 
student in effect to redefine one varlablt in terms of another. 



Answers to Oral Exercises §-2 j pages I57-I58: 

kelp the student to notice that whWh^'the- variable Is given 
In the problem. It is .not neaessary for him to tell about it, but 
if th\e problem does not give the variab3.e, it Is the student's 
responsibility to choose a letter and tell what It represents , 
Exercises 8 through 13 require the student to choose the 
variable. Encourage the use of different letters of the alphabet, 
By t^ls means It is hoped that students will realize that the 
meaning or definition of the sjrmbol is the important consldera= 
tlon rather than the choice of the symbol to be used* 

For many of the following problems there are implied restric- 
tions on the domain of the variable. While we ordinarily let 
such restrictions remain implied because they seem quite obvious, 
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pages 157=^15?^ 5-^^ 

there would be some value In, obGaslonally discussing with the : 

Btudtents what reatrietlons actually exist. For Instance, in 

E^erolses 8 and 9, the domain of the variable is the set of 

multiples of ^ ; that Is, when the variable represents a 

number of dollars, the domain cannot include numbers like 

In Exercises 17 and l8, the dom^n is th?set of whole numbers j 

in Exercise 19, the set of multiples of in Exercise 20, the 

^1 / ^ * <^ 

set ©f multiples of —y. ' / " ^ r 

Of course, at this point Ih thre course we are restricting ^^-j 
^ur^lvVs toThe"^numbe of arlthrhltic, but most of the problems 
of this chapter by their naturey^lve only non-negative numbers 
in the domain artyway* 



1 « 


k + 7 










d * 


25t ; lOOn 








% 

J * 


n 5 










1, 


n » 5 










5. 
6. 


5n 

n + 5 










7. 


l4x 










8. 


If q is t^e 
phrasV is q 


number 


of dollars in thf bank, 


then the'^ 

i 


9, 


If *s 


is the 


^ number 


* of dollars in the bank. 


then the 




phrase 


la s 


- 7. 




«^ ' 


10. 


If 9ain 


is b 


yrtrs 


old, then the phrase is 


b + 4, 


11 . 


If Sam 


»s age 


,1s m 


years, then the phrase 1 


s m ^ 3 - 


12 , 


If Sam 


is q 


years 


old, then th^ phrase is 


2q, 


13. 


If tSam 


is c 


years 


old, then tht phrase is 


¥■ : 


14. 


12x 










15. 


3y 










16. 


jSt 










17. 


5k 










l8. 


lOd . 










19^ 


*^ 










20. 


60n 











Answers to Problem Set 5-2 ; pages 15o" l60: 

The teacher should be prepared to teach or reteaoh the ideas 
of perimeter and area which are used in these problems. 
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: pages 158-159? 5+2 ^ * • ' 

1. If n ^-s the ^mber of dollars Fred has, C~ ' 
(or, Pred has n dollars" ) 

■ iBn +-7" • j 

2. If n Is the Bumber of dollars Ann has, 

^ If w ' le the numbtr^^f .inches In the width of the ^reetangle, 

^ (orj "If the rectangle Iffv^w inchea wide*') ^ 

^ - 2w * 

If n la. the number, i ' ' , 

n + 2n ( Lea va-^t-4B- -fchl^-i^o^mr^^ 3n- la not- -ft tran^l a 1 1 on of^ ' 
the phrase . ) 

5- If s is the oounting number, 
_ c -f (e + 1) + (c + 2) (leave it that way) 

6, If q if the even number, - f 

* q + {qC\) . . 

7* If n Jls *"some" number, , \ m \\ 

(n ^ J)2 or 2(n + 3 ) ^ / \ 

8. If n "some*' number, - ^ ' _ ^ ^. .^ 
.2n + 3 • V 

9. If the rectangle is n Inches wide, n(n + 10) (You may 

^ .have to^remind them how to find area. Be certain that n is 
the number of inches In the width, np^Just n Is the width. 

10. If w is the number of Inches In the width of the rectangle, 
w+(w + 10)+w+(w + 10) 

(Here they may think 2 times the number of inches In the 
width and 2 times the ^umber of Inches In the length, so 
accept 2w + 2(w + 10) j 

11. If s Is the number of units in the side of the square, 

s + s + s + s ' ^ ^ 

Or ^s if they^ arrlv^ at this by thinking of 4 times th:©. 
number of jnlts in thajslde # . , _ 

12. loot +" 25(t + _ls t/he numo^ of cents. 
13* ^10d^+ 25^(^d + 5) is the numbdr of cents. 

1^. 60n + 70(n + 4) is the cos^ In cents, ' 
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pages 5-2 and 5-3' 

15* .m^^Ji^the humber ^of ounces of salt. 

16. lOttc + 25{ k - 2) + 5(2k) la the number of cents 

17. 36.9s + 30,9(g + 2)' la' the number of pents^. 
.369g + .309(g + 2) is the number of dollars. 

18. \50q + 32.547q) 1^ the number of eents , 

.50q + .325(7q) the number of dollars. 

19. to + 10(2e) + S'l^Cc + 5) + 100(q - 7)- la the number of eenta • 

20. 1^ + 5(y + 2) is the ooat In eenta , ^ 

21. If X ie the number of candy bars, then (y] * 10 4 ( — ^-^ )5Q 

Is the coat in cents , . 

^ * - 1 

22. If t is the n&nber of dimes , then lot + 25(t + 2) + SCftJ 

ia^ha .total value in cents, 
'25 . /^f r 1^ the number of pgunds of solution, •then .25r is 
the number of pounds of salt, 

24. If s is the number of units In the length of the reatangle, 
then 2(s + ^s) is the number of units in the perimeter. 

25, If q is the number of units of the width of a box, 

then (q)(Sq)(&) is the number of cubic units of volume. 



Answers to Oral Exercises 5-3 ; pages l6l^l62: 

1. If t Is the number of students in ^John»s class ^ the 
' translation lai , 

Ninety is eight more thyin the number of students - 
in John's class, / 

• ' ■ ■ ? 

2. If T is the number of cents John ^receives each time 
he mows Mrs. Jones' lawn, the translation isi \ 

John receives ftl .05 for mowing Mrs, Jones' lawn 
t'f Ive times , 

^5, If X Is the total number of students in ^school, the 
translation isi 

When the total number ^of iitudents in school Is 
divided among ten ^rm classes, the ^aver^e number 
\ in each class is 47. 
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If n la the number of feat in the length of a pleee of 

board, -the translationNla : 

A second pleotj whieh la, 62 feet long, la el^t 
feet more than twice the length of the f iret . 

If K Is the number of votes Joe receives, ihe 
translation is : 

^^e number, of votes Joe recelvei, deoraased by ' 
^flve, equAls 12, the number of votes reoelved 



a^s^ 12, 



by John . ^ ^ 

6, If n is the number of units In the lengTO of one piece 
of paper, the translation Ibi ' 

The length of paper needed to msLke two posters Is 
50 Inches, if one poster Is one Inch more than 
twice the length of the other. ' 

1 . If r* Is the number of units In the length of a 
rectangle, the translation Is^ 

#The area of a rectangle Is 18 square units, 
. ^ if the width is thre'^e u^l^ta less than the length, 

8, If r Is the number of units in the length of a sheet 
of construction paper, the translation ISi 
% A sheet of construction paper does not have an 

area of 18 square Inches > If ^Its width la 
3 Inches shorter than its length. 

9^ If t Is the number of yards gained in the first play 
oft^a football game, ^he translation is* 

The team gained twenty yards in two p^ays . In 
the second play the team gained one OTrd less 
than 3 times the num^ber of yards gained in 
the first play. 

10* If t is the number of dollars Mike has, the translatlbn 
Isi ^ I 

I^e number of dollars Robert has is one dollar 
less than three times the number Mike has* John, 
who has 20 dollars, does not have the same num- 
ber of dollars Robert' and Mike have together. 
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page 162 1 5-3 5, » 

Answers to Problem Set 5-3 ; page l62: 

We give Bugfeested translations for the open atntences; 
assigning them to the pupils will produce a great variety of 
translations. One way of testing the correctness of the student 
translaitlons might be to distribute them about the olass and 
hav^_3he pupils try translating them back Into open sentences.'; 
^is would also serve to give the puplis a start on the work 
Of the following section by having them first translate^ pupil- \ 
made problems into open sentences . 

1, Let n be the number of books in Bill's desk. Five 
times the number of books In Bill's desk is 25. 

2. Let y be the number of years in Harry's age now. 
Five years Trom now Harry will be twenty years old. 

5^ Let t be the number of Inches In the length of the 
board. After five Inches is sawed off a board the 
remaining piece is 20 Inches long. 

4. Let t be the number of dollars in the total amounts 
Each of five persons receive^ 20 dollars when the 
money was divided , ^ 

5, Let n be the number of dollars Frank has, John has 
' three dollars. Two times the number of dollars Frank 

has plus What John has Is 4? dollars . 
Let n be the number of firecraakera Frank bought. 
John bought twice as many firecrackers as Frank did. 
After he used 3 he had 47 left . 

7. Let X be the number of inches in one aide of the square 
The perimeter of ^ a square Is 90 inches . 

8. Let n be the number of dressea Jean has. Mary had 

4 times as many dresses as Jean. Alice had 7 times 
as many ^s Jean. Together ^ Alice and Mary had 44. 

9. Let k be th^ number of houre Harry and Bill rode. 
Harry and p^l rode their bikes for the same length of 
time. Harry traveled 5 miles per hour. Bill traveled ^ 
12 miles per hoyr . They traveled in opposite directions 

* and were 5I miles apart at the end of this period of 

time . 

10 , . Let n be the number pf feet in the width of the ^ 

rectangle. The length of a reatangle is twice the w^^dth . 
Iti area is 300 square feet. 



pagei I6a?l66s 5-3 and 5-4 

» 11, L^t n be the number of feet -'in th# fadth of tha 

reotahgle. The length' of a reGtangle, la two feat- mort 
than the width. Its area Is 300 sqMare "feet . 
12. Let w be the number of feet In the longer side of the 
reatangle. One side of a rectangle Is four fee.t less 
than the dther. ,Its area Is 16 square feet. 
♦13 , Let X be the number of dollars John has , Jim has ©nt 
^ dollar more than three times the nlimber John has * , 
Together they have k6 dollars. 
♦14. Let y be the number of bloGios-&t li walk ed. John 
^ walked 3 bldcks after walking twice as far as Bill. 

Tom walked 3 blocks after walking the same dlstanee 
as Bill, John and Tom walked a total of . 30 blocks. 
■ m 

5^^* Word Sentenoes to Open Sentences , 

In this lessoni we t^rn our attention to verbal probiems , 
You will notice that a question is asked in each of the problerns. 
Earlier in the commentary it was pointed out that the question 
serves to^h^lp^ the' student ferret out^ number lie is interested 
r In and to make the most fruitful transratlon. 

The "guessing" method employed in the examples of this 
lesson is usually an effective one for students who are troubled 
by the abstraction of switching from a word problem to an open 
sent.ence. You may want'^'to make even greater use of '-thls^approach 
than Indicated In the text. For many students, this guessing 
technique may remain the best way to make t^nslations Indepen- 
dently . ' 

The short exposition on page 165 concerning "is less than" 

and "is 5 less than" results from past experience in which 

many students tend to see these phrases as saying essentially 

the same thing. Thus, such meaningless translations of "5 Is 4 

less than 9" as "5 = 4 < 9" have arisen. Hence the warning 

to the student at the end of thl^/aection . ^ 
' ■ ■» / ' 

Answeri to Oral Exerclaes §-4 ] pages 166-167^ ^ ' 

The emphasis' in Exercises 5-19 Is on the translation to 
sentences. Exercises 9, and 11 through 22 involve variables. 
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'pages 166-167: 5-^ 

It is not eisentlal that the truth set be found, but if the stu- 
dents want feo^^do so, permit them to have this fun, 

1, (a) n (any variable may be ohosfln) 
(b) n - 8 

- (c)' n(n = 8) ■ ^ 

(d) n(n - 8) = iSO 

f 

2 , (a) r represents the number of Inches of length of the 
' short piece , 

(b) r + 3 

■ (c) r + (r + 3) 

(d) r + (r + 3) - 39- 

3, 30 -i 17 + 13 
' 14 1^ 17 - 3 

5. 14 < 10 

6. 14 « 10 - 7 Thie is' a fals| sentence, but it i£ 

a sentence . ^ ( 

7 . 42 32 + 10 

8 , 42 ^^"x +'10 ' , 

. 9, 42 < X + 7 

10. 12 s 21 - 9 

.11 . 12 ^ X - 9 

12. * 12 + 4 ^ ' 

M^s f 'y - 32 - 12 ' , 

^ y > 32 - 12 

15 , 2m = m + 3 

16. s « 28 - 5 

17. 8 < 21 + 5 

18. 15 ^ 3x = 2x 

19. 5 . 4y + y 

20. If n la the number, n ^ 2n - J. 
21* If r Is the number, r < 5r + 3 . 
22. If q is the number, 3q > 2q + 5 . 

Answers to problem Set 5-4] pagea 167 - 170: 



Most of these problems do not have^ integral solutions. This 
is to prevent the student from guessing the right answer before h 
has written the open sentence . The emphasis, is on the open sen- 
tenee, ,not the truth set. 
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page 167: 5 = ^4 

Several Important points might be mentioned again at this 
time in an efrort to/anticlpate and forestall translation errors 
by the students: 

1. The question asked in the problem is the most Effective 
guide to the student ^in the definition of the variable. (Note 
that the variable need not always be the number which is the 
answer to the problem, though thj.s will often be the case J 
- 2. Any other numbers needed Nln the problems should be 
stated in terms of the one named by the variable. Thus we say, 
"If the shorter piece is x inches long, the longer piece is 
(x +3) Inches long." Of course some situations may naturally 
lend themselves to the use of two variables. As we have said • 
before, there is no objection in this chapter to including an ' 
occasional example of this sort . ^ 

3. There should be a direct translation into an open 
sentence. Thus in Problem 1 of this Problem Set, while we could 
change the sentence to 3x - 8o, such a sentence ^s not a direct 
translation of the problem. It does not really tell the story, 
A good test of a direct translation is to see whether, with the 
description of the varia/ble, the sentence can be translated 
readily back into the original problem. 

The form in which the student is to write these problems is 
suggested in the examples in the text. Some freedom of form is 
desirable, of course, l?ut certainly a clear definition of the 
variable should appear along with the sentence. Prequently the 
student will find it helpful to write out phrases, especially the 
more complicated ones, in terms "of the variable, before writing 
the sentence. Thus a typical example might have this appearance: 



Other problems will occasidnally be written out in this manner in 
the answers below; in most cases, however, only the sentence is 
written, since the form is similar In all problems; 



1 . If n is the number, 

then 2n Is twice the number, 
and n + 2n - 80 , 



2. 3x - X - lb 

3, 106 - x(x + 5) 
B? - x(x - 5) 
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pages 163-170: 5-^ 

5 . 1^ ^ X + 2x 

6. 10 + 20 + X w 60 

7 . 10 + 2x + X ^ 6o 

8. X + 2x -+ 3x ^ ^0 

9. X + X + 13 + 13 - 66 or 2x + 26 - 66 ^ 

10. w + (w + 5) '+ (w + 5) - 60 or 2w + 2(w + 5) ^ 60 

11 , (x + 7) + (x + 7) + X ^ X - 50 ^ 

12. (x - 6) + (x - 6) + X + X ^ 72i 

15, x(2x) ^ 98 ' 

14 . X + (x + 50) ^ 516 

15. 5000 -f 2x + X - 10,500 

16. 5x - 175 , 

17. 5x -f 5(10J^- 175^ 

18. 5x-_ + 2xCloT ^ 175 

19. ^6(5),+ x(l0) ^60 ' jr 

20. x(10) + 2x(5) - 60 ^ ■ -^n ' ' ' 

21. x(25) + (3x - 1)10 - 155 ^ ^ ' 
' 22. 2(25) ^ 2x(l0) + x(5) ^ 200 

25. x(10) + (x + 1)25 + {2x + 1)5 - 165 
2U , . (x + 2) + X ^ 64 

. 25. a(4) + 5(5) + x(2) + 5x{l) - 155 

26. (x ^ 5) + (5x ^ 5) - 22 ^ 

*27 . Let n be the number of nickels, and" d the number of 
dimes . Then d + 2 is the number of quarters , We 
obtain the open sentence 

5n + lOd + 25(d + 2) ^ 525 

The fact that n and d can be only positive integers 
makes ^t possible to determine seven solutions . The 
possible values for d are 1, 2, 5, 4, 5, 6, and 7, 
and the corresponding values for n are 48, 4l , 54^. 
27, 20/'15 and 6. 
*28. (x + 3) + (2x 4- 5 ) - 30 

♦29. X + 5 = 3x - 3, if the table is x feet wide 

*50. 5(x + 20) - 5x + 100, if the speed of the freight Is 

X miles per hour. Notice that all values of x are 

truth numbers of the open Sentence , 
*31 . Let X be the number of quarters; then 5x is the 
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pages 170-171: 5-'^ and S = d 

number of dimes and c^x the number of nickels. Let y be the 
number of cents John has , Th 

y = 25x 4- 10(3x) 4- 5(2x) , 

The solution set would consist ov an infinite set of pairs of 
PQaitive integers of tne form (x, Sjx ) . 

5^5= Other Translations . ' 

Here we extend the student's experience with translating to 
sentences involving inequalities. The term "inequality" as well 
as the word "equation'' is not introduced in the text until Chapter 
9. The exposition in this section of the text parallels' the 
earlier presentation of sentence translation in Sections 5^3 ' * ' 
and 5-^^. " ■ 

Whilte we are not at the mome/it Gonc#rned with ^finding the 
truth s^ts of sentences , it is^ likely that the student will be at 
least occaBlonally Interested . 1 n disioverlng the "answers" to ^the 
problems for which he has written sentences. Thus It is almost 
certain that it will be noticed and pointed out that inequalities 
frequently have many numbers in their truth setSj Instead of just 

^one, as was often the case with equations. ^'Here the idea of the 
open sentence as a "sorter'' of the domain of the 'variable can be 
re-emphasized. All elfiments of the domain which make the sentence 
true are possiale '"answers" uo our word problem, and those ele- 
ments of the domain which make the sentence false cannot be 

-■'answers" to the problem. Though' we lack a definitive ^single 

answer,- we have a clearly defined set of "answdij^si" i,e*, the 
truth set of the sentence. ''^ 

Answers to Oral Exercises ^j-5a; page 171: 

^.^^^^.^^^ » 

(These are possible translations,) The .teache.r may want to 
omit some of the latter exercises of this ^ set, particularly if It 
seems that prolonged background discussion Is needed regarding 
the geometry upon which tne translations would be based, 

1. If a is the number of t.-gys in class, the number of 

boys In class is" less than , ... 
\' . If R Is -the number of dollart ir Joe's pocket, . ^the 
number^oi' dollars la greater than- 3, 
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'page 171 3-D ^ ^ ' ' 

'3, If n Is the number of books needed, the number of books 
increased by one is greater than * , v- 
4, If n is the number of points made by' Harry, one point 

more than£'the number is leas than 17. 
5/ If t is the number of pencils, four more than three 

times the number is less than 12* 
6. If John l^a X years old, John's, age is greater than 10 
and less than 15 . ^ - 

.7. If m is the number of hours required to do a Job, the 
time required is at least 3 hours -and no more th^n 12 
hours . ' 

8, If n is the number of yards gained on the first 'play, - 
and the second play gained five yards mj^re than the first^^ 
the sum of the yardage gained on the two plays is 
greater than^ 35 yards , 

9. If a is the score earned by Mary, b is the score 
earned by Jane, and c is the score earned by Mike, 
Mary's score' is greater than Jane's and the sum of 
Mary's and Jane's scores is greater than Mike's. 

10. If a bag of "tfKange contains n nickels, two more dimes 
than nickels, and one less quarter than nickels, the sum , 

'of money In the bag is greater than k dollars. 

11. If a is the number of units in the base of 'a triangle 
and if the height is two units more, the area of the 
triangle is greater than 20 square units , 

12. If is the number of units in the width of a 
rectangle and if the length is one unit more, the area 
is not more than jr/ square units. 

13. If the radius of a circle is inoreased by one, the area 
of the new circle is at least ko square units. 

14. If the height of a cylinder is two units greater than 
the radius, a, of the base, the volume of the cylinder 
is less .than 17 cubic units, 

15. A cylinder with height 4 has a radius shorter than the 
height of a box. The box has a base with area 6. The 
volume of the cylinder is at least as great as the 
volume of the box, 

■ - 1.55 
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16, " If X pounds of salt are used to make a '10^? sdlution, 

the amount of salt in the solution is 9 pour^ds . 

17, If X pounds of candy selling for $ .^0 a pound is mixed 
with some weighing two pounds m^d §nd selling at |.'^0 

a pound, the mixture is wferth i3.^rO. " ^ 

18, ^ If the height of a triangle is one unit more than "Che 

base, b, the area is no more than 15 square units. 
^ 19.*. If the width of a rectangle is^ two inches less than the 
' length, the perimeter is less than 19. 
20. If ' one side of a triangle is twice the first side, a, 
and the third side is one less than three times the , 
' first, the perimeter is greater than 12^^ "^l" 

Answers td P^roblem Set' §-5a ; page 172: 

The following are suggested translations, Encourage a variety 
of translations . ' ■ ■ 

1. If t is the number" of boys in the club, the number of 
boys in the club is less than 6, 

2. If t is the price of a sweater in dollars, the price of 
the sweater is greater th'an 6 dollars, 

3. If y is the number of students in the class, the class 
will have less than 60 students when I5 more join, 

^ . If y is Jimmy ^8 score on a test, he will have a score 

of more than 60 if he gets 15 points... bonus . 
5^ If y is the number of cars on the parking lot", a lot 

10 times as big could hold more than 80 cars . 
6 , . If r is the price of a stamp in pennies, 25 stampa, 

would cost less than 2 dollars . 
7 . If X is the length of a section of fence 'in feet, two 

Sections of fence plus. a 'gate that is 5 feet long will 

cover more than 50 feet , 

In the early part of our work with translation we 
have been trying to emphasize the idea that the variable 
represents a number by being reasonably precise in th^ 
language. Thus ^e hfeve been saying, "the number of 
dollars in the price of the sweater" or the "number of 
inches in the length of a r^ec tangle" . As we go on, ^.we 
will allow ourselv^ to become more relaxed in order to 

136^' ^ 
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speak more fluently. Thus, we may say, "x Is the len«€h 
of a section of fence In feet" when there is no doubt 
that, We mean "x is the number of feet in the length of 
a section of fence'' . 

If X is the weight in pounds of a sack of "flour/ two 
sacks of flour pl^ 5 pounds of sugar weigh lees than 
50 pounds . 

If a is the number of years in Mary^g age, if Jane is 
twice as old as Mary, and if Sally is three times as old 
as Mary, the sum of^ their ages is more th^ ^8. 
Same as above.., sum of their ages is greater than or 
equal to 48 . . 



Answera to Oral Exercises 5-5h : pages 174-175^ 



1. If X is the number of dollars John has^ x > 50, 
2-. If y ^is the number of students living in the city, 
y < 150. 

3^ If r is the height of the plane in 'feet, r < 30,000. 
^4;-j-f s is the height of the plane in feet, s < 30,000.^ 
and 3 > 5280. 

5. If q Is John^s weight in lbs., q + (q + 10) > 220. 

6. If b ^3 the number of brothers Jane has and c is the 

G > b . 



number of brothers Mary^ has, 
Answers to Problem Set 5° 5b ; pages 175=176 
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2 

3 
4 

5 



r: 



If X is the number of dollars Tom has, x > 200 . 

If y is the number of people that went to the park. 



If 
If 
If 



t 
r 
n 



is the numfear ,- 4t + 9t > 100 < 

is the numbFTv--^ 7r > ^^5 . 

is the number, dn - 3n ^< 10. 



If ■ h is the altUude In ,i^e#t at Denver, h > 5000 < 
If m is the numoer of people who live in Mexico, 
180,000,000 > 2m . 

If r is the number of years In Normals age, 

r + ( r 5 ) < 23 . s 



pages 176-I7i^ d-d t 

10* If h "^la the num^r of hours on the Job, h > 9 and 
t\ < 

^11, If k - is the number killed, k'> 250 and k < 500, 
12, If G is. the speed of the Gurrent, c + 12 < 50. 
13 - If m is the number ^£ minutes of advertising^ rn > 3 

and m < 7 * • 
l4. If X is the length of a side of the square, 

X + X + X + X ^ (x + 5) + (x + 5) + (x + 5) ^ 

15* If r is the number of students who remained and n is 

■ _ 1 - 

the number of students enrolled, then r < ^ n - 152. 

This problem is similar to Exercise 6 of Oral Exerclsas 
5^5^, in that a sentence for it must be expressed in 
terms of two variables. There will doubtless be con- 
siderable discussion of both exercises* 

Summary 

The first part of the summary is a parting effort to 
strengthen the idea of transla^tion back and forth between a 
physical situation and a mathematical (or numerical) one. 

The latter part of the summary .reviews , by means of examples ^ 
the kinds of translations tha^ have pome up in this chapter. 

Answers t£ Review problem Set ] pages 178-1 831 

1, Let t be the number of garbles in one Jar. 

(a) The number of marbles In 2 Jars 

(b) 3 more than the number of marbles in one Jar ^ 
(cj^ The number of marbles In' 3 Jai*Sj each holding' as 

many as the flVstj after two marbles have been removed 
(d) The number of marbles in one Jar after one has been 
* removed 

(a) After one marble is removed from one Jar, 5 marbles are 

left in the Jar. ' 

(f) If we take out one half of the marbles In one Jar, we 
will take out less than ^-^ marbles. 

(g) If we count the marbles in tw^" lars the number of 
marbles is greater than 6. ^ * 

(h) There are at least 6 marbles in one Jar. 
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Is the nujTiber, 



pages 179-lBo * • 

2* (a) '7v/j'' w !□ the ramiber of weeks. 

(b) x(2x), X is the niunber, 

(c) 3x + 5, X is the nmiber'^^of studento. 

(d) 7 (x - 5)5 X is the number from v/hlch 5 is to be 
subtra^ct ^ a . 

(e) ^(x(2x))j X is the nuiTibar of units in the length of .the 
shorter side of the rectangle/ 

(f ) 5x + 10(2x), X /is the nmber of nickel^. 

(g) 1,40 X -i .3Q(x^ 1), X is the nuiiiber of ^^omids of 
chocolates , 

(h) ^(x)(x + 3^)., X is the nimiber of Linits in the base. 

(1) TT x"(x + 5^) J X is^ie nuTtibar of inches in the radius 

of the base. 
(J) 8-9 

(k) .20 X, X is the number of gallons of salt solution, 

(1) 2x - 4, X years is Mary's age now. 

(m) , 25x 4 32(x + 2), x is the number of ?.oaves of bread, 

(n) 25x -\-- 10(x H 3) H- 5(x - 2), x is the nimiber of quarters, 

(o) i(x)(ix ^ 2), X is t^e length of the base, 

(p) ^ + 2x, X is the original number. 

> t \ ^ 

(q) ^(x -f (x -f 3|-))(x - 1)^ X is the number of inches in the 

length of the shorter base, 
■(r) X ^f- 2x + 2(2x) X is the nujnber of units in the length of 
the ^shortest side, 

L (a) x + 3x = 45^ X is the number* ■ 

(b) X + (x + 1) ^ 45, X is the first number, 

( c ) Insuf fie lent information 

(d) X + 4 ^ 16, X years is* ^mry<s sisteris age. 

(e) ^x > 14,000, X feet is the height:_^f Piica'a Peaic. 

(f) X ^f- (x 4 2) ^ 75, X is the first odd nujTiber, .This ^ 
problem has no solution since the sum 0^ two odd numbers 
'is even, but v^e can still \vrlte the open sentence, 

(g) 3x > X + 26, X is the nivnber of students in the class. 
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pages laO-lSi ' ' 

(h) X -\- (2x \ 20) f 70 ^ l80j X is the number of "degrees 
In the measure of the smallest ariigle, Herfe the variable 

X does Hot represent the nimiber of degrees in the measure- 
of the largest angle whlcff appeared In the question, 

(i) X 4 (x = 112hf^^x is the smaller even number. 

(j) X - l8 4 22, X is the sum of the numbers of years in the 
ages of each 6 years from nov/. i 

O Q _ ' 

(k) (x + 1)^ = x^ ^ 27, X units is the side of the smaller 
square. 

(l) 8x ^ 12(5 - x), X hours is the time spent riding into 
the country* 

(m) ^ 2(7x -f x) ^ 150, X inches is the v;idth of the rectangle, 
(n) |. X -'r 32 ^ 38i, x is the number, 

(o) .lOx = .025(x H 20) j X is the number of pounds of the 

original s o 1 u t i o n . 
(p) X - ,20x ^ 29.95> X dollars Is the original price, 
(q) 62ii< « 3.9, 7x, - 125i. X hour^is the reqlaired time, 

(r) X +^.(x + ^0 + ((x + ^0 + 6) = 53, X is the number of 
pen|7le3. 

4. (a) all) numbers greater than zero a i .. ^ i . > _ * > -» 

vj " 0 

v. ^(^) 3 / n ' ' } ' 

(d) [1] 

(e) all' numbers less lhan i Aa ^ — \ t i i 

(f) [|). ' ^ ' 'I ' 1 ' ' 

3 

(S) [2] ■ ^ ^ ■ I ■ ' ' 




( i ) all n u m b e r s e q u a 1 t q o r ^ — ' J 



greater than 5^-., 0 12 3 4 

j J ' 



0 



) 
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(k) 


all 


numDers 


greater than 








or 


equal to 




0 


.gU^ i — i * J— -L _^ 

ll 2 


(1) 


all 


numbers 




A-- 


4 ■ 

' - _t 




0 






a ( 2b 


+ 3a) ' 








(b) 


a(.3 


+ 1) 








(c ) 


x(2b 


+ 1) 








(d) 


ax(Y'-f ^) or 


a(x(i) + x( 


h) 


or^ x(a(i) 4- a(i)) 






iax(^'^ + 1 








( f ) 




Is. 

^)ax or 

5 






3 in (d ) above * 


(f) 




+ fx) 








(g) 










■ ) 


(h) 


X ( 2 a- 


+ 1) 








(i) 

(J) 


(7 + 

(a + 


6)2 

b) (x + y 


) 




J 



(a) 


3x" 


-V X 


(b) 


6a2 


+ 4a 


(c) 






(d) 


10a- 


+ lOab^ ^ 


(e) 


12g" 


d + 12Gd 


(a) 


N^. 




(t) 


Yea . 




(c) 


No. 


1 4 5 ^ 6. 


(d) 


No. 


30 2 ^ 32, 


(e) 


No. 


30> 5 ^ 35^ 


(f) 


Yes , 


0 4 0 ^ 0 


(s) 


NO, 


1+1^2. 


(h) 


No, 


14 3^4, 


(i) 




5 + 10 - 15. 


('J ) 


No, 


10 f= 10 ^ 20 



in 

(e) 

(h) 

(1) 
(J) 



a 

7T ni -h 



4 . 2 



9 
TO 



8.S5X +- 3.9^ 

ac + ad -i- be 4 bd 

10 ^\ 8 



4 is not ^ri element of the set, 

2 + 4 ^/'6, 2 + 6^8, etc. 

6 Is not an element of the set. 

32 Is not an element of the set 

35 is not an element of the set 

2^ is not an element of the set, 
4 is not an element of the set, 
15 is not an element of the set 
20 Is not an element of the se 



(a) 3 (e) 56 

(b) 7 (f) ^ 



(a) § ' (f) 9 

(b) H ' _ (e) 0 

(c) . ■ . (h) 0 

(d) ¥ (1) 0 

(e) 6 (J) 



Si^gested^ Test Itema 

Tran elate the foil owing v;ord phrases into open phrases. 

(a) three less thkn tv/ice the niunber n 

(b) the product of x #aiid the number v^ilch Is ^' 7 times x 

(c) the Sinn of 5 times a number and a number 4 greatei 
^than d 

(d) the number of marbles Jimmy has If he had m marbles and 
v;as given 10 rnore 

^ ( e ^ ^e va l_u^ i n c e n t y of n n 1 c k e 1 s and 4 p enni e s 

Translate each of the follov/ing into an open phrase or into an 
open sentence, using a single'yariabli in each. First tell 
v/hat the variable represents. 

(a) $30 more than JimJ s v/eekly salary 
-^b) Tom*s v/eekly salai^" is more than $30. \ 

(c) Torn* s^ weekly f^alai^ io $30 more than Jim* a* Together the^ 
^ earn $1^0 per v/eok, ■ , ^ 

(d) Tom.' 3 v/eekly salary is $30 more than Jim's. Together the^ 
earn more than $1--H:) per v/eek. 

VJrite a v/ord translation for each of these phrases. Hake your 
v/ord phrase an meaningful as ponsiblo. 



14J 



(a) 2q -I fj (d) 10m 4 25m 

(b) 8n. (e) 4(a - 3) 

(o) J 7k ' (f) X 4 3(x = 2.) 



V/rlte an open phrase which desorlbas the following statement: 
Choose a number and then add 4 to It. Multiply 
'this sum by 3* Subtract 5 from this product. 

II' p is the first of three Gonsecutlve odd numbers^ then 
the second odd number is ' 
the third odd number 13 

^ 

the sum of the first and third numbers is 




Complete the fallowing two problems so that each problem corre'- 
sponds to the given open sentence . 

6, Open Sentence : a + ^^a +^ £5 = iSo 

Problem : "Hie perimeter of a trianiTie is l8o Inches. 

?pen Sentence \ 5(x -\ 4) + iok 125 

John foujid a billfold oontainlng $125. 

^Wrlte an open sentence or phrase for each of the follov/ing; 
--^8, Ttie area A in square feet of a rectangle whose length is 
X yards and'' v;idth Is y feet. 

9* In an orchard containing 2800 trees, the niomber of tx^ees In 
[each rbv/ is 10 less than twice the nLunbe^ of rows. How many 
Lc-Qv/^ are there ? \ 
' 10. Bill v/eighs 10 pounds more than Dave. Find Dave's weight ii 
the G omb i n e d v/e ig h t o f the t wo jnen 1 s 430 p omid s . ^ 

11, Jack is 3 years older than Ann^ aiid the sum of their ages 
is less thaii 27 years. How old is Ann? 

12, Tlie niunbei- of cents Paul has if he has d dimes and three 
times as many quarters as dimes. 

13. If a boy has 250 yaTcW of chicken fence ivii^e^ how long and 
how wide can he:? make his crtUoken yard^ if he v;ould lijce to 
have the length 2 5 yards g r e a t e t han the v/i d t h ? ^ 

14. There are five large paGkages and three small ones. Each 
large package v/eighs 4 times as much as each small one^ and 
the eight packages together weigh '34 pounds 8 ounces, l^at 
is the v/eight of each package? 



15*' Saparate $3b into tv/o parts such that one part Is $19 more 
than the^ other* ^ 



\ 



6, I^ia thickness of: a certain ni-imber of paces of a book It each 
page is ^0 .of an inch thick. 
17. ' The product of a v/holc niimber and its successor is 342. \^at___, 

is the number? / ' " • ^ 

18* A father earns tv/ico as much per hoitr as his son. If the 

father v;orks for 8 hours and the son for'^j hours, they earn^' 
les.s than $30. How much docs the son earn per hour? 

/ 

Arisv/ers to Suggested Test Items 

1. (a) Pn - 3^ ^(d) m i 10 

(b) x(7x)* ^ (e) 5n - , 

(c) t,d -[ (cl n) " 

2. (a) Let X be Jim'n weokly salar:/ in dollars. 

The translation of the phr'ase: x 4- 30 
(b) If sDom^s v/eekly saiai-y is x dollars, then 

the translation is: x > 30 
(g) If Jlm^s v/eekly salai^^ is x dollars, then Tom»s v/eekly 

salary is (x -\ 30) dollars. 

The translation: x -i (x ^1- 30) - 1^0 , " 

(d) If Jim^s weekly salary is x dollars, Tom»s weekly 
salary is (x -i 30) dollars.^ 

The translation: x -\ (x + 30) > I'm 

3. (Possible translntioKs ) . 

(a) ^5 more than twice the nuriber of pennies Jimniy has 

(b) 3 times'' as many rainy days as in June 

(c) the area in square feet of a rectangle whose width is 
7 feet less than its length ^ 

(d) the total cost in cents of a certain number of Icq cream ^ 
cones at 10/ each and the same number of sodas at 25^ 
each ^ 

(e) the uerlmel:t-i^ in inches of a square whose side is 3 
Xn-^^hQ.) nht^rtor than the side of a ^l^^n square 

(f) t':V: ,n:ri::i' * N^'i' ii^ j.neh'js .^f a quadrilateral three of 
v/hos" s L I-.: :\v-- ;-:riual lun.jtii and the^ fourth side 



/ Si I 
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5. p + 2 

p + V ' ■ ' • ' 

p + (p + 4) which ii + 4 

/ 6, side Is four times as long as another side and the third 

side Is Inohes in length. Find the length of each side,, 

7. "Rimrm were 4 more $5 bills In the billfold than |10 bills. 
How many $10 bills did. John find? 

8. A - 3xy 

9* Le^ n be the number of 'rows. The number of trees in each 

row is 2n - 10, ^ 

n(2n - 10) m 2806 

10 # If Dave weighs x, pounds ^ 
X + (x + 10) ^ 430, 

11, If Ann is X years of agti 

X + (x + 3) < 27 

12, lOd + 25(3d) / 

13 , Let the width of the yard be x yards , 

2x + 2(x + 251 ^ 250 

,14, Let the weight of each small package be x pounds* Then each 
large package weighs 4x pounds , 
' 3x + 5(^x) - 3^ 

15- X + (x + 19) * 38j where x is the number of dollars in the 

smaller part , 

1 ' ' - x 

16, ^^g^ which can be written 

17* n(h + 1) « 3^2 where n Is the smaller whole number 

18. Let m be the number of dollars the son earns per hour. 
Then the father earns 2m dollars per hour, 
5ra + 8(2ra) < 30 
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CHALLENGE PROBLEMS 

In the event that you should have an exceptionally interested 
and eager student we have tried to include a few problems of vary- 
ing difficulty but usually requiring more perseverance and insist 
than most problems in the text , We do not recommend these for 
class discussion ©r as assigned problems for the entire class, 
•^ere artj of course^ many other resouroes for ohalltnge probleme * 
We recommend publications of the National Council of "Teachers of 
Mathematics and Dover Publications among others. 



Answers to Challenge Problems j pages 184^190: 



1. (£ 


} X 3) + 2 


= 26 


8 + (3 + ,2) = 


13 


8 - 


(3x2)= 


2 


8 


X (3 + 2) 


= 40 


(8 + 3) + a = 


13 


(8 


- 3) X 2 = 


10 


(« 


J X 3) - 2 


= 22 


8 H (3 X S) = 


14 


8 - 


(3 i 2) = 


3 


8 


X (3 - 2; 


= 8 


(8 + 3) X 2 = 


22 


(8 


- 3) + 2 = 


7 


8 


X (3 X 2) 


=, kd 


a + (3 - 2) = 


9, 


8 - 


(3 - 2) = 


7 


(i 


} X 3) X 2 


= 48 


(8 + 3) - 2 - 


9 


(8 


-3) - 2 = 


3 



This is an interesting study in arrangement e. The 8^ 3^ and 
2 are fixed. The first of the signs may be or and 

for each of these the second of the signs may be + or - , 
Then there are tv/o ways in v/hich parentheses may be inserted^ 
grouping either the first tv;o tems or the last two. After 
all this is done^ it is interesting to note which expressions 
are names for the same number. For instance: 

8 « (3 + 2) -(8-3)^2 
84 (3 + 2) - (8 + 3) + 2 
8 X (3 X 2) - (8 K 3) X 2 



pagi 184 



2. 19(13) m 19(10 + 3) . ^ 

. '\ \ ^ 19(10) + 19(,3) 

= 19(10) + (10 + 9)3 

m 19(10) V (10(3) + 9{3))^ 

^ (19(10)'+^10(3)) + 9(3) 

^ (19 + 3)10 + 9(3) 

m 220 + 27 ■> 



'distributive property - 

distributive property 

asaootatlve propat*ty bt 
addition 

commutative property of 
multlplioatlon mn^ 
dlitr^lbutlve property 



(a) 

15(14) 



13(17) 
(c) 

11(12) 



^ S47 

- (15 + 4)10 + 5(4) 
^ 190 + 20 

m 210 



(13 + 
221 



+ 3(7) 



14(15) - (14 H 5)10 + SO 

^ 190 + ao 

m 21© 



17(13) - (17 + 3)10 + 3(7) 

^ 221 



(11 + 

^ 132 



2)10 



12(11)'^ 



(12 + 
132 



1)10 



+ a 



This is really a trick, althot^h it has an algebraic e^lana- 
tlon* It^may be that pupils will accept It and use It to 
sljnpllfy mental multlplioatlons , ^la is good, but not a 
requirement. In any discussion wlth^ a student it should be 
made clear that the development hinges on the use of 10 as a 
factor and thus the procedure should be used ''only for nwnbers 
between 10 and ffoT^ 

10 4 a Is the first number 
10 H b is the second number 
(10 + a)(10 + b) - 100 4 lOa + lOb 4 



ab 



by the distributive 
property 

4 a + b) 4 ab by the dlatrlbutive 
property 

= 10((10 4 a) + b) 4 ab by the associative 

property of 
addition 



IU8 
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10 + a ii the f irsfc number, and b" Is the mni^ts digit of the 
seaand number, i©,"(lO h a> + b Is' the^ awn- of the first numbs] 
- * and ^ the -units digit of the second number. - 10((10 + a) + b) 
Is the rasjilt of multiplying the soti of the flrs% nwiber and 
the units digit of the second number by 10. > , , , 
/10('(10 + a) + b) + ab Is the complete translation of the rule* 

4, 35874 * 3(10,000) + 5{100d) + 8(100) + 7(10) + 4 ^ 

^ 3(9999 + 1) + 5(999 + l) + 8(99 + 1) + T(9 + l) + ^ 

- 3(9999) t 3 + 5(999) + 5 8(99) 8 + 7(9) + 7 + 

- (3(1111) +.5(111) + 8(11) + r(l))9 + (3 + 5 + 8 + 7 +^ 
Since (3 + 5 8 + 7 4) ^ 27 - 3(9). ™ see that 35874 Is 
divisible by 9. The general rulel to be f ovulated is "A 
nwiber Is divisibre by 9 if the s\:m of Its digits is divis- 
ible by 9*" ^ 

Since we hope to teach pupils to generalize, it would be vmll 
to take this opportunity to do Just that^ Let the thousand »s 
digit of a four digit number be represented by a, ^ the 
himdred«s digit by b, the tents digit by c; and the unit»s 
digit by d. Then the ni^aber isr 

1000a + 100b + 10c + d - (999 + l)a + (99 + l)b + (9 + 1)^ + d 

■ ^ 999a + a + 99b +b+9c+c+d 
= 999a + 99b + 9c + a + b-fc-fd 
^ 9(llla + 11^+ c) + (a + b -f c + d) 

Now, 9(illa ^ lib + c) is divisible by 9> since 9 is a 
factor. Therefore, if (a + b 4 c 1- d) la also divisible by 
9, the entire nwnbar is divisible by 9. as can be shown by 
the distributive property. Hence our rule that any number Is 
divisible by 9 if the sum of its digits Is divisible by 9 A 

5. (a). 2x belongs to the set with graph 



0 I 2 

X + 1 belongs to the net with graph 
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f 



(b) beloHgs to the set of n^bars between 1 and 10. 



^ ^ ' ' ^ I - i n 

0 T ^ 



X + 1 belongs to the set of nunbera between m and 6. 



0 I. \ 6 

(c) X belortga to the set vd.th graph 



(a) i belongs to the set 'with graph 



2 



BED J. i ,■ 4 7 ^ T B ■ 10 

SLACK ^ f il i I. ft f iiZ i 3 . 4 

(a) B]^CK 



a ^ • 1 3 

2 S P 3 



i 



20 





(b) RED 


4 


1, 




8 






2 


10 




X 


i 


40 


3 


T 




80 


1 


T 





21 



10 4P 3 9 

3 



(c) No J none to the right of 0, slnoe each red coordinate Is 
four- thirds the corresponding black coordinate. 

(d) r = |b, or b = |r. 

OREEN 0 12 3 4 

■* 1 III — — H 1 „_ 



BLACK 0 12 3 4 

(a) The black coordinate of the point v/lth green coordinate 
117 

3 Is 1 + ^ + ^ = -f^. Yesj every whole number Is the 
green coordinate of a point. 
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(b) Himrm Is no gretn ooordinafce for the point vath blaeic'^ ' ^'' 
ooortthat'5^, 3. ^hmvB nd graan ooordinates far points 
, .to^ia plght of blaak &. HOraovarj blaok, S has no 
a^rraspondlng green coordinate, 

(p) IJia point 'would have bia^ eoordlnate 



8 (i) ^ i t i 4 § s 

9 11 1 B S 1 ' 

From 1 to 2 1 -J 

Prom ^2 to 3 i' 

Prom 3 to 5 ' ^ 



P^om 4 to 6 

Prom 5 to 8 

Prom 1 to 8 

From 1 to 5- 



14 



10 

3 



1 4 7 

P^om f J ' g 

(b) 0 ^ a + Q f or c ^ g- - • 

(c) d - a + |(b - a), or d - ^ | , 

This problem reviews a^g of pairs of elements of a setj it Is 
not a' problem set up primarily to get an answer. The pupil ' 
v^o tries to write an open sentence will find he is .wasting 
his time. tostead he should observe that the man has a set 
of four elements I [1.6g, 1.95, 2,65, 3,15) ar that he should 
examine the set of all possible amis of pairs pf elements of - 
the set. 
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■pagftg 186-187 



^7 



10. 



+ 


1.69 • 


1.95 


2.65 


3.15 


•'1.69 


3.38 


3.64 


4.34 


4.84 


1.95 


3.64. 


3.90- 


1 4.60 


5.10 


2.65 > 


4. '34 


■4.60 


. 5.30 


5.80 


3.15 




5.10 


5.80 


6.30 













'O^^iM^thm sets {3.3|^ 3.64, 3,90, 4,34, 4.60/ 4;84, 
\ • S.lOj 5.30j 5.8o> ^*30J 

K*om this we see t 

'(a) The smallest Bmosmt of change he coiild have is 

5-00 - 4,84, or 16 cents, 
(b) The greatest amount of chajige posfllble. Is 5*00 - 3 •38, ; 

or $1 • 62 * 

(a) There are fow pair^ of two boxes he eajinot afford 1 on# 
of $1.95 and one of $3*15j -one of $2,65 and one of $3.15; 
two of $2,65j two of $3,1J. 

We can write a numeral in powers ^other than lOj and 8 is as 
good as any other. For the "8 scale" we need the set of 
digits CO, 1, S, 3,*'-, T). -'Q" would be v^'ltten. "10", 
(Read this "one - oh.") 

2357eigj,t ^ 2(8)3 ^ 3(g)2 ^ g^g) +7 
^ lOS^ + 192 + 40 + 7 
- 1263, 



207 



ten 



tan 

- 3(64) 4 1(8) + 7 

- 3(8)2 ^ 1(8) + 7 

- 317. 



eight 

In case the pupils wish more praotice in changing bases we 
susp##t the following^ 

^ 211. 



3^52^ight 
(o) 2345,^^ 

(d) 67562^^^^ 



"eight 
1834, 



ten 



= 4451 



eight 



28,530 



ten 
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.page 187 . , 



•I 

11, ThB set of sai girls vt^h 2 heads is the n\;dl set. We cannot ^ 
add the ntanber 1 to the nani set since it is not 0» 

12, Oils problem was " inaerte^d to provide pleasurable experience 
in reading directions and im translating* Eaoh^of-the 
numerals froiq 0 = to 9 represents se^Eeral letters of the 
*alphabat, ©le pupil tranalatei f 4rat, from nwibers ta letters. 



S 



then ^from litters to ntonbers. ,^ch translatiohV^and An par- 
tloialar the second kia4, ^ involves ^choice based on reasoning. 
Probably the pupils will all accept "J^e Is Kome" for 
"903^ ^ 7424," This 1^ a correct translation,^ However^ in 
case some pupil protfs^s "that "9034 ^ 7424" is not a true 
sentence, and hence | Jane is not home, aocept the suggestion 
as a possibiiity* ^^vertheless, imke it clear that the^ trans- 
lation of is "is" and not "is not," Some excep- 
K tionally^ eager students can be encouraged to devise their ow^^ 
codes or problems using letters for nisnbers and vice versa, ' 

(a) A possible translation is "he is l^ungi^." 
(0). 3(1(10) + S) - 4(10) + f 
3(10 + 2} - 40 + 6 
36-46 
This sentence is not tru©p 
(d) 7+2-2+7. This sentence Is true. Ihls points 

toward the commutative propw^ty of ^ addition, whose truths 
as it applies here to numbers, the pupil will probably 
accept readily, 

. (e) p(h) Indicates the multiplication of h by p, hence 
5(7)*- 7(5)* ThlB is a true sentence, (This points 
toward the coimnutative property of multiplication. ) 
Therefore, the sentenQe p(h) > r(f) is not a true 
sentence , 

(f) 6 + 5 ^ 5(6) is true, 

(g) 8(m) indicateg that m is to be multiplied by 8. 
Hence, we have 8f2) ^ 2(8), Ta^B Is a^Jbrue sentence, 

(Here again we xxseMhe commutative property of multipli^ 
' cation, ) 
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pages X87-188 . 

. s " ■ ' , . ■ • 

13. I does not' refer back to the Qode used for the previous 

problems, " Hera we fire to select niMbers for the 
letters ^ich will m^e .the additionf^correct, being 
caref^ that no number is represented by two different 
letters* There are many^ solutions ^ such as 

' ' 41' ■ .■ ■ ' 




1033 



SEND has a w^ique solution. M must be '1^ Henae 0 must, 
MOH£ ^ * 
MOnK zero, S must be either & . or 9, but inspection 

shows that 8 is impossible^ so S is 9* Consider- 
ation ''of the second and third columns shows that R iff 8, 
Then N must be E + 1. 'since 0^ 1, 8 and 9 have bee|i , 
used. 



N ^ 3 for E ^ 2 ^ 
^ N ^ 4 for E ^ 3 
N ^ 5 for E k 

so we let N b0 6 and E >e * 5. Now we have used 0> 1, 
5j 6, 8, 9. D and Y may be chos^en from a_, 3, 4, 7. Since 
the sum of D and 5 must be more than 10, B 2^ B ^ 3^ 
and D ^ 4, ^erefore D Is 7 and Y Is 2, 

'Bils problem involves quite a bit of reasoning for ninth 
graders but there are always some of them who will work at it 
until the problem Is solve^<^^ease do not spoil their 
pleasure, but let them reason out the solution under their 
own power. We hope to give them, many^ opportunities at this 
level . 

14. 8432 + 1567 ^ 9999 
2765 4 7234 ^ 9999 
3961 + 6038 ^ 9999 
3(9999) - 30,000 ^ 3 
30,000 + 4028 ^ 34028 
30,000 ^ 3 + 4028 ^ 34025, 
Ihe teacher was correct. 
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15. 



16. 



Another way of writing the second problem might tie; \ 
8025 ^ Hera again v/e have 3 sums which total 30,000 - 3, 
It is easy to add 5/678 to 30,000 and subtract 3, 

5678 

1974 
5432 
6097 



35675 



/ 



There la a nice extension of this to 5 and 6 nimbers which 
the pupil might try. The game may also be played wi^h numbers 
having more or less than 4 digits. Pupils mi^t like to try 
this also. 





12 


10 




■ 


3 


12 


144 


120 


24 


15 


9 


^0 


120 


100 


20 






a 


15 


20 


4 


H 


3 


3 
T 


9 ■ 




3 




ft 



With the facts already given, the table carj be completed by 
performing a single multiplication* 10(10) ^ 100. llie other 
spaces can be filled as follows: Use the commutative property 
to complete the last two rows and columns. Pill In the row ^ 
and the cO:lumn for 2 by. use of the distributive property^^.;^ 
(For ex^le: . 12(2) ^ 12(| + |) - 15 + 9 - 24, Now oomei^ 
10(10) - 100. men 12(10)- 10(10) + 2(10) - 100 + 20 - 120. 
Finally, 12(12) - (10 + 2)(10 + 2) * 10(10 + 2) + 2(10 + 2) = 
100 4 20 + 20 + 4 ^ l44, 

includes at laast the set of whole nwibers greater 



The set 



than or equal to 



Since 2 is not specified as the 



smallest element of the get we cannot be certain of its lower 
bound. 
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page 189 

a?, (a) a o b « ea +' b 

b @ a = ^ 4 a. 
If m m O^mnd b = 1, then 2a + b ^ 1 

/ V(hile 2b + a - 9 so we ean see 
that 2a + b and V 2b + a do not narne the earae number 
for all a ana\b^/^ The operatlin Is not Gommutative, 

(b) / a -o and b ^ a ^ 6^ . . , 

. * Since a + b ^ b + a, we can Bmd^ that 

a + b b + a 

--g— - and g name the same number for all 
a and b. The operation is commutative, 

(c) aob=(a-a)b and r 
b o a ^ ^(b - b)a ^ 

Since (a - a)b and (b - b)a name the same number (0) 
for all a and b, the operation Is commutative* 

(d) a o b - a + ^ and > 
b 0 a ^ b + 

If a s 6 and b.^ 3^ then a + |b ^ 7 while 

b + ^ = 5j so we can see that a + |b and b + ^ 

do not nMie the same number for every a and every b. 

The operation is not. commutative. 

(e) a o b ^ (a + l)(b + 1) and 
bo a = (b + l)(a + 1) 

Since (a + l)(b + 1) and (b + l)(a + 1) name the same 

number tor all a and b, the operation la oommutative , 

18* (a) (a©b)oc^ 2 (2a + b ) + 0 ^ 4a + 2b + c . 

y a © (b e c ) ^ 2a + 2b + c. 

If a^l,b^l,c^2, then 4a + 2b + c ^ 8 

while 2a + 2b + c ^ 6; b6 we can see that 
4a + 2b H= G and 2a + 2b + c do not -name the same 

number for all a, b, and The operation is not 
aasoQlatlve . 
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i . , . 

^ ga b + o " — 

a © (b o cj = - 4 , 

So if a ^ 1, b ^ 0, c ^ 2, then ^ ^ | - | 

vAillB '^"4^ ^ ^ 1 we can see that ' 

I ^ and "^4^ ^ do not name the sm^ number 

for all b^ and o. The operation le not assooia^ve, 

(e) (a©b)oc^O and 
a o (be o) ^ 0 

Since the sraie nimber (,0) is named for all a, b, and 
■0, the operation Is aisoolati^, 

(d) (aob)ec^ a + |b + ^ and 

ao(boo)^a + lb + ic 

- 2 
It is clear these always differ by ^ "Bo 

a + |b + |c and a + |b + |c do not name the same 

nisnber for all a, b, and c. The operation Is not 0 

associative * 

(e) (a o b) Q c ^ (ab + b + a + 2)(c + 1) and 

a e (b o c) - (a + l)(bc + c + b + 2). So if a ^ 0, 
b 1^ c - 1, the first expression is 6 while 
the second is 5. ThuB we can see that the expressions 
do not name the same nwiber far all a,b and c. The 
operation is notf associative, 
19 . Let X be the nijnber of days it v/ould take the two men 
together to paint the house. The first man can paint ^ 
of the house in one day. The second man can paint of the 
house in one day. Together the two men dan paint - of the 
house in one day* ^ 
The open sentence is 5" ^ x 

15 ° X 
1 



'The truth set is 
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two men save 3^ dayg'by Working togather Instead of. the 
first man working alone. 

' ^ 5 ■ 

or J days is the time saved each day the two men work 

together Instead of the slower man working alone. For 
ex^le, ift a Job would ta^e the two men working together 
3 days, the first man could do it in 8 days, savlr^ in 

time is ^ of 3 or 5 days, 

20» Let X be the nwnbtr of hours it would take the combination 
of pipes to fill the tank. One pipe can fill y of the 
tank in one how, The second ^can fill ^ of the tar^ in one 
hour. And the third can drain ^ of the tank in one hour. 
Working together the pipes can fill i of the tank in one 
hour* Utim open sentence is 



1^11 1 

(12 20 - 15)x ^ 60 

60 
17 



X ^ 



Uie truth sat la (|^} , ' 

Ihetank will be filled In |& hours if all pipes are left 
qpen. After ^ hours the tank will start to overflow. 
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Chapter 6 *| ^ 

THE REAL NUMBERS ^ 

In Ch^ters 1 to 5 the student has been discovering and 
applying prdpertles of operations on a set of numberB . This set 
eonalsts of zero and the numbers assigned -to the points to the 
right of zmw %hB nymber line. His work with familiA|:' num- 
bers gave him iieeurity with such conaepts as the associative, 
oommutative, apd distributive properties ^ open sentehceijj truth 

sets, etc . ^ \ 

With this faaakgi^ound, he is now ready to give namesj^to num- 
bers which, we asBlpi to points to the left of^zerd on th|,,number 
line. The total set of numbers corresponding to all polnis oK 
the line^ the set of real numbers. Is now his field of activity, ^ 

In Chapter 6%a attempt to familiarize the student With the 
total set of real numbers . This includes the order of real num- 
bers, comparison of real numbers, and the operation of determin- 
ing the opposite of a real number. The final section Is devoted 
to a definition an^ discussion of the absolute value of a real 
number, . 

In general a system of numbers is a set of numbers and tfee""^ 
operations on these numbers. Hence, we do not have the real num- 
ber system until we define the operations of addition and multi- 
plication for real numbers. This is done in Chapter 7 (addition) 
and Chapter 8 (multiplication). Our point of view is that the 
operations must be exttnded ^rom the non-negative real numbers to 
all real numbers. Thus the definitions of addition and multipli- 
cation must be formulated exclusively in terms of non-negative 
numbers and operations (Incltading taking opposites ) on them. It 
is essential, of course, that the fundamental properties of these 
operations be preserved In this so-called extension process. 

Order in the real numbers Is introduced in Chapter 6. In 
Chapter 9 we return to order, but with an Important shift in our 
point of view. Previously we have tended to use order as a con- 
venient way to discuss certain aspects of numbers. In this sense 

and ■'>" were simply fragments of language. In Chapter 9 
we treat as an order relation having specific mathematical 

properties in Its own right. 
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Chapter 10 dealB with subtraction and division. These 
operations are defined in terms of addition and multiplication. 
In this sense we retain the notion that the real number systeiTi is 
a stt-ucture which may be developed in terms of two basic opera- 
^^'^^ions . 

\ It should be mentioned that in this course we have chosen to 
approach the negative numbers in a manner different from some 
writers. Instead of presenting a new set of numbers (the real 
numbers) and then identirying a ^particular subaet of these (the 
-. non-negative) with the original set (the numbers of arithmetic), 
we have chosen the following approach. We extend the numbers of 
arithmetic to the set of real numbers by attachlnp; the negative 
numbyj^ to the familiar numbers of arithmetic. This has aeveral 
advantages: First, we do not need to distinguish between "signed" 
and "unsigned" numbers; do us the non-negative real numbers are 
the numbers of arithmetic. Second, it is not necessary for us to 
prove that the f amll la-«rpropert ! es hold for the non-negatives , 
for these properties are carried over intact along with the num^ 
bers of arithmetic. In this manner, we avoid the confusion of 
establLshlng an " Isomorphiam" between positive numbers and "un^ 
signed numbers". Notice that we have no need whatsoever for the 
ambiguous word "sign" , . . 

" 'tin general, vm have taken the point of view that a- ninth 
grade student really has some experience with negative numbers. 
He is quite ready to label the points to the left of 0 and, in 
so doing, make the extension to which "we referred. 

The treatment of absolute value in this chapter exemplifies 
what has been referred to as the "spiral technique" . The intro- 
duction to absolute value is followed in each sue reding chapter 
by more and more uses at dlflerent levels of abstraation. Thus 
the teacher need not give a full development of this topic in 
Chapter 6 since it will reappear regularly in later portlona of 
the book . 

^ The Real Number a . 

We introduce U^e negative numbers In much the same way that 
we labeled thr- polntn on the right Bide of the number line, which 
Gorrespond to the pos!tlvn real numbers. Our notation for negative 

loo 
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four, for example, is and we definitely intend^ that the 

dash "-" be written In a raised position. At thlVstage, we do 
not want the student to think that something has been done to the ^ 
number ^ to get the number 'i^, but rather that is a name 

of the number which la asBlgned to the point 4 units to the 
left of 0 on the number line. 

In Section 6-5, the student will' be able to think of 4 aa 
the number obtained from '4, by an operation called "opposlting" . 
The opposite of ^ will be symbolized as -4, the daah being 
written In a lowered position, and -U will turn out to be a 
more convenient name for . 

Since each number of arithmetlo has many names, so does each 
negative real number. For example, the number "7 has the names 

'(^). "(7 X 1), etc. 

In drawing the graph of real numbers, the student should be 
aware that the number line picture la only an approximation to the 
true number line. Consequently, any information which he deduces 
from his number line pioture is only as acourate aa his drawing. 

Once the negative numbers have been Introduced, we introduce 
Integers and the entire set of rational numbers. We Introduce 
irrational numbers only so that we can talkalout real numbers 
and the real number llpe, % 

We could call this set the "set of numbers", but some stu- 
dentB may learn about complex numbers later on. We do not want 
the teacher to discuss theae complex numbers now but the students 
should be aware that thers are numbers other than those we have 
called real . 

A oommon misunderstanding Is that some numbers on the line 
are real and others-are irrational. The student should be encour- 
aged to say, at least for the time being, that "-2" is a real 
number which la a ration^ number and' a negative integer; |- is 
a real number which is a rational number; -2 is a real number 
which la a negative Irrablonal number" . 

We want the student to be very much aware that there are 
infinitely many points on the number line which are not rational 
numbers. He will eventually learn how to name many of these, but 
he should not be concerned about: this at presGnt . In order that 
he does not jump 'to the conclusion that all theae new numbers are 

l6L 
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simply variants of s/2,Jj>, etc., we introduce an Intuitive 
method for determining 'Tt on the numLer line in Exercise 2 of 
Problem Set o^lc . 

The idea of i-^olling a circle along the number line to deter- 
mine ^ can, of course, oe used to ''looate" numbers aike ^ tt 
by considering the circle to have diameter ^/?. 

The number 'TY is qui te diffe rant In character from numbers 
like Jp, v^TTT^, etc . All these latter num- 

bers ire solutions to equations of the form 

a^^ + a X + a,^x^ + _ , 4- a x"^ ^ 0 
4 m 

in which ag, a^ , a^, a^ are Integers . For exam ple, the 

number ^ satisfies the equation 3 - x^ ^ 0, and ^7 ^ h Jj, 
is a solution of 

1 - ihx x^ - 0. 

However, rr satisfies xjo_ su.:n equation. It is an example of wha^t 
is called a transcendental number, with numbers like v^, 
etc., being called algebraic numbers. 

It might be pointed out to the student who is inquisitive 
about irrational numbers that these numbers differ in an inter^ 
esting way from rational numbers in their decimal representation. 
Any rational number can be represented by a repeating decimal. 
Some examples are: 

.^^000... (usually written .25) 

i - ,1^2857142857 . . : 

H - .292929 ... ' ' 

The deGimaJ._ rep^-^esentation of any irrational number, such as tr - 
etc,, is an infinite non-repeating decimal. 

Answers \o Oral Exercls ea 6-la ; page 198: 

iswers^-irfay vary for questions 1 = 4, Any five elements of the 
set are satisfactory . 

1 . [1,2, -3, 4,5,=..} 

2. ri, ^2, ^1, ^1, ^5, . . . } 
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{0, 1, 2, 5, ^1 1 

4, [1, 2, 3, ,^ . . ) 

5. The empty set is the set which 



LS no elements 



la; pages 198^199 ■ 



(a) 



(c) 
(d) 





- [0, 


1, 


2, 


3, ... 




p ^ 


^ [1. 


2, 


3, 


4, ... 




L - 


^ (0, 


1, 


2, 


3, 


3 


I ^ 


^ (..^ 






"1. 0, 


1, 2, 


N - 


^ (1, 


2, 


3, 


4, ... 


] 


ft - 


^ (0, 


1. 


0 


] 


ft 


^ ("1. 




2, 


^3, 


... 3 


! W 


and 


L 


are the 'same . 




and 


N 


are the Bame. 


# All 


are 


subsets of I 




0 • 


A nri 




are subset 


s of 


T ' 
J 


W, P 


and 


N are 


subse 


P 
1 • 


and 

^^1 — 


N 

i- 


ar 


B ^ibsets of 








0 


1 2 3 


4 6 












1 


^1 0 


1 2 

i 1 


3 
i 


4 


5 6 7 


8 


^1 0 


1 2 


3 










— =• — •= 


♦ 


— 


-9 — • • — 




^5 ^4 


3 ^2 




0 


1 2 3 


4 5 


. 1 1 


> i 


1 








^2 ^! 


0 1 


2 









( 



the empty set 



the empty set 



(a) 
(b) 
(c) 
(d) 
(e) 
(f ) 

(a) 



:j 
5 

o 

£_ 

0 
0 



is to the right of 



u 

"U 



If X Is the number of pigeons Bill had 3 years ago, 
then the number he has now Is 2x + 25 ^ 
2x + 25 - 77 
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(b) If X is the rate in miles per hour of the first 
train, then the rate in miles per hour of the second 
train is 2x + 10, 

* ' ^' 4x: + U(2x + 10) 3^0 

(c) Let w be the v/idth in inches. 

2w -H 2(62) ^ 19f 
or ^ 2w -h 124 ^ 196 



Anawerg 



1. 

5. 

6. 

7^ 
8. 



I ^ 

W m 

A ^ 

N - 

G ^ 

L ^ 

Y - 



Anawers 

(bj 
(c) 
(d) 



to Oral Exerelsea 6-lb ■ pagea 200-201 

['5, 'k, ~1, 0, 1, 9, 6] 
(0, 1, 2, 6-] 
(1. 2, 6] 
{"5, ^4, "a] 
{1, S, 6) 

1, |, 2. |, 6) 
(0, 1, 2, 6) 

to Problem S et 6 - 1 b page 201: 



■2 



-(f) 



2 1 3 



(f) 



J= 1 B -I- 



2 3 4 5 6 7 



(a) 
(b) 
(c) 
(d) 
(e) 

(f) 

(g) 



5 is to the right of h 

2 . ft 

Same point 



7 . 



(^) is to the right 

■(%) 



of 



Here we are building toward 
the ordering of numbers again, 
v/hioh we will develop further 
' in the next section of this 
chapter , 
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3. If w is the number of inchea In the width, then 'is the 
number of inches in the length, The perimeter Is 24 inches 
+ 4w + w + 4w ^ 24 



or 



lOw ^ 2^ 



ft ruth set (2.4} 



lanswer 



9^ inchesi 



Anavj^ers to Problem Set 6-1q j pages 20;^ 



ivj^rs to 
(a) 
(b) 



'2 is an integer, rational, real. 
^(^) is rational J i^eal . 



tf 



(c) " s/i is a real n^jnber. j 

(d) 0 Is whole, a real number , an integW^, a rational numbe] 

(a) False (e) True 

(b) true (f ) True 

(c) True (g) True 

(d) False (h) Falsa 

"tt. Tf is betv/een 3 and 4. is between 3 and 4, 



(a) Three 

(b) Seven 



is the number of years in sister's age, then 2^ 



(a) If 

is the number in brother *s age and Mary is 2 (2s) years 



old . 



or 



2 ( 2s J + 2s + 



15 
15/ 



truth set is ( 



answer is ^ sister 2^ years old 

brother 4^ years old^ 
\^ Mary si years old 

(b) If q represents the rate of travel of one boy, 
2q + 2(2q) ^ 90. 

(c) If X represents the firsts integer , 
X + (x + S) ^ 86, 



165 

i 7,) 



pages 20^)=jo6i G-r 

« 

Q-S . Order on the Real Numuer Line . 'X. 

We believe thai the Ktudent will expect the relation ^^Is 
greater than" i-or the real tumuers to have Lhe same meaning as it 
did for what we now call the non-ne^Htlve real numLers . 

Although greater than" who aerined to mean *^ls^to the 

right of" on the numcer line i'or the posittve numbers, it could 
clearly Le Lnterpreted a^^ ''is rarther trom zero than*'. It is 
then plauslDle that">" ror the real numoers might well have this 
latter meaning. On the other hand, the example of the thermo- 
meter does not agree with this interpretation, nor would such 
familiar things as the variation in the height of tides or eleva^ 
tions aoove and telow sea level. 

Th^re is also a good mathematical reason for rejecting this 
plausiblW interpretation. The mathematician is never really 
intereoted in a relation as nuch, but rather in the properties it 
enjoys. V/hatever meaning is attached to ''is greater than" we 
want to De able to ^ny , for example, that precisely one of the 
sentences "5 > and ""^5 > ' is true. This plausible inter- 

pretation does not permit tnls comparison, since neither "3 nor 
^3 is farther from ^ero than the oth^r, Hera we choose to retain 
the interpretation ">'' to mean "is to the right of' on the num- 
ber 1 Ine . 

The comparison p^opert^' her-e given is also called the 
tricnotomy property of Notice tnat it is a property of <; that 
is, give?\any two numners, they can be ordered so that one is 
leas than ftie other. V/hen the property Is stated using numerals, 
we must include the thii^d posr.lnllity that the numerals name the 
same number. Hence, the name , /'trichotomy" . 

Although "a < 0" and "d^'> a" involve different orders, 
these sentences say exact.iy the same thing about the numbers a 
and b. I71U3, we can state a trichotomy property of > as: 

i'^or any n'.imter a and^any number b, 
OKactly une of these \\ true- 
H ...^ 0 , a - , t > a . / 

If Inste-id r;f conaen^ :n I nt'^ attention on the order relation, 
we concentrate on the tv/o rrim: .-3, then either "a > b" or 
'"^ = ■ ---b. :fM- we fix the numbers a and 
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b knd then make a deoision as to which ordir relation applies. 
It is purely a matter of which v/e are interested in: the numbers" 
or the order. The comparison property is concerped with an order , 



Answers to Oral Exeroises 6-2a ; page 2o6: 

1. By ''is lesa than'' we shall mean "is to the left of" on" the 
number line . 

2. This, , means "is to the rig_ht of or equal to" on the 
number line . / 

3. 'This, , means "is to the left \f or equal to" on the num- 

ber line . ' 

Answers to Problem Set 6-2a i pages 206-207* 

1. (a) False (f) False 

(b) True j (g) True 

(c) True (h) False 
False (i) True 



(e) True ( j ) True 



(a) i i > 6 . 



3 4 , ^5 ^4 ^3 Q I E 



' ' ' ' ^ ' r ( r ) ' 6 ' ' ' ^ ' 
^1 0 I E 3 -3 ^2 ^1 0 I E 3 4 



3. (a) 1 = ^ (e) ^(|) <| 

(b) f > I (f) ^(f) > 

(c) ^>^. (s) rl) < 

4, (a) 6 degrees Do these on the nuinber line as preparation 
(b) to ^5 degrees for the addition of real nunibers that is 
fc) 50 degrees developed in the next chapter. 
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(a) n > ^18 

(b) a > b 

(c) n m X + S 

(d) n ^ 7 < n + ^ 



(e) n + 5 < n + 8 

(f) n - 5 ^ 2n = 4 

(s) 3n ^ 8 or - i+ > 9 

(h) n ^ - 6 



Answere to Problem Set 6-^2 b ; pages 208-209: 

1. (a) > (f) > 
^ (b) > (g) < 

(c) > (h) > 

(d) - (i)^ > 

(e) < (J) < 

2. ^ (a) 5 < 6 (d) (1.4)^ < 
' (b) ^3 < 0 (e) 3 < tr 

^(c) -(|) < ^(|) 

3. (a) ^5 > "7 (d) ^ > .3 

(b) 0 > -8 (e) ^ > 2 

(c) 8 > 0 

4. (a) If the original price was p dollarSj then the discount 

was ^ p and the sale price was p ^ -j p* 

1 - 2 

So p ^ p - v^33 or ^ p = 33, (Answer: the 

original price 
was $49,50) 

(b) If X represents the brother's aga^ 
2x - 4 ^ 12. (x m 8) 

(c) If d represents the height of the box, 
8 • 12 ^ d - 864^ (d ^ 9) 

6-3. Opposites . 

Your students have observed by now that, except for zero, the 
real numbers occur in pairs, the two numbers of each pair being 
equidistant from zero on the real number line. Each number in 
such a pair is called the opposite of the other, \To complete the 
picture, zero Is defined to be its own opposite, 
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On locaMnp; the opposite oV a given number on the number 
line, you may want to 'urje a compass to emphasize that iha number 
and its opposite are equidls^ -nt trom ^ero. 

It is clearly much too tedious to have to write "the oppo- 
site of 2'V "the opposite OP ^ C^)'\ etc, 3y having the students 
write down a few such phraMs , v/e ho^e to suggest to them that a 
shorthand is needed. The lower dash " - " which we use is per- 
haps the most suggestive devise to indicate the opposite of a 
given number and v/e are v e r y q u i c k t o o b serve that, f o r exam pi e 
'2 and are two different names tor the same number. 

Having observed that each negative number is also the 
opposite of a p o s 1 1 i v e n u m b e r it is a p p a r e n t t h a t w e h a v e no 
need for two symbolisms to denote the negative numbers. Since 
the lower dash '' - " is applicable to numerals for al 1 real num = 
bars whtJe the upper dasn " ' has ni^-rnl f tcance only v/hen attached 
to numerals for' r.osi'. Lv^^ numbers, we natupHlly retain tme lower 
dasn, There are oih^-r lesn iMfjortant reasons i^or dropping the 
upper dash In f^avor of the lower- it- is easier to write, say, 

than more car- must ..is^d in denoting negative frac- 

tions wi;:h \he' upper dash than wi4;h ^he lower' (i'or example, — 
.iould ce misread as ^) \ the lower iash is universally uaed, 
etc. \V-n^:--Vd^:ri , \:>en, negative rr.imters like {^) , 2, 



etc. wiJl ::e writ-en as - -u, etc, 

Tne studen'; must learn to designate the opposite of a given 
numuer uy means ot the iefinit-lon. The student shouj/^ not be 
permpu.e i no uay, "T*o find-^:ne opposine of a numuer, ^ange its 
sif^n'V This Is very Imprecise [In !^act, v;e nave never Attached 
a "sign** to the p ultive numoers ) and will lead to a purely 
man Ipi^ 1 at 1 ve? alfre: ra whlcn we want to avoid at all costs. . 

The studerjt is wel l aware that uh ; lower dash " - " is read 
"minus^' in the case oV subtraction. We ru^ei'er to retain the v/ord 
"minus'' for the uperation of subrracLion and not use it: as an 
alternate word Vnt- "f^pp^julte cv" . Thus the dash attached to a 
variable, such as " ' will ue rear] "opposite of, 

The opposite of tne opposito of the opposite of a number is 
the opposite of that number. What is tne opposite of the opposite 
of a negative number*^ The (negative) numr^er, of coursed 
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If X In a positive number, then =x is a negative number. 
The opposite of any np-^'itive number x is a positive number -x , 
And -0 - 0. Thus, student should not Jump to the oonGlusion 

that whan n Is a real number, then -n is a negative number; 
this is true only when n is a positive number. Note the empha- 
sis here on the use of " - " as "the opposite'' . Because of com- 
plications that will arine in later work regarding "-a" which the 
students Insist on calling a "negative number a", it is worth- 
while to reemphasize the meaning of the upper dash (read "nega- 
tive" ) as meaning "to the left of zero" or "less than O" , while 
the middle dash (read "opposite of") means "on the opposite side 
of zero" . 

There are no oral exercises for 6=-3a since the problem set 
given might Just as well be done all or in part orally. 

Answers to Problem Set 6-3 a ; page 211: 

1. '(a) '^55, negative^^55 (b) 2| 

(b) 55 (1) ^2-|, negative 2^ 

(c) ^33.5, negative 33.5 (j) ^1,000,000,000, negative 1 

.billion 

(d) 0 (k) 1,000,000,000 

(e) 100 (l) ^8, negative 8 

(f) I (m) ^9. negative 9 
(S) 1§). negative! (^) ^^^^ negative l6 

\ 

2. The only tr%ie statement is "The opposite of ra positive number 
is a ne number . 

3* The only true statement is "The opposite of a Negative number 
is a positive niamber". 

The oppoBlte of zero is zero* 

5. "Negative 9" and "the opposite of 9" are names for the sajne 

number. The first says "9 unit^j to the left of 0", the second 
says '"the number which corresponds to the point which is the 
sajne distance from 0 as 9 is, but on the opposite side of O" » 
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Answers to Oral Exeralaea S-jb ; page 213: 
1. (a) 20 (d) 5 

(b) "20 (e) 210 

(c) ^{^y (f) ^37.5 



Answers to^ Problem Set i page 213: 



1. 


(a) 


40 




(c) "8 


(e) 0 




(b) 




r) 




(d) 8 




2, 


If 


y 


is . 


a positive 


number, then -y 1b i 


I negative number. 


3. 


If 


y 


is i 


a negative 


number J then -y is £ 


1 positive number. 


4. 


If 


y 


IB 


0, then 


=y Is 0. 




5. 


If 


-y 


is 


poeltlve , 


then y In negative. 




6. 


If 


-y 


is 


negative ^ 


then y Is positive. 




7. 


If 


-y 


is 


0, then 


y is 0. 





If X is the number of feet in 
the width of the walk, then the 
length is 30 + 2x, the width is ' 
20 + X. The perimetfr is the sum 
of the sides, 

(20 + x) + (20 + x) + (30 + 2x) + 

- (30 + 2x) - 150 
or 100 + 6x - 150 

feet is width of walk.) 

page 2l6; 
2.97 > -2.97 
12 > ^2 
762 > 358 

1 > -1 
370 > 121 
= .12 > - .24 

(gj 0 - "0 . Zero is the only number with the property 

that it is equal to its opposite . 
(h ) - .01 > - ,1 .1 > .01 
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20 + X 



r 

20 

X 



30 ^2X 
X 



30 



( 1. ii set Answer; 'd^ 



Anawera to Oral ExerQlsea 6- Jo 



1. (a) 2.97 > -2.97 



(b) 
(c) 
(d) 
(e) 
(f) 



2 > -12 
-358 > -762 

1 > -1 
-121 > -370 



,24 



12 



pages 3l6-?17'; 6-;i 



(1) ,, > .01 -.01 > - .1 



p 


This 


means 


that 


X 


> 3 


or 




3 , 


Ans 


wers 


t.o Problem 


Set 


6-50 




pages 


217-218 


1 . 


(a) 


-1 < : 


J. 




3 < 1 










(b) 


■ifi- 


t' 




-(|) 


< 








(c) 
(d) 




_ 2 
" 7' 

vf, 




-(f) 


< 


-<-^) 






(e) 




T' 




(^) 


< - 


tt 






(V) 




2) < 




20 -+ 


3), 




(1(20 + 




(g) 


-i. 


M < 




8 + 5 


0> 




(2(8 + 5 



)) ■ < -(Mf.2)) 

< - '(5 + ^) 



(h) the same number 



2. (a) -(^7.2) ' (f) .01 

(b) :.i (g) 2 or -(-2) 

(c) U^b) (h) ^ or (1 - |)"' 

(d) /-(V2) ■ . 1 2 ' 15 

(e) -' 17 or) 1 = (i) or -m 

(0 I- i or I 

Here we are building toward the meaning of "absolute ^value 

of a number'' and that the greater of a number and its opposite i& 
always the positive value , 

3. (a) X < 1, ^1 < -X (e) X > 1, "1 > -^x 

(b) X > ~2, -r2) > -X (f ) X < ^2, -(^2) < -X 

(c) X > 0, 0 > -X (g) X > 2 and X < 2, 
d) X < 0, 0 < -X 2 > =x and > =2 

^ ^ ^10 12 3 4 
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pages 217-219' 6-3 and 6-^ 



(b) — o ' 1 < r " r 



i 1— I H-h — 

"4 % ^\ 0 I 2 



The set 


of 


all 


numbers except 3 


The set 


of 


all 


numbers except 3 


The set 


of 


all 


numbers legs than 0 


The set 


of 


all 


numbers greater than 0. 


The set 


of 


all 


numbers equal to or less than 0 


The set 


of 


all 


numbers equal to or gi^eater than 0 


Tf John 


scolded 


n^^.. .^-points, then n > 



A 1 



(d) II I I I O 

"10 I 2 3 



5. (a) 
(b) 
(c) 
(d) 

*(e) 
*(f) 

6. (a). ...... 

(Id) If he has n dc(llars then n <0 anu 
(c) If bhe original 'bill wi^^ d dollars, the 

■ \- 

6-4, Absolute Value , \ 

The concept of the absolute value of e number is one of the 
most useful lc3easi^'ln m.athematlcs , We will find an Immediate 
application of absolute value when we define addition and multi- 
plication of real numbers in Chapters 7 and S,* In Chapter 10 it 
-d a u sed to define distance between points; in Chapter 12 we define 
^/x^ as l^h Chapter 15 it will provide a good example of an 
equation with extranequs solutions. Through Chapters l6 to l8 
absolute -values are involved in open sentences in two variable|'^ 
and in Chapter 19 it gives us interesting exaiTiples of functions. 
In later mathematics courses^ In particular, in the calculus and 
in approximation theory ^ the idea of absolute value Is indispens- 
able. 



^73 / --^ 



pages 219-2221 5-4 



The uBual definition of the absolute valAie of the real number 
n Is that it la the nuihber |n| for which 

I I T n, n > 0 

* ^ r n < 

Quite likely It is this forin of the definition that Is the origin 
of the difficulty which the students sometimes have when they first 
encounter absolute value. We have tried to clrcuinvent this diffi- 
culty by defining the absolute value of a number in such a way that 
It can be pictured on the real number llnei The absblute value of 
6 Is 0 and of 'any othey real number Is the greater of that 
num^li' and its opposite , fills' implies that the absolute value of 
a number Is Q or a positive number, 

1^ observing that this "greater" of a nuinber amd Its opposite 
li Just^^ the distance betwain the number and 0 on the real number 
line, we are able to Interpret the absolute; yalue '^geometrically", 

Avoid at all costs allowing the student to think of absolute 
value as the number obtained by "dropping the sign"* Such a habit 
leads to endless trouble when variables are involved, ' 

It is quite apparent that the greater of a positive number 
and Its opposite is Just the number itself, ,Purthermorej |0| 
is defined' outright to be 0, These two statements can be 
expressed symbolically as i 

If X > 0* then |x| ^ x'. 

For negative nun^ers, the number line picture should convince 
the students that the greater- of , for example, ^5, f-i^) » -3,1, and 
-467 and their opposites 5# 9# 3^1, and 467 are, respectively, 

- 1 ' - ' S ■ 

5, -J, *3,1, and 467, Thls^^^ame picture cannot help but tell them 
that the greater of any negative number and Its opposite is the 
opposite of the (negative) number, ' Symbolically if x < 0, then 

We have therefore arrived at the usual dfeflnltlon of absolute 
value. 

For all real numbera x," . , 

\ , / X, X > 0, 

1 X < 0, 



pages 2ao-2S3s 6-4 



MLpawera to Oral Bcerolsea 6 -4 a ; page 220! 

(d) |14 X 0| = 0 * 



3, 
4. 

5. 
6. 

7. 
8. 



U) 1-71 - 7 
(b) -l-(-3)j - 3 
(e) 1(6 - 4)1 , 2 

If" X la 3, • |x| ^ 3. 
If X is -S, |x| ^2. 

A non-negative number 

A positive number 

Yes 

|x| 

No 

When X * 0 ' 



(e) I -(14 + 0)1 = 14 

(f) |-(-(-3))l - 3 



Answars 


to Oral Eterclses 6-4bj 


pages 281' 


-113: 






1. 
















2, 


U) 


Pal a a 


(d) True 


(i) 


True 






(b) 


True 


(e) True 


(h) 


True 






(c) 


False 


(f) True 








3. 


(a) 


5 


(g) 


10 




(m) 


2 




(b) 


& 


(h) 


-3 




(n) ■ 


-1 




(0) 


-5 


(1) 


1 




(o) 


10 




(d) 


-5 


(J) 


5 




(p) - 


10 




(e) 


5 


(k) 


-1 




(q) - 


10 




(f) 


4 


(1) 


-5 • 








Aniwers 


to Problem Set 


6-4- page 223^ 








1 . 


(a) 


{-1. 1) 




(o) (=3, 


3) 








(b) 


. (-3. ?) 




(d) (=5, 


3) 






2 . 


(a) 






(b) 












-1 ' ' ' 


-^b — 1— 














-3 -1 H 0. 1 


2 3 


-3 -; 






1 
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page 223: 6-4 




(d) 



1 1 b — L. 


1 1 




-3 -2 -1 


0 1 





The similarities of^these two pairs of graphs are worth 
pointing out since they provide a clue for a procedure for solvin 
aquations and inequalities with absolute value of the variable. 
That is I to write ad two sentences with conjunction apd/or as Is 
appropriate . 



3^ 



' ' ' » » t 



etc 

-5 belongs to tAe Bet, 0 does not, -10 does* ^ does 



(a) |. |, " 



T 



(infinitely many possible answers) 



(b) -1, --5 (infinitely many possible answers) 

(g) (infinitely many possible answ^s ) 

(d) There are none* (e * g., the set of numbers in P but 
not In R is the empty set , 

5* The truth set of |x| ^0 Is (O). ^ 
The truth set of |x| = -1 is the empty get* 

*6 . If Pe||J^s X years old, then Sam Is x + 3 years old and 

Bob is 2x years old . 



or 
or 
or 



^1 



The father being more than twice the sum of their ages gi^as 

the sentence: 

^5 > 2(x + (x + 3) + 2x) (This is the expected^ 

response . ) 

4s > 2(4x + ^)) A ^ A ^ )j\ 

^ / Answers: Pete is less than ^ \ 

^5 > 8x + 6 / years old. 

8x < 39 Sam Is less than 

years old . 

Bob is less ^han 9^ / 
\ years old , ^ / 

It might be worth pointing oi/t that we started with the smallest 
number in describing a variable and show the students what It 
would look like if we started with Bob's age. 

If X - number years of Bob's age, than g is the number orf 
years of Pet^^J-flr^ge and Sam is + 3 ) years old, so the sentence 



pagts 223-2261 6^4 



^5 > 2(§ + (ft + 3) + x). (Ttitm could be an axptottd 

response , ) 

45 > 4x 6 
4x < 39 

X < ^» but this is not the same x as before. 



Answers to Review Prebltm Set ; pages 225-227"* 
1« (a) ^ V is a subset of I . 



(b) N is a subset of W. 

(g) N is a subrtt Of R, 

(j) R is a subset of R*< 

(e) % is a subset of R* 



(f ) P and Q are not related as 
subseta--they hav% no ele* 
ments in common, 

(g) J is a subset of R** 

1 and J have no elements 
in Gommon. 

(1) W is a subset of R* . 

(j) Neitherj F does not contain 
zero whloh is in 



2% a > b means "a is g^aater than b" or "a is to the right of b" 



3. 4a) 
(b) 
(c) 

(d) 
(e) 



< 
< 
> 
> 
> 



IT, -JT, etc. 

•/16 is not Irrational 

is not Irrational 

V^5^ is irrational 



\ 



(a) 



-I 



' ■ 



(f) 

(s) 
(h) 
(1) 
(J) 



< 
< 
> 
> 



/ 



(b) 



(e) 



I I 



-S -4 -3 -Z -I 



-S -3 - 



J U 

2 -I 



J L 



177 



(•) 4 'Z — 0 — I — a — ^ 



(f) —I — I- — I — k — I — I 

' -3 -1-1 -6 i i T 



a - b or a < b dr a > b. The comparlion property of order 
-X > -3 



(4) 



(b) — I 1 J 4 1- 



(a) — j 1 "H^e empty set 

(d) i k i i L_ 



(e) — 6 11 III 




(a) X > »1 and x < 2 (c) |xj < 1 . 

(b) X > ^1 • , (d) |x| > 1 

(a) Th#^ set of all integers from -1 to ^ inclusive* 

(b) The set consisting of i and all numbers equal to or 
greater than 2 and all numbers less than -2* 

If the number is t^en the sentence is 

X -f (x + ^^^^ 7.3. (Answers the number '^is 1.4) 

If the number is x> then the sentence Is 

X + 7.6x ^^Q^ (Answer: the number is S^yJ 

If the number Is n, then the sentence is 

n(n + 3|). ^ 84. (Answeri the number is -^^^SM,) 
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mge 227 



If n Is, the number of pages In the smaller volume, then the 

larger volume has (n + 310) pages and the sentence is 

^ + 310) > 1000, (Answers One book has more than 
' , 3^5 pages and the other has more 

than 655 pages . ) 

15. Iff the second plane was flying at an average speed of x miles 
par hour, and ^ ^ is the number of hours flown by the 

first plane, then the second plane flew 3 hours and the 
sentence is i 

3x ^ 800* (Answers ^^P^^ is the average 

» speed.) 



Suggested Test Items 

Dete™ine which of the following sentences are true: 
i 




(a) h7| - 7^ (d) 1-51 + 1-7| - 12 

(c) |2| > hSj 



(b) - 1^ ll ^ M H^2j ^ 2 



2* Rearrange the follov^is numbers In order from the least to 
the greatest 1 

3. In each of the fQllowlng write one of the symbols >, or 
^ in the place Indicated so that a triie sentence results, 

(a) 2__H=3| (d) 

(b) =4 = 7 (e) |8 + 5| |8| + j5| 

(0) =1-31 -3 ' 

4. If a < b, where a and b are real numbers > write a true 
sentence expresBing the or%er of -a and -b, 

5. If a < is it possible^to tell whether -a < b, =a ^ b, or 
-a > b? Give illustrations to support your answer, 

6. Write an open sentence whose truth set Is 

(a) i > I I I > ' ° 

-3-2-1 0 I 2.3 4 . 



i 



(b) ^M^M ^- I I t 1 t — ■ i 

-2 -I 0 I E 1 4 

7. If b li a negative number. Indicate which of the following 
numbers are positive and which are negative. 

(a) -b (d) -|-b| 

(b) |b| («) -(-b) 

(c) |=b| ■ (f) =hhb|| 

8. Draw the graph of the truth set of each of the following open 

sentences. 

(a) |x| = 3 (d) |x| < 0 t 

(b) |x| -1 = 5 (e) < 0 ' 
. (c) |x| = 0 

9. Deacrlbfe the truth set of each of the open sentenots. 

(a) |x| > X (c) jxj - X 

(b) |x! < X ' (d) .\^| m .X / 

10, Describe the variable and translate into an open sentenoei 

Peter lives one mile closer to school than Ralph, Peter 
is more than 3^ miles from school. What distance la the 
school from Ralph's home? 

11. Conalder the set of real numbers 

13 



Which elements of this set are 

(a) integers? 

(b) rational numbers but not Integers? # « 

(c) negative rational numbers? 

(d) irrational numbers? ^ 

(e) non-negative real numbers? 

(f) rational numbers that are greater than -4 and less 
than 2? 



i8g 

IS 



■t 



' Anawara to guggeittd TBBt Items ^ 

(a) True' (d) True 

(b) False (e) False 
{q) True 



(a) 2 > .(-3| (a) 1^ > ^ 1| 

(b) ^4 > ^7 (e) |8 + 51 - |8| + |5| 
(a) H-3| - ^3 

-b < -a 

It is Impossible to say whether^ -a Kb, -a = b, or -a 
TOie answer depends on the absQlute valuee of a and b. 
The graphs below Illustrate some possibilities, 

J I I I • i t 1 ^ I -a < b 

-g " 0 0 b 



H — t I -f- t- i — • — -a > b 



a 



• — t r r j t • I I — -a ^ b 

□ Ob 



Numarieal exercises such gs the following cin be used. 





< 5 and 


=(-2) < 5 








-7 < 5 and 


-(-7) > 5 






(a) 


X > -2 and 


X < 3 






(b) 


X < or 


3t > 4 


• 




(a) 


positive 




(d) 


negative 


(b) 


positive 




(e) 


negative 


(o) 


positive 




(f) 


negative 



(a) t i I 

- -3-2 -I 



(b) ♦ I — t— + — + — 1 I I I I I I 

-6 0 



181 



H h 



the empty set 
all pol|ita exoept 



(a) the set of* negative real numbers 

(b) ^ 

(e) the set of non-negative real numbers 
(d) the set of negative reala and zero ^ >■ 

Note: |0| - -0 

If Ralph lives X miles from school , then x > 4^. 

(a) -4, 0, 182 , 

(b) 3|.- ^, lAZ t 

(c) -4, - 

(d) IT, 

(e) 3|, TT, 0, 1.42, l82-, ^ 

(f) 0, - 1.42- 



13 
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Chapter 7 

ADDITION OP mkh MUMBERS ^ 

In this chapter we take up the^fftudy of addition. Our 
probltm is essentially that of defining this operation on the 
larger set whieh Includes the negatives , Thou^ most students 
oan achieve satisfactory competenae in actual computations with 
these numbers through various intuitive devices, a fonflal defi= 
nitlon is a neotssary mathematical tool for the establishment of 
properties and a genuine understanding of the nature and struc- 
ture of the real numbers , 

We first consider some examples using gains and losses to ' 
suggest how addition Involving negative numbers ml^t be defined. 
The number line Is also used to picture this , Plnailyj as an 
outgrowth of these experiments ^ a formal and precise definition 
is formulated. 

The properties of addition are then presented^ with stress 
on the fact that our definition of addition of real numbers 
permits the familiar properties of addition of the numbers of 
arithmetic to hold. 

Very early in the chapter the student should learn how to 
find sums involving negative numbers . This is easy and Is 
suggested completely by the profit and loss examples^ and by the 
number line . However, our immediate objective is more ambitious 
that Just /teaching the arithmetic of negative numbers , We want'' 
to bring 0ut\the important fact that what is really involved here 
Is an extension of the operation of addition from the numbers of 
arithmetic (where the operation is familiar) to all real numbers 
In such a way that the basic properties of addition are preserved, 
This means that we must define addition in terms of only the non* 
'negative numbers and the familiar operations on them. The result 
In the language of algebra is a formula for a + b involving 
the familiy operations of addition, subtractlonj and taking 
ppposites applied to the non-negative numbers, |a | and jb j . 
The complete formula appears formidable because of the variety 
of cases . However the idea is simple and is nothing more than a 
gen^^al description of exactly what we always do in obtaining 
sums which involve one or more negative numbers » 



pages 229-232 s 7-1 



The main problem li to lead up to the general definition of 
a + b In a plaualble way. We have ehoaen to make full u€e of 
the number line and eBpeclally to make use of absolute value. 



7-1 . Using the Real Numbers In Addition . 

The profit and Iobb approaoh to addition of positive and 
negative numbers saeaiB to be a natural one . The only thing whloh 
may aeem new to the student la the representation In terms of 
positive and negative numbers . 



Answera to Ora] 



tercl 



ges 250-251 



(a) 

(b) 
(c) 
(d) 
(e) 

(a) 
(b) 
(0) 
(d) 



5 + (-5) - 2/ 

50 + ^-1+0) I (>25| - =15 
S + (-5) - - 

(-6) + (-3) I {^) + (5) - 0 
(-6) 

9 
-7 
-5 

5 




Anawers to Problejrt Set 7-1 i pages 251-252; 



(a) 




' (k) 


-10.8 


(b) 




(1) 


-5 


(0) 




(m) 


(-1) 


(d) 




(n) 


1 


(e) 




(0) 


(-2) 


(f ) 


■A -5) 

(-5) 


(p) 


1 


(g) 


(q) 


1 


(h) 


(=9) 


(r) 


-2 


(1) 


7 


(8) 


1 


(J) 


2 






(a) 


a - 5 


(e) 


0-6 


(b) 


a - 7 


if), 


in - -5 


(0) 


a - -7 


(e) 


n ■ 


(d) 


b - -3 


(h) 


n 0 



(i) 

(3) 
(k) 

(1) 



-6 
1 
1 

-1 



184 



pages Sja-ajMi 7-1 and 7-2 A 

(1) m m^i (1) ^ ^ -Sf 

(J) a - 6 



(m) b « 



-7*2 . kddifci^ and thm Number Lint , 

Raeall that^* the main purpose of addition on the number line 
Is to lead up to the deflnlt^n of addition given on pages 23§^2^0, 
By this time the students are familiar with the number line, and 
It la hoped that llluatratln& addition on It will seem natural* 
Note also ^^at the oonoepti of absolute value, Introduoed In the 
last ahapter, is used extensively; It Is central to the defini- 
tion of addition developed here. 

C^Nj(lthou^ some of the exerQlses In this ohaptir, whleh are 
designed to strengthen understanding, will call for sptolflo 
application of the formal daflnitlon, the students will not be 
expected to use this on all locoaslons as a rule by which to add 
real numbers . The point of view here is that the student now has 
a description of the process he has already learned how to do. 
In general a student should be encpuraged to apply any Intuitive 

process Jor addition of real numbers which he finds reliable. 

f 

) . 

Answers to Oral Exercises T^a i pag^ 23^-235* 
1. -5^ P / 

1^ 0 

5. -1^ 0 

6. (a) Start at zero. Move 5 units to the left, then 2 

units to the ^i^t . The sum la -3 - 

, ^ (b) Start at gero. Move 5 units to the left, then 2^ 
\ more units to the left. The sum is -7* 

{q} Start at zero. Move 5 units to the right, then 2 
more units to the right. The sum is 7* 
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pages 23^-235^ 7-2 

(d) Start at zero. Mov^ 5 units to the rifjit, then' 2 
units to th4 left. The sum is J. 

(e) Start at zero. Move 6 units to the left, then 7 
.more units to the left. The sum Is -IJ . 

r^^if) start at zero. Move 11 units to the left, then 15 
units to the rl^t . The sum is 4, 

(g) Start at zero. Move 4 units to the right, then 12 
more units to the right. The sum is 16. 

(h) Start at zero. Move 6 units to the right, 'then 7 
units to the left. 'The sum ie ^1, 

(i) start at zero. Move 6 units to the right, then. 6 
units to the left. The sum is 0. 

(j) Start at zero. Move 7 units to the left, then no 
units either way. The sum is -7. 

(k) Start at zero. Move 4 units to' the right, then 6 
units to the left. The sum is .^2. Then move 8 
more units to the left. The sum is ^10. 

(1) Start at zero. Move 5 units to the left, then 2 
more units to the left. The sum is -7. Then move 
7 more units to the left. The sum is -14, 

(m) StArt at zero. Move 4 units to the left, then 8 
units to the right. The sum is 4): Then move 4 
units to the left. The sum is 0. 

(n) Start at zero. Move no unit in either direction, then 
move 2 units to the left . The sum is -2. Then 
move 2 units to the right . The sum is 0. 

(o) Start at zero. Move 7 units to the right, then 2 

units to the left. The sum is 5. Then move 3 units 
to the right. The sum is 8. 

Answers to Problem Set 7-2a ; pages 235-256^ 

1- (a) 7 (d) ^7 (g) -4 

(b) 3 (e) -3 (h) 6 

(c) 3 (f) -10 (1) ^2 



186 

J n i 



6. 



255 


















(d) 6 










(b) 


3 


. (e) 0 






(h) 


0 


(cj) 




(f) -2 










1 

(a) 


Pal it 


(d) True 


(g) 


False 


( J ) True 


(b) ' 


' False 


(e) False 


(h) 


True 


(k) "False 


(c) 


True 


(f) True 


(i) 


True 


(1) Falie 


(a) 


U 




(f) 








(b) 


-1 




(g) 


8 






(e) 


8 




(h) 


-6 






(a) 








^ -8 




* 


(e) 






(J) 


-14 






(a) 


True 


(c) True 




(t) 


False 


(g) False 


(b) 


False 


(d ) True 




(f) 


True 


(h) True 


(a) 




f 1 ) 


the 


set 


of numbers greater 




than 


k 






f Vv ^ 


















(k) 


the 


set 


of numbers greater 




than 


0 


{the positive numbers 


(d) 














(e) 


(10) 


' (1) 


the 


set 


of numbers less than 




(-2) 








(f) 


(8) 










(g) 


[-7) 


(m) ' 


the 


set 


of real 


numbers 


(h) 


(6) 












(1) 


(-5) 


(n) 











Answers to Problem Set 7-gb _; page 241; 

'l. (7) + (-5) - \r\ ^ Wi\ .3 + (=7) - -(|-7| - |3|) 



- 7 - 5 



-(7 - 5) 



2. (=7) + (-.}) - -(1-71 + |-5|) 5. 7 + (-7) = 0 

= .(7 + 3) ■ . since j7| = |-7| 

. = -10 

J. (-^7) + 0 = ^(1-71 + |0| ) 6. (-5) + 7 - |7| = |-3| 
= ^(7'+ 0) =7-3 




l''\i-3) + - r(|-5 1+1-70 \ 

;* .; " , - -C3 + 7) 

." '.• . - -10 

a. 'o + (-7) - -( |6i +. 1-71).; • 

• - -('0 + 7) ,* 
• \= -7 ; • 

9. ; (-5) +3 = 0^" 
slnefe 1-3 I -Hsl ' 



10. 
11. 
13. 
13. 
1*^. 



True 

False 

True,,. 

True 

False 



15, 
16, 
17. 
18, 
19. 



/ 

True 

False 

True 

Pplse 

False 



7-3 * AddltlQn Property of Z^ro j Addition Property o£ OppOBlteg 

Note that the addition property of zero and the addition 
^property ofopposltes are obtalned^directly from the definition 
of addition. Note also that 'the addition ^property oppealtes 
eays tliat the sum of a and (-a) is myo. It does not say 
that ^If the Tsum of a and another nupber Is ^roj the other 
number is (-a). This fact Is proved later, - 



Answers to Oral Exercises 7- 



1 . 

2 . 

6. 

7;. 



True 
False 
True , 
Tru# - 
X False 
True 
True 



page 242: 
8, False 



9 
10, 
11 . 
12 . 

1? . 
14. 



,True 
Palse^ 
Palse 
False 
True 
" True 



Answers to Problem Set 7^3 
14 

2, 0 

3. 0 



pages 242-2431 



4^ 
5, 
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1 



-8 
-9, 



-psgtB 2H3^4*s 7-3 and 7-4 

T. 0^ ^ ^ ^ 

• 8. 'Any number' ^eatpr than 3 

a. Any number less than (-5) 

10. Any number greater than 6 

4l , Any ^number ' less than ( ^ ) 



7-4. Pr0perties Addition- 



The definition, of the addition of yeal numBers has teen ^ade 
In termd^ of the non-negative jiumb^rs, and the familiar ©teratlpnii 
uport t^em, ^We have seen that It. agree r with our Intuljlva . / ^ 
raellng..for the operation of addition of real numbersyfce shoi^ . 
iri v^orklng with gains or losses'^nd, with the numba_r line. It Is 
further required thai addition of real ntjrribers haye the iame 
basiq propjirtles that we observed for addition! of numbers of 
arlthmetlG . It would be awkward, for instance, to ^ave*add^3.tlon ^ 
of'^numbers of arithmetic eommutatlve and addition hr real numbers 
not eofnmutative . * ^ ^ / . • , 

Notice th^t^ while m did not call them suca for the students 
the eommutatlve and associative properties were J for all intents 
and purposes/* re^^rded as axioms- for the numbenfe of arithmetic, 
and the o^j^eratlon of additldn was regarded^essintiaily as an/ 
undefined operation . For the ^ real nuihbers, hfewever, we have made 
a definition oi^ addition in terms of ' earlier/concepts , If our 
definition has been properly chosen, we sho^d fihd that the , 
properties can be^ proved as theorems, Whi^ most studentj will 
hot fully appreoiate all this, the teacheiy should have it In 
mind as background, / ' 

We, have tried to give the students d feeling for the prov- , 
ability ^ ttiese properties, but very fmt of them will be ready 
wto follow through t^e 'details ( Howevenr, for the ^ ocdaslonal 

student who Is able and interested, we/have left the way open fpr ' 
Kim to satisfy himself fu^ly thmt the /properties hold in all ^ 
cases , not Just In some particular cases he might try-. 

Answers to Oral Exerclsls 7-^.; pages 244-245i 



1 . Yes 

2, Commutative. 



189 



3. (a) ^ ^."^r- * : ' 

^ <e) Yes 
""'"^d) .Associative* , 

Two real numbers may be^ added in either order. Itie sum^wlll 
be the same In both cases. The commutative property may ^ 
also be more briefly statedi For any real numbers a and 
b,a+b^b+a, ' ^ ^ 

5.' ^r any real riumbers a., b, and q, (a + b)+G=a+(ti, + e 
A precise word statement^ of this property .baeomes , quite 
Involved , , . ' 



fa) 


tommutatlve 




(f ) 


Associative 






(b) 


^ AsBoeiattve 




(s) 


Commutative 






(o) 


Associative 




(h) 


Commutative 


and 


assoclatlvt 


(d) 


Commut^atlve 




(1) 


Commutative 


and 


aasoalatlvi 


(e) 


Commutative and 
associative 


9 


(J) 


Commutative 


and 


assoclatlvi 



AnaHers to Problem Set ' pages 545»246: 

(a) (^3) + 7 + 5 + 5 + (^53 - ^-SfN^ ^ + (s + (-5^) + 7 

(b) 14 + 6 + (-7) + 4 + 3 - (14 + 6) (^7 + (4 + 3^) 

. : . ' ^20 

■■ - V _ . . . 

(o.) 5 *:i~B) + 6 + (-3) + 2 - r'i'(-3) + i-8) + (6 + a) 

= 5 + (-3) 

. (d)^ (-9) + 5 + 6 + (=3) = ^4) + 5) + (=3)) 

f ' 

Here there Is no partloularly easy grouping. The 
student niBy want to add frorn^ left to 'right mentally,' 
getting first (-4), then' 2, and then (-1); 

(e) 11 + (-17) + 9 + (-3) + = (^,+ 9)'+ |-17) + (-3)) + i 

^ = 20 + (-20) i+ . , , 

= ^ a V. ■ , 
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pa^s 245-2it8s 7-4 and 7-5 / " ' 

■ . ■ ■ 0 ■ 

■ t . 

: (f ) . Q + a #■ (-c) + 5 - (c + i-o)) +/2'+ 5 

= 0 + 7 / 

(g) r + k + (=r-) + (-4) = (r + Uf^ + + 

- 0 + 0 /, ' / . 

, - . • IS 0 - 7 -j^** 

r + 6 + (-r) +■ (-3') = (r -^ I'^^^^W + ("^P 

= 0 + 1 




(h) 


r + 6 


(a) 


True 


(b) 


True 


(c) 




(d) 


Falee 


(a) 


^6 


(b) 


^ 7 




-9 


(d) 


-3 


(e) 






7-5, Addition Pr</perty of Equality , ' ^ ' ^ j 

You may recpgnlze the "Addition Property of Equality" aa thm 
traditional st^pment, ''If equals are added to equals, the sums 
are equal." W^lle we shall have frequent occasion to use this 
Idea, we prefer not to treat it 'as a property of real numbers . 
beoauee It /Is really Just an outgrowth of two names for the same 
number. Th^ name ."Addition Property of Equality" will be a 
convenient /way to refer to this idea when we need to use it. 

From /another point' of view, the^ addition property of equality 
can also ie thought of as'^elng a way of saying that the opera- 
tion of addition is single valued^ that is, the result of adding 
two ^glven numbers Is a single number. In other words, whenever 
we add two given numbers we always getf' the same result/'"" There- 
fore, /If a, b and c are real numbers and a ^ h^i^^hen the 
itatement^ "a + c - b + can be thought of as saying that the 
Vesujt^of adding the two given numbers waa the same when they 
had ^e names '*a-'' and "c" as when they had the names "b" _and "o" . 
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pages 248-249: 7^-5 

Though this propei*ty has more to do with the language wb * ' 
use In talking about numbers than with the ^umbers or' the opera- ' 
tlons upon them, it Is clearly a useful tool in finding the truth 
sets of sentences, and It will be put to use in this way in the 
next section of the text. ' ' * — ^ 



Answers to Oral Exercises 7-5 j pagei 248-249 i 

— - ^ ^ 

1, The resulting sentence Is ^rue , 



4, 
5- 



7. 



ThB resulti-ng sentence will not be true , The number repre- 
eented by the right side will be larger'^than the number 
represented by the left side. 

The resulting sentence will not be true. The same ordfer 
relationship, as in qufestlon 2 will exist,, 

(a) and ..(^) are statements of the.- property . 

all real nymbers 



(a) 
(b) 
(c) 

(a 
(b 
(c) 
,(d) 
. (e) 

(a) 
(b) 

(c) 
(d) 
(e) 



all real numbers 
all real numbers 

-5 
6 

11 ; 

-a 

-9 



-3 
4 
16 
^8 

9 



(f) 

(s) 

(h) 
(1) 
(,J) 



3 

-16 
-16 

-5 
14 



(f ) 


7 


(g) 


-1 


(h) 


5 


fi) 


12 


(J) 


12 




(k) 




(1) 



No number need bfe 
addedj since by the use of 
the associative property of 
addition, the addition pro- 
perty of opposltesj and the 
addition property of zero* 
the variable Is isolated on 
the left side. ^ 



AnBpi^B to Problem Set 

1 . (a) True (c ) 

(b) True ( d ) 



7-5 J pages 249-2501 
False (e) True 



True 



(f) False 



(g) True 
(h'^) True 
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pages 250-85^5 7^5 ^nd 7-6 

2* la problem wa arf^ not Interested in the itudenta' 

liiidtng the ti^th se^ of ai> open sentenee . The Important 
^ thifig hare, is forHiim to liarn how to use the addition 

' pr^erty of equality to obCaln an equivalent open sentence^ 
'ae' student should not take short-duts now. - 



(a) 


add ^-4) 


(f) 


add (-6) ^ 


(b)* 


add 6 and 


(-4), or 2 (g) 


add i-k) and 6, or 2 


(c) 


add (-5) 


(h) 


add- 30 and 10, or 40 




■ add e 


(1) 


add • 3(4 + 2), or l8 


(e) 


add 2 and' 


7, or 9 (J) 


No number need be^ added , 


(a) 


* 

it 


(f) 


1 


(b) 


11 


(g) 


11 


(c) 


-3 


(h) 




(d) 


-7 


(1) 


9 .. *^ 


(e) 


i 


'(J) 


15 



7^3- Truth Seta of Open Sentences . 

Later In Chapter 8 we shall learn about equivalent sentences 
and the permissible Qp^rations which keep sentences equivalent* 
For the present, however, notice that all. we are .claiming^ when 
we apply the addition property of equality is that if^ a number 
*m^es the original sentence true, it will make the new sentenee 
true. We then have a cnance to test each number of the truth set 
of the new sentence and see whether it makes the original aantenoe 
tf ue * It is necessary to make this check e Very time, until we 
have the more complete reasoning of Chapter 8* 

Attention is also focused on the fact that the use of the 
iaditlon property of equality with a subsequent "checking'' by 
substitution is more than a convenient alternative to guessing." 
It does, in fact, give us the complete truth set. In other words, 
the question Concerning the possibility of additional truth num- 
bers Is definitely answered, in the negative. Students may have 
some difficulty In grasping this, but should be encouraged to try. 

It Is alSQ necessary to reexamine at this point the general 
question of ^the domain of the variable since our basic set has.- 
been enlarged to include negative numbers. In Chapter 5a 
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.193 

i 9 

^ ^ 



page 25^1 7-6 



GQverln^statemant was made to,*the effeet that unless otherwise 
specified the domain of the variable was to be assumed to be all 
numbers of arithmetic for whieh the^ given sentence had meaning. 
A similar statement Is made In this section. Since* we do not 
wish to labor the point at this time as far as the student is ' 
toncerned, no- further discussion of iomaln Ir presented in the 
te^t. However, the teacher should be aware that until multlpll= 
cation is defined for negative numbers In Chapter 8, such ex-t 
presslons as 3x or 5x' are, theoretically, without meaning. 
Hence, in constructing the exercises and examples care i^as been 
taken to avoid attaching a coefficient to the variable for any 
sentence having a negative truth number. 



Answers to Oral Exercises 7-6 ; page 254' 

= 6./ 1 .5 ^ 

7 . ^5 + 2j or 

^- 9.2 

Answers to Problem Set pages 254^255: ^ = 

1. Thm form of the student's answer. If he does not guess the / 
truth nur^er directly, is suggested in the examples in this 
section of' the text. Parts (a^nd (h) are Written out ' 
in this manner below. Vis«^' 

■ ^ + 5 ^ ^3 is true fo^ some x, 
then (x + 5) + (-5) - .(-3) + (-5) Is true for the 

X + 0 - (-3) + (-5) 

X - (-3) + (-5) ^ ^ 

X - ^8 ^ ls„ true for the same 

{-8) is the truth set "bf the last sentence and slnci 
(^8) + 5 - -3 is true, f^8] ^is the truth set for 
X + 5 -3 . 



1 . 




2 . 




3. 


9 


k. 


(=3) 


5. 


(-6) 



same x 



1 <r) 



+ 1 
+ 1 



pages 25'*-255 s 7-6 v ' « 't 

(b) (fi) 
(o) (-11) . - 
(d^ t-15) 

(e) (0) . 

(g) {-1.501 , 

(h) If (-5) + 3x + (-8) = 15 + (-20) + 1 Is true f-or 

some X, 

then f(-5) + 3x) + (-8) - (l5 + (-20)) + 1 ' Is true for 
^■v % ^ ^ ^ the 'Same : 

(jx + (-5)) + (-8) - (l5 + (-20-)) 

■ '5x + ((-5)-+ (-8)) - (l5 + (-20)) 

(jx + (=15)) - (-5) +^1 

3x \ (-13) ,+ 13 - (-t)' +13 . ' / 

. 3x + (-13 + 13) - 9 
3x + 0 = 9 

and 3x = 9 Is 'true. for the same x, 

{5} is the truth set of 3x ■ 9» 
and/ClSce ■ (-5) + 3(3) + (-8) W 15 =p (-20) + 1 Is true, 
(3} Vis the truth set of (-5)-+ 3x + (-8) - 15 + (-20) + 

a, (a) 4 - (e) =5 

' (.b) 6 • ■ (f) -If 

(c) -1 / _ (i) 3-1 " ' 

5 . ' (h) set of all real numbers 

3. (a) . If 2x + (-5) = -3 true for some x, 

then (2x + (-5))_+ 5 = -3' + 5 Is true for the same x 

2x ■+ (-6) + 5) - -3 + 5- 

2x + 0 «- 2 

2x - 2 # 

1 Is the truth numbei'^'of I'x - v, - f 

and since 2(l) + ('-5) - -3 is true, 

1 ' Is the truth nWmber pf 2x + (-5) - -3- 



r 




pages 255-2561 s 7-6 ana 7-7 



f ; ; 

(h) I ^ 

7^7^ ^ Additl va Invtrie . „ = 

At the end of this- section the etudent may be having his 
flrat experience at anything ^approaching a formal proof. His 
chief difficulty here la seeing the need for such m proof. We" 
ask the student to^extract from^ his experlenee the fact that for 
every number there Is another number such that their sum is ^er© 
At the same time the student can equally well extract from his 
experience that there Is only onC such pumber% \^y^Ren, do we 
accept ^e. f irs^ldea from experience but prove the second? The 
reason is that vtf can^prove the second. The two ideas differ in 
that one must^ be extracted from experience while^the other need 
^t be. The existence of the additive Inverse Is in this sense 
a more basic idea than -the idea that there is only one such num- 
ber. Speaking more formally, ^ the existence of the additive 
inverse is an assumption j the uniqueness of the adciltlve Inverse 
is a^ theorem. You are referred' to Haag, Studiag in Mathematics , 
Volume III, Structure of Elementary Algebra, Chapter 2, Sfectlon 
3» f&r further reading* 

.At this point we are still quite Informal about proofs and 
tr^f- to lead into this kind of thinking gradually and carefully. 
The viewpoint about proofs In this course is not that we are 
trying to prove rigorously everything we say - we cannot at this 
stage ^ but that we are trying to give thi students a little 
experience, within their ability, with the kind of jthlnking we 

-cal4-*''^roof E^^it-frlghte making a big issue Yf It , 

and don't be dlSGouraged''lf sortie students do not Immediately get 
thw point. Discuss the proofs with them as clearly and simply as 

you can. We hbpe that by the end. of ^ the year they will have som# 
feeling for deductive reasoning, better Idea of .the nature of 
mathematics, and perhaps a greater interest In algebra because of 
the bearing of proof on the structure. For background reading on 

pr6o€s the teacher is again referred to Haag, Studies in 



196 ^ , 

^01 ' 



(h) 5 

(c) -2, 

(d) 1 
(a) 5 



pages 256-2571 -7-7 * 

WtthcaatelaS j Vdl4ja^ III , Strueture of Elementary Algebpa i Ohmpter 

Thm prlnalpai amphaels Iti this section has been on intro- 
dualng the studertt to foraal proof. Notice j howeverj that the 
theorem tt^rough ittiioh this first experience in proof was given 
is itself a sl©nlfioant Btructural property of the real numbers. 



Answers to Qral Exercises 7-7a^ pagee 256-257 ^ 



1 . 


5 


















3 • 


( 








k. 


-10^ - 








5. 


(a) 


-5 






0 


(to) 


X+5+ (-5) =0+ 










(-5) ' . 


1 




6. 


Eacft 


is the additive Im 


terse 


01 wne ot^nsr 




(a) 


-k ■ I 




(a) -X 




(b) ' 


9 




(f ) X 




<c) 


-25 




(s) ^(Jrn) 




(d) 


12 






7 


(1) 


Either -8 or -il 


) + 5; 


) or . (-5) + 




(J) 


Mx + 5) ■ 








(k) 


- ((-6) + 3tn) 








(1) 


-((,4) + 2y + 5) 








. (m) 


-(a + b)' 








(n) 


-(3m + n) ) 








.(0) 


.{ky ~ K + 2 ) 






Anewers to ProbleA Set 7-7aj 


pag^ 


r~257-259! 


1 • 


(a) 


C-2) 




(e) m 




■ (b) 


(-171 




(f ) . C-liO 




(c) 


C-7) 




(s) [17] 




(d) 


{-7) ' 






2 . 


(a) 


Li) 




(0) 13) 




(b) 


(4) 




(d) [10] 
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20^ 



pages 857-2591 ?-7 

i . . 

(f) CI} ' 
(e) (2) 

3- (a) (2) (e) [a]' 

ffJ ^ , (i) CD ( 



(d) (2) ■ (h) . (-6} 

(a) (0) (g) If • 3x + (-1) s 24"+ (i^) la true for. 

i some X 



(b) , [2]/ " 3x +. (-1.) + 1 - ^ + + 1 

is trye for the same . x 

(c) ■ Co) . , , 3x = M " *^ ' ' ' 

-i ■ 1 . • .17] Is the truth set of Jx = 21 . 

" ^ ' Slno'e '3(7) + (=1) . 24 + (-4*) •I*' true 

, , I {71 is also the truth set of th'e 

f /. original open sentence , 

(f) (=1} j (h) [1] 

(a) a + C-a) = 0 . • . ■ 

(b) X + (-5) s 15 

(c) 3,x + (- |) B _x 

(d) (x.+ (-5))(x + 3) = _ 9 i' ' , , 
. (e) X ^ 5 ^ X + (-5) 

(f ) ■ yes, yes '^-s^ 

If X is the number of nickels John ha^, then 4x is the' 
number of pennies, and 2x ds the number of dimes. The 
sentence is gx + 4x + 20x + 7 ^ 94 , 



If thi smallest a^gle has n degrees, then the largest 
'angle has 2n + 20^ degrees, and n + (2n + 20) + 70^ I80. 

X + X 6x + 6x ^ 112 

where x is the number of inches in the width 



4 



pagei. 259-26U: 7-7 • 

Answers to Problem Set 7-7b j tage 262 s 

1. Addition proflerty of oppoeltes. 

2. (S + (-^D + ^-3) '+ 0 - (3 + {-^J + (-3)) 

* ' GOmmutatlve property of addition^ 

- I + (-^^ + 't) + (-3) 

assocJ.atlve property o5^ additl^ 

- = ^5 + + h)^ + (=3) 

associativa property of addltlbn 

+ 0) .+r'{-5) 

' " - addltibn property of opposites 

(or definition of addition) 

^ - 3 + (-5) ^ / 
addition property of zero 

0 ' . 

addition property of opposites 

We can conclude that -^5 + (-^^ ^ ^-3) + ^ because of 
uniqueness of iidditive inverses* 

'^e addition property of opposites 

5. The addition property of opposites 

6* The theOTern on the uniqueness of the additive inverse of a 
real number 

7: (a) (-a) +^(-3) . - (e) 2 + (-a) 

(b) (-x) + -(-yi) (f ) (-xj + 3y e- 

(c) (-2m) + i-3k (g) ^ + b 

(d) (-3x) + (-2y) (h) (-5x) + (-3) 

. '5 ' ^ 



Answers to Review Problem Setj pages 264-268: 



I 



(a) 


1 


,(d) 














(e) 


h 




> 


r 


(•o) 


7 


(f ) 


6 








(a) 


Since 1=5 r > 1: 


3l, , 












' 3 + .(-5) = 


-(|,5| - |3|) 


= -(5 




^ ^2 
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pages aSi^i-aSs . . • ■ ^ 

(b) Since both are negative, (-5) + (-11) =- -(1-51 + l-H'l 
- -(5 + U'y =e-^6 . . 



(c) Since , |-15f >' fO|, 



0 + (-15) = -(1-151 - |0'l) = -(15 - 0) = -15 
' • ■ f i ■ 

(A) Since = |-^|, 

. • . S + (~ J2) .=,0 

(e)- -Stnoe gi8| > |~14 | / 

_ 18 "+ « ( |i8| 7 hlM) f = 1'^) = "'t 



- 1 


-■w|, 






. *rt = 


0 






fi > 














lil) 




4 




1 

5" 



3 2 2 3^ 



(h) Since both are negative ^ 

(-35) +-(-65) ^ -(1-35 1 + 1=65 I) - -(35 + 65) ^ -100 

(ij Sinoe 12 and 7 are numbers of ^arithmetic j 
12 -+ 7' - 19 

(J ) since |10 I > 1=6 I, 

(-6) + 10 = (|10| |-6|) « (10 - 6) p 4 



(k) Sinoe I -^1 > |1 U 



1 ^ (4) = -( I- i| - HI) - -(I - 1 



al,)^ 


Since ! -201 | y 


J 2 00 


1. 




200 + (-201 : 




(U201 


(a) 


7 


if) 


9 


'(b) 




(s) 


105 


(c)- 


5 


(h) 


6 


(d) 


13 


(-1) 


30 


(e) 


28 


(4) 


-10 




t^ue 


(d) 


True 


iH 


True 


(e) 


True 




False 


(f ) 


False 








200 



















-soil - I200I) ^ ^(201 - 200) ^ -1 



(kl 
(1) 


1 

-6 


(m) 


-6 


(n) 


7 


(0) 


12 


(s) 


False 


(iO 


False 


(1) 


True 



pages 265-267 

5. (a) Tmia 
.(b) False 

(c) True 

(d) False for all x except x ^ 0 

(e) True 

- (f) True ■■ ^ 

6, (a) 5 (f ) -8 (k)^ - I (p) 6 

' (h) ^3 (g) 10 (L) 3 (q) any number 

(c ) -10 (h) i (m) -1 (r) no number 

^ (d) 2 (1)0 (n) 20 (s) * -11 

. . (e) ' -5 (J) ' ^(o) 1 (t) 0 

(1) [11) 

(j) (6) ' 

(k) 0 ^ 

(1) 0 

(m) [-53 . 

6,^^ ^^8l) assooiativji property of addition and addition property 
/ o f opp oa ipe B ^ ^ 

(b) Gommut^^ive property of addition , " ( 

(c ) add! tlon ^property of oppsosltea and addition property 
^ of zero 

(d) associative property of addition and addition property 
of opposltes p^\d addition property of zero 

(e) associative property of addition 

(f ) commutative property of addition 

(g) associative property of additi-^on 

? (h) commutative property of addition 

(l) addition property of opposltes and addition property of 
zero 

( ,1 ) addition property of opposltes, commutative.' property of 
addition, addition property of zero and assaoiative 
property o f add 1 tlon 

9^ The following are merely suggested methods , The student 

should use the properties in the v/ay that makes the^Q^^puta = 
tion easiest for him » Hovjever, the teacher should discuss 
with the -students the 'd I fierenr. v/ays of Gommuting and 
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ages 267-268* 

asso'c lat ing the numbers, ' 

(a) ((- |) + (- |)) + 7 + '^-2) + 2)'. 5 

(b) (| + f ) + i=3) + (=2)) +6-3 . • 

(0) (125 + (-25)) + ((-17) + (-15)) = 70 

(d) ' (-5) + (=5)) + 8 + (11' + 12) + ((='4) +-(^3)) 

(e) (f (-^1^' + f)) + i=2| =2 

(f) ^-5| + (^5)) +-21^ + (-8) + (=7) = 6 

(1) (-9) + |-2| + 12 4^ I-7I +7-19 

(h) (H-10| ) -f (=3) + (-|-6| ) + ^-15) + 15) - -19 

(a J If t Is the number of feet above sea level tha^t the 
y tide registered, t « (-0.6) +5.1. 

(b) If b Is the number of inches that Dave shot above the 
center of the target on the second shot^ b ^ 10 + (^5) 

(o) If f is the number of feet that the submarine cruised 
below sea level after the change of positionj 
f ^ 2511 + (^78). ' ... 

( d ) If X is the number of = dollars that his daughter 
received J then 2x is the number of dollars that his 
son recelvedj and 3x is the number of dollars that 
the widow received, so x + 2x + 3x ^ 50,000. 

(e) If X is the total number of dollars that Mr. Johnson 
owed the bank, x > 200, 
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Suggested Teat Ijems 



Find a common name for each of the following: 

(i). ( = ^) + C-11) ./^^ (e) ( = 4) + 0 , • 

(b) (-3) + 8( (f) + \-3\) + 1-51 

(c) . ^ + (-6). ■ (S) ■•■(=3) + l(-3) + (=5)1 . /. 

(d) ^=5) +y ■ (h) X + (=x) / 

Write a j4ormnon name for each of the following, ,^olng the / 
addit^oh in the fasiest way. In each/case tel/1 what pro/erties 
you used to make your work easier , / . , ^ 

(a) . (^17) +(30 +^(-83)) (c) ^23 + (=12)) + .(-11) 
(h) ((^19) + 183) + . (d) (-p8) + 102) + (l63)^ 

If a and b are two real mambers, determine whether the sum 
a 4 b is positive^ negative, or zero for eaoh of /the followir^ 



cases , 



(a) a > 0, b > 0 / 

(b) a > 0, b < 0, and ]a| > |b|/ 

(c) a < 0, b < 0 / 

(d) a < 0, b > 0, aiid ^|aj > |b 

(e) a = -b ^. 

(f ) a ^ 0, b < 0 / " 

(g) a > 0, b - 0 



Consider the sentences: 





A. 


. 3 + (^5) 


(-5) + 3 




B, ■ 


(-8) 4^ 8 ^ 


0 






^ (3 (- 1); 


) t 7 = 3 . ( 


/ 


D. 


If a = b. 


then a + 2 




E. 


=(-4) = 4 






F. 


0 + (-6) . 






G. 


(-.4) + ( = 3] 





= b + 



Vftiich of the sentences illustrates 

(a) ' the commutative property of multiplication 

(b) the acidition property of zero 



(q) the addition property of eqtiallty 

(d) the fact that the siun of t^o negative numbers 
is the opposite of the sum of their* abBolute 

^values 

(e) the opposite of the opposite of a nUEbe'r i^ the 
^number ^itself ( 

{£) the associative property, of addition 
■^g) tpe addition property^ of opposites ' 
(h) the aBsoclatlve property of multiplication 

Find *the truth set of each of t^ follov/ing open sentences, 

(a) X +.^2 ^ 7 (d) (^5) + 7 - -f a ,3 

(b) 0 ^ 7 + n ' (e) |xj ^ ^ 1 

(c) ^ m , (^6) ^ ^ (f) X VJl - 0 

i^en a certain nwnb^r is added to 99^ the result Is 287. 

(a) Write an open sentence to find the number 

(b) Find the nimFer by finding the truth set of the. sentence " 

Viftilch of the following sets of nimber^^is closed under 
addition? ■ . 

(-3, ^2, ^1, 0, 1, 2, 3] 
{hl^ ^-'S -12> -9> -6, ^3, 0} 

(c) the sjfof^'all negative real numbers 

Describe in terms Sf operations with numbers of arithmietlc. 

(a) ^ the. sum of & and (^3) "« 

(b) the siun of (^11) and 5 . 

(c) the B\m of (-^12) and (^5) \. 

Which of the follov;lng sentences are true? Which are falsa? 

(a) '*5 + (-5) < 0 (d) |4 + {.efl < |4| + *\-6\ * 

(b) '( = 3) + 5 > 2 + (-7) (e) (- |) + (-3) < -4 
<c) (-9) + 3 < (-9) + 5 (f) 24.9 + f-25.9) < 



/ 

10, (a) A number Is three more thaii its additive Invdrse. V^iat 
is the number? Fjaid t^e answer to this question by 
finding the tinith set df an o^en sentenc^e. (Hint': If 
there is a numb or n such that n - 3 -} (-n), then 
n n 3 ..-\ (-n) =} n (whyv)^ and n 4 n = 3 (why?). ) 

(b) A numbed is equal to its additive Inverse, For v/hat 

numbers is this sentence tinie ? Aiiswer this question by 
f Ind ing the t rii t h set o f an ope n s e n t e n c e , ( ft^n 1 1 If 
there Is a number n such that n -n, then 
n ri = (^n) n. V/l-iy ) \ 



Ansv/ers to ^iiggested Test ltem_s 

(a) -15 (e) ^if 

(b) 5 ^ (f) 5 
s(o) ^2 (g) 5 

(d) 0 (h^ 0 

(a) i-^17)+(30-'f:{-B3)) ^ (^17 )-;- ((-83 )-h3o) conmiutatlve property 

■ ^ ^ of addition 



(-17 )-f (-83 ) j4 3^ associative property 

' ^ ' of addition 

^ (^100) -; 30 

= "70 J 

(b) ((-19) + l83)-^T9 - (183 + (=19)^449 commutative property 

^ I ^ ^ ■ . / of addition 



TH3^ (^(-19) fl9)) associ^ative property 



of addition 

= IB2 f 0 addition property of - 

1 opposites 

= 183 addition property of 

^ zero 

f 

\ (c) (^3 i (-i2))-i (^11) 234 f(^12)H (-11 j) associative. property 

' of add«lon ^ 

addl t ion -^Jrop er ty 
of opposites 





((-98) ■+ 


(a) 


positive 


(b) 


positive 










(a) 


none 




P 


(c)( 


D. 


(d) 


G 


ta) 


{|] 


(b) 


C-7) 


(c) 


(6) 




C9J 



(a) 
(b) 



7. (a) 

(b) 
( = ) 

8. (a) 



'+ loa 



) + (=63) 



it + t-63) 
-59 



Thei^e is no easiest way 

to do tills. 



(e) zero r 

(f) negatiVe 
(g^ positive 

(e) .E 

(f) C 
(S) B 
(h) none 



(e) s \k\ + (^2) , 
|x| 3 

in 



^ 3 



Truth. seti {-3, 3] 
the set consisting of all negative real 
numbers and zero 



For Buch nwibers |x| ^ -x; 
and so X + jx I ^ X + (-x) . 



99 -H n ^ 287 
n + 99 ^ 287 
n + 99 + (-99) 



) 

^ 287 + (-99) 



me truth set: 



The number ^^1^ 



-A 



not closed under addition 
(-3) + {--2) ^ -5, and ^5 

closed iinder addition ' ^ 

closed under addition 

1 . \ 

8 + (-3) = |8ih- |-3| 

= 8-3 



CI88] 



Is not an element of the set 



20.6 



2Ii 



(b) (-11) + 5 = -( |-ll| - |5] ) 

- -(11 = 5) . 
= =6 

(c) (-12) + (-5) - .(I -12| + ]-5| ) 

= -(12 + 5) 

- -17 

9. (a) False (d) True ' ^ 

(b ) True f% (e ) False ^ 

(g ) True - ' ( f ) Jrue . 

10. (a-) If thert is a number n such that , . ' 

n - 3 + (-^n), 
then n + n ^ 5 + (-n) + n 

If n ^ then -n - - and - 3 + (- |)' 

is true. Hence,. ^ is the^^equlred number, 

(b ) If'^there is a ^numbe^^ n such that 

n --^ - n , ■ ■ 

then n + n ^ ( -n ) + n 

, 2n - 0 ' 
' n - 0. , 

Since 0 Is its; own additive inverse,, we have shown 
that 0 is the only number with this property. 
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Chapter 8 

""^\ MULTIPLICATION OF REAL, NUMBERS 

This Is the second of three chapters in which the opfratlonB 
with the numbere^^of arithmetic are extended to the real numbers * 
and the properties of thejie operations are brought out/, You may 
want to refer to the statement at the beginning of the commentary 
for Chapter 6 to have another look at the overall plan of these 
three chapters . 

Background reading for the mathematics of this ch^ter la 
' available in^ Studies l_n Mathemat iG_s , III ^ Chapter 5 ^ Sections 2 
and - 4 , '""^^ 

' V ^ ' . 

8-1 , ProduG ts . . ' 

As in the case oi' additiojnj the point of view here Is that .we 
ext_end the operation of multlplicatipn from the ^^lUmbers of arith- 
metic to all real numbers so as to pi'eserve' the fundamental 
properties , This actually forces us to define multi'y.ication in 
the way we do. In other words, 1%^ could not be done in any other 
way i^;Jthout giving up some of the iproperties . 

The general definition of multipll^tion for real numbers is 
stated ih terms of ^absolute values because j\a| and |bj are 
numbe^a^ of arithmetic . .The only ^ problem for real numbers is to 
determine whether ^he product is positive ^or ne^tlve . 

There are severaji wa^^s of making multiplication of/^al 
numbers seeip plausible. It seems ^st to let the choice of defi- 
nition of mul-tiplication be a necessary outgrowth of a desire to 
retain the distributive property for real numbers. At two points 
in Section 8-1, prior to the use of the distributive property to 
discover the nature o? the products, therl appear partial multl- 
plication tables, included simply to help establish the plausi- 
bllity of the def Initl^ of multiplication- by permitting the \ 
student to §ee that th&^results obtained using the dlstributjfve 
property are the same as those seen in the extended multiplication 
table, Note, however, that if the 'definition of multiplication is 
based on. considerations of mathematical structure, the Implied * 
extension of the symmetry of a multipllGation table must be 



pages 270-274: 8-1 

regarded only as supporting evidence for the definition. 



Answers- to Oral Exercises b-La 



1 , 



2 . 



3. 



. (a) 


/ 0 

/ 






ih) 


( 0 






(c j 


0 






V /a \ 


0 






(e ). 


0 






. ■ (a) 








(b) 


Fal se 






(o) 


False 






. (a) 


true for 


all 


values of 


(b) 








true for 


all 


values'^ of 


(c) 


not It rue 


for 


all values 


(d) 


true for 


all 


va^^ of 


(e) 


not true 


for 


all" values 


(r) 


not true 


for 


all values 


(g) 


not true 


for 


all values 



pages 

(r) 
(s) 
i(h) 
(1) 
(.1) 

(d) 

a 
a 



m 

ol^ m 

of a 

of X 



0 
0 



0 

False 
False 



(in fact, true ^for no 
vlilues of n) 

(t^e for no values ■ oi' 

(true^ for no values of 

and j^-y (true for no 

values of x ^ 
and y ) 



Answers to Oral Exercises B-lb ; page 27^4: 



(a) 


Id 




0 


Cc) 


lb 


(d) 


0 




-20 




-2-'i 


ii) 






f. 

= r 



The ^operations in (b ) 
notX the operations in 



and 
(a)' 



(1) 


-12 




-3 .6 


(k) 


= .;5S 


St 


0 




» 0 


(n) 




(0) 


VI 


(p) 




(q) 


-0 



( Q ) G a n b a a o p e r f o r me d , b u t 
and .(d) . ' 
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pages 27'^j^75: 8-1 

3. 7 a) -6 

(b) Yes 



A. 



( 



(c) 6 . ^ ■ 

(d) "(3) (-^2)" names the number -6, 
"jjlH-^sl" names the number 6. 

Hence namea the numbtr 



(a) False 

(b) ^ False, 



Triie 
True 



Answers to Problem Set b^Wi page 275: 

(h) False 

r * (i) True 

(j) False 

(k) False 

(1) True 

(m) True 

(n) liaise 



1^ 


(a) 


True 




(b) 


Fal^ 




(c) 






•td) 


False 








(e) 


True 




(f) 


True 






'False 


2 . 


(a) 


-5 




(b) 


-2 



(e) 
(f ) 



Anawers to Oral Exercisers 8-lto j page 278: 



(a) 


30 


(b) 


-12 


(0) 


-12 


(d) 


12 


(e) 


12 


(f) 


0 


(g) 


0 


(a) 


6 


(b) 


yes 


(0) 


6 


(d) 


The 







The expressions 
;^ ^.name 6^ 



(h) 


-7 


(1) 


1 




0 


(k) 


-;5b 


(•1) 


7 b 


(m) 


0 


(n) 


0 


-51 


and 



{-2 ) (-3 ) both 



1 
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pages 278-280: 



8-1 



(a) 
(b) 
(o) 



False 
True 
True 



(d) 
(e) 
it) 



True 
Tt'ue 
True 

J 



f 1 

Answers tg. Problem get 8--le ; pages 279-2811-'*"^ 



(a) 
(b) 
(c) 

(e) 

(a> 
(b) 
(=) 
(d) 
(e) 

(a) 
(b) 
(o) 





\ i ) 


f ri ^ 




( CT 1 


y 


Q 


( h.J 


o> 




(1) 




(=24) " 






i 




TrC'e 


True 


(f ) 




False 


(g) 


True 


False 




Ps/lae 


True 




*€^ue 


True 




Pal.se 






(d) 








[-1,-2) 




(e) 



(k) 




(p)/ 


4 


(1) 


, 3 . 


(q) 


3 .5 , 


(m) 




(^l 


.18 


(n) 


0 


(s) 


.8 


(o) 


' 1 

12 






(k) 


False 


. (p) 


True 


(1) 


True 


(q) 


Pslse 


M 


False 


(r) 


Palse 


in) 


True 






(o) 


False 







6 and greater than /6 

the get of all real nQ'tr^bers except 

zero 



One /Integer is ii. The other integer is n + 4. 
^ Their product is 5». 

'The open sentence is n(n + 4) ^ 5, 
^ Possible pairs of integers whose product is 5 are 
h and 5 ; -5 ^nd -1 , 

In either of the above cases, the second integer is 4 

than the Yirst . 

Therefore the Integers are 1 ^ and 5 or -5 and -^1 . 



more 



5 . 


(a) 


10 , 


(f) ' 

(s) 
• (h) 


120^ 




(b) 
(c) 
(d) 


12 
20 
6 


7 
0 


6. 


(a) 


Tru e 


(el 


False 




■(b) 
(□) 


False 
True 


iff 

(s) 


False 
True 




(d) 


False 


(h) 


True 
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pages 28d'-2B|n 8-1 



(1) 
(1) 
(k) 

(m) 



True 

'False 
.True 

Palae- (Here 



(n) 
.(0) 
(p) 
(q) 

(a) 
(b) 
(e) 



(a) 
(^b) 
(c) 

(a) 
(o) 



False 
True 
False 
True 




e student should note that the left side \ 
equation is a- positive number and the 
side* a negative number, and thutf^'^t is 
not /necessary to simpliry ei th^"- side furtrflr 
to^how that tne sentence Is l^alse.) 



V 



no 

yes 

no 



-2, 



■1, 0, 1, 2, 3, 



\ 6, 



9i 



[0, 

no 
no , 



1 

IT-' 



It, 1 



The produGt of any'^^v/o negative numbers Is positive 



-if. -t 
. !■ J. ■ 



= 1, 



It.' " 



1 



0, |, 



no 

Answers to Oral Exercises d^ld; 



1 . 


(6){=5) « -f 


|o| ■ 1 


= 51) 


7 


■(•=5)(- |) . 


- h5| 


^ l-l 






~ti 1 . 


1 


o . 


(0)(>2) = 


|0| • 


1 = 2 1 


V 


(£)(M = |2| 


• IM 




9. 


^ (y)(-i) = ■ 


'(|8| 


Ml) 


u . 


{5)(0) = 151 






10. 


(=2)(=3) = 




• 1=3 1 


5. 


(=-7)(l) « ^( 




111) 


11 . 


(i)(-|)^ 




1- f i: 


6. 




;l-fi 


• |s|) 


12 . 


(-ll(=l) ' 




■ 1=1 1 
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pages 23^-236: -3-1 and 
1>. iO)(- lo I I- 

1". .(8)(6) ^"lai 

-an.. 1 

15. 



a-2 



1 u 1 



|6" 

1 



16. 



- ( 



17 

.Id . 
19. 



(-11)(2) ,-(1-11 

(=6)^6) = >6 I • 
(-7)(0) =i=7 I . |0 



I 2 
h6 1 



Ansv/ars to Proul 



t d-ld ; page 285; 



(a) 


If- a 


< 


0 




b < 0^ the^n 


ab ~ 


la 


1 • 


lb 1. 


'(10 


If a 




0 


and 


b > 0, then^f^ab ^ 


-(I 


a 1 ■ 


1b|) 




If 






and 


^b < 0, then 


ab ^ 


-( 1 


ah 


Ibj) 




xr < 




f 












1^1. 










and 


b y^O, then 


ab = 


lal 


i 


irf 






0 


and - 


b ^ 0, then 


ab = 


lal 


^ r 


Ibl. 


(f) 


11 a 




0 


■ and 


b 0, then 


ab = 


lal 




|b|. 


(a) 










(r ) 10,000 






ik) 


-h.iM 


"(b) 










(g) -100, 000 - -"^ 




(i.) 


- 4 . 1 U 


(c) 










(h) a ... 






(m) 


-'4.14' 


(d) 


100 








(1) -0 




* 


(n) 


' 2 


(e) 


-1000 








(,]) B ■ 




* 


(0) 





3^2. P^pertles of Multiplication . 



'ell 



Once the definition of multiplication of real .numbers is 
J'ormulated, It n^an be proved that the properties of mult iplio.^ion 
which held for the numbers of arithmetic also hold ..for the entire 
set of real numbers . r' 

The proof o£' the multiplication property of one is included^ 
in the ntudent^s text. Though it is probably^the easiest 
property to prove amon^ the properties dealt with in this section 



of th^ text^./'lt v/ill doubtless b.e 
Th e t e a o her s h o u 1 d . rf o t e x p e c t m a 



^ry 01 



fflGult for slower students 
of the proof, but it is 



hoped that the proof ;jan be followed by the student to the extent 
that it will provide an experience to give meaning to thfe asser- 
tion in his text that the properties of multiplication for the 
real numbers can be proved from our definition oT multiplication. 
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286-289 s '8-2 , - 

i ni# proofs of the asfeelatlye property and the dlatrlbutlve 

property are jpbt difficult, but are lengthy. and ttdlous . Th% 

proof of the commutative property ii quite brief and le given 

belowi ^ . . . ^ 

* ■ » 

If one or both the pumbarB a,^ b are zero, 

then ab ^ ba, W the multlplleation. property of 

stro. If a and b are both positive or both _ 

negat^lvef .then 



■J 



ab - |a| • |b|, and ba * |b | * |a | , 

^fioe |aj and |b | are numbers of arlthmetlej 
and the commutative property holds for the mul- 
tlplid^atlon of the numbers of arlthmetl&, 

* labH |b| - |b| . |a|. 

Hehci^' 



ab te*b& 



for these two cases 



- ^ / - 

'If one of a' and b Is positive or 0 and the 

other Is negative J then . ^ 

ab -^4|a | • >f) and ^a - -{ |b | y la | ) , 



Since ■ / . V ' 

I ■ la I . |b I - |b I . la I, 

and^ Since If numbers are equal their opposltes are equal, 

^ef^! : |b I) - ^{ |b I |)^ 

Hejice, ^ , . , . 

ab ^ ba 

for this case also. 

Sinoe all possible cases have been Gonsldered, then 
ab ■ ba, for any real numbers a and b . 



AnBwpra ' to Oral Exerolaes S-ga ; page 289! 

1. iaf' 4, .(d), -10 

(b) ' -5 Ce) -9 

' to) 12 • ; (V) ■ -14 
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' pages 289-290 I 

(g) 18 

{h) -15 

(1) .24 

(J) d 



8-2 



(k) 

(1). 
(m) 
<n) 



-3 

1 

0 
-3b 



(o) 



tq) 
(r) 



1 

-6 
8 



AnBWfirs to Problem Set S^ga ; pages 289-291 i 

1, (a) adtmutrntivm praperty ©f multiplication 
(b) oimmutatlve property of multiplloat^on 
{q)i aseesiatlve property of multlpllaatlon 
, (d) assoolatlve and commutative proptrtlee of multiplication 

(e) multiplication property of one 

(f) asaoolatlve property of multiplication and multlplll 
cation property of one 

(g) associative property of multiplication and multipli- 
cation property of ont ^ 

(h) associative property of multiplication and commutative 
property of multiplication, or the; asBoclatlve property 
of multiplication and the multiplication property of 
lero 

' (1) associative property of multiplication and the commu- 
tative property of multiplication^ or the associative 
property of multiplication and the multipliSatlon 
property of zero , - 

(j) distributive property 

(k) dfstributive property and commutative property of 
multiplication 



(1) 


commutative property 


of multiplication 






(a) 


2 * 


is) 




(m) 


1 




(s) -6 


(b) 


5 


(h) 


-36 


(n) 


15 




(t) 1 


(0) 


It 


(1) 


-24 


(0) 


0 




(u) 0 


(d) 


-7 


(J) 


12 


(p) 


0 




(v) (-2)x 


(e) 


-7 


(k) 


-IB 


(q) 


IB 




(w) 5a 


(f) 


-42 


(1) 


9 


(r) 


9 






.(a) 


(2) (3) + 


(2)(=2) 




(d) (1 


)(=5) + 




-10) 


(b) 




+ (-5)( 


=6) 


(e) .(1)(0) + (1)(- 


1) 


(c) 


4(a) + k{ 


=5) 




(f) + 


(Dd) 
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pages ; 8-2 

(g)-^)^-6)a) + (5)(-2) (J) {-8)(-7) + (-2)(-f1 

, (hj (-6)(lbc) + (^6)(-3) M (IjM'Cem) + (-l.l)(6m) 

, (f) (6a)(4) + (-2)C4) (1)^ (^f)((- |)(2x))- 

U. .(a) 2T5'+4). • (f) + (-6)), 



J 



(by %3)(7 + 3) Mg)' .K^ + 6^ 

(e)^ 4(]^6) + (-9)) CHri ^-3)^+ 9) 

(d) v,(^7)(3-5) + i-^)) ^ (i) + b) ^ 

(e) ((-8) + (5))y (J) distributive property 

'fj^ Is not useful to siifipljfy 

this problem unless a 
and y name the same 
r " ■ numbej! . 



Anawers to Oral ExerclBei 


1 a-2bi 




1 . -2 




11, ^-x + (-y) 


2. 3 . 




12, -X + y 


5. -a 




13 . -^y 


4; a 




14. -xy 


5. -X + (-5) 




15. xy , 


6. « + (-5) 




16, + (=y) 


7. -X + 5 




17. -X + y / 


8.^ X + 5 




18. -a . (: 


9.' -a +*(-2) 




19.^ 0 


10. -a + (-2) 




20. -2m + 4 


Answers to Problem Set 8 


-2b 1 pages 294-295* 


1. (a) ' m 


check 1 


(-m) + (m) ^ 0 


(b) m + (-4) 


cheoki 


+ 4 + m + C--^) ^ (-m) +m + 






^ 0 


(c) 2x +. 3 * 


cheeks 


*Sx+ (-3) + 2x+ 3 






m (-2x) +2X+ (^3)+ 3 m 






217 



221 



pages 29if-295i 8-2 



(d) -5y + C*7x) ahacki sflnllar. to a^^ve 

y + X , , eheoki similar to above 

(f) 3m + checks Bimllar tp above ' 

(g) (-l)(5x + |) ohecki 5x+|+(4i.)(5x+|).px+J*=^ 

^ 5? + (-5x) + I + (. |) 

• ; " ■ =0 Y ' 

(h) .^ 8x^ + l6x check! ^-Sx^ +' (-l6x'| + (Sx^ + l6x) 

(1) -(-3y?.) + Ty check! Sy^ + (.fy) + (_3y2) + 7y 



^ 3y^+ (^3y-)+ (-7y)+ry - 0 



(J) -(^ + 11) cheak: -^-^(Sy + ll))^ + (^(ay + 11)) 

- Sy +, 11 + (*2y) + (-11) ^ 0 

2. "(a) 8y (g) -X 

(b) + (-2) (h> 3y 

; (o) c 5x ^ (1) ^abk / 

(d) Ty (J) 3am 

(a) + 3 ^ (k) ^ ' 

(f) 0 , (1) 'ammc 

3. (a) (|) fc) ^ 

(b) (1) ^ * t (d) the set of all real " 

numbers 

4. If X Is the smaller of the n\inbers, the larger Is x + 5,^ anc 

+ (x + 5^ - 17. 
If -^x + (x + 5n ^ 1? is true for some x, 

then -(2x + 5) ^ 17 Is true for the same x- 

-2x + (-^5) ^ 17 is tmae for the s^e x 

-2x + (-5) + 5 ^ 17 + 5 is true for the momB x 
-2x ^ 22 is tini# for the same x 

X - -11 is true for the saine ^x. 
If X is ^1, the left side of the first sentence is 
-{-11 + ^(-11) +'5^. Tliis is 17, the same number as the right 



On ^ 



p^^i 295-297^^ 8^S and 8*3 / , 

side, 80 (-11) li the truth set of the. first sentenee, 
and the two numbers required In the problem are -11 
and -6 . . ' 
5. Let d be th§ number of dollars spent by the daughter; 



than ' " 



d + (3d + 5) - ^9. 
The daughter spent Sll, and the mother $33. 

Let n be one number, , ' . . ■ 

then jC^-n) > Is €he othar\number, and 

n> 3(-n) ^^36. 
The numbers are 43 andi* -129* 

8-3 . Using the Multiplication Properties . 

In this section,, there Is a series of "subsections" , ;iaoh of • 
whlGh introduces or emphasizes a particular kind of simplification 
or change in the form of a' phrase . All of the processes are 
direct consequences of the properties of multiplication Just 
developed. We wish to give suff Iclent * practice with these tech^ 
niques, but we wish also to keep them closely associated with ^the 
ideas bn which they depend. We have to walk a narrow path between 
on the one hand, becoming entlreay . mechanloal and losing sl^t of 
the ideas and, on the other hand^ dwelling on the Ideas to the 
extent that the student becomes slow and clumsy In the algebraic 
manieulation . A good slofan to follow here is that manipulation 
must be based on understanding. We stress here again that the 
student must earn the right to "push sytnbols" (skipping steps, 
coraputing without giving reasons, etc . ) by first mastering the 
ideas ^hlch lie behind and give meaning to the manipulation of the 
symbols . 

In collecting terms we want the direct application of the 
dls^^rlbutlve property to be the main thought. Don't give the 
J^i^ression that collecting terms is a new process . We are avoid- 
inl the phrases "Jlke terms" and "similar terms" because they are 
unnecessary and tend to encourage manipulation without under- 
standing. 



pagfts 297-898! ; 8-5 

1. " (a) -12 + 4to ^ . .am + . i ! 

- (b) 6 + at)- , (e) §8 4 8a) 

- (o) + 5in ■ (f) 0 ' '■. ■ 

2. (a) 2(a + b) (d) Either ((-4) + (..5)) or . 

(b) (-5)(a + b)* (e) ni(l + m) ^ , > 

(c) 3(3x + (-4)y) (f) The following are all eorrecti 
, ' ■ ' : 5 (-2 +-4)x. 2k, -2x^ + (.2)) 

Anawara to Problem set 8-3ai pages 298-300 s 
1.. (a) 15 + 5a (f) (.aa) + gb 

(b) (-12) + 4b ' (g) 5m + 5n 

(^) 6 + 2b ; (h) 8.4a + (.4.8b) 



(_8) + (.4c) (1) .am + (-cm) 

(e> (-3a) + (.3b) \ 

(a) ,^ a(a + b) (1) 2(m + (-2nj) 

(b) (-5)(a+m) ^ (m) 3(2a + Jb) ' 
(e) (-2)(b + c) (n) ji^x + (-4y)) 

•(d) ((-5) + (-4))o . (o) '(-5)(2m + (3nj) 

(e) {-i)(m,+ (=n| (p) 3^a+.(-5b)) ' 

(f) (-2) + (-l))r^ ' - 4, 3a(3x + 4y) 



(g) aib + m) (-2a) (2c + 3b) . • 

(hV (/x + r)y (s) m(l + m) 

(1) m(r + 1) (t) + (-2)) 

(j) (- |-)(ni + n) (u) The distributive property 

(k)» 1.5(a + b) does not apply. 



r 



page J99i 8-3 . . " . ; " '^ -^ 

5. In some of the prpblemi it Is suggested that the teacher 
" Inadtft that the Student fol lows the suggested steps In the' ' 
solutions 'glveii for (k) and ' Perhaps it would be 

helpful to ask them-|o Identify tKm property that they have 
^ applied In' each step ^ . 

■ ' 'jfc)*' (J + (-15^8 - (-6)a _ 

: (d) ((-5) + li^)y - 9y 

(e,) ((-a) + J[-6))m - (-9)™ " | 

(f) 4a + 3b. Call attention, to the fact that since the - 
distributive property does not apply here, the terms 
cannot be collected . " ' . , ^ 

• (g) (k +.i)a - 5r ^ 

(h) (-5)x + 2y. The terms cannot be ooilected. 
.1 ' ' ' • , 

, (1) (3-6) + l)a - (-5a) 

- ^ (J) ^^-1) + ( = ^i a - (-5a) ' ' / 

(k) St + (-lt)w + 3t + (-2)w^ 

at + 3t + (-4)w + (-2)w commutative property 

of addition 

* (2 + 3)t + ^-4) + (-2))w diatributlve property 

* 5t + (-6)w 

(1) (-5)a + (-2)b^+ 6a + 5b 

(_5)a + £a +;T-2)b + 5b cdrnmi^tatlve property of 
, ' addition 

^_5) + |)a + ^-2) +5)b=' dlBtributlve property 

a + 5b ■ 
(m) itb • - 

(n) =x ■ 
(o) 5a + (-3b) 
(p) 5m + (-3n) 
(q) 5a I 

(r) This is alre&dy in Its simplest form. 



pages 299-5001 8-3 , ^ ' / 

^. ,a(b + c + d) ^ a(b + + d)) Be sur# thli probl^ is nat 
■ m a(b) + a(c + dJ overlodked, 'Riough tht.stu- 
. dent might do the next pr©b- 

^ ab + a(c) + a(d) lem correctly without ' d^lng 
^ ab + ac -H ad Problert 4 J this problem shows 

him that it is the same faml- 
' f liar distributive prop#i*ty * 

, ^ whioh Justifies the work of ^ 
' simpllf idation In exarelsts • 
§ueh as thofe la Problem 5, 

5. (a) 2k(a) + 2k(m)^+ 2k{5) ' Y 

(b) (-6)a + (.6)(^b) + (-6) (^7) i 

(o) ^-3) +'(.7) + i^x I 

(d) ("6)(c + b 4 a) r * : ^ ^ 

(e) 5a(a) + 5a(-2) + 5a{=a) ^ ^ ^ . 
,(^). 5a(a + 2 + (-1)) J or, 5 + 2a + (-a)};; 



or, a^a + 10 (-5|) 



6. (a) ^ 

(e) ^the Bet of all real numbers 
* (d) the set of 3II real numbers 
(e) the^. get of all real= numbers 

7. ,^et Jfr.^b^ the jmallest of the numbers, ^en 

X + (x + 5) + (x + 4). ^ 15^ * 

X - 4g, ^ 

The numbers fre ig, 5I:, ^J."! * ^ ^ 

8. If n ,1s the .number of ' inches In the width, 



2n V. 2(n +^.1) 2k 



and the domain of n is the set of positive Integers, 

The truth set is (^], but ^ is not an integer. 

Thus, it is not^ possible to find an Integral length and 
width for this rectangle. 



00 » 



pHits 300-3031 8-3 

kMrnva to Oral ^erolagg^ 8-3bi page 302 1 ' 

1. <a) 4m (l)'-Ube 

(b) .v-123cy (J) 3x + Sy 

(c) -(x) , (k) -6ao 

(d) -laa ' ^' (1) 5mn 
• (e) ^ Sat ' (m) , 0 

(f) -aSxy (n) . 0 .. 

(g) 15ab ' ' ^-{0) -Sabxy r 
■ (h) -m " (P) iaa8m2 

totiwers to Problem Set 8-3bs page 302; 

When the student has ^rked step by step through a number of 
exercises of this sort ■well enough to eonvlnci the teacher that he 
tmderstands the pr^oeBBM then ha certainly sho\d,cl ba^ permitted to 
take short cuts in do ins this work. The teacher should be ready , 
hQVfever, with oboasional questions to be sure that the ideas behind 
the manipulation are alvmys on oall, . ^ 



1. 



2. 



(a) 


Sa^ra , J 


, ; ' (J) 


2^2 
a b cxy 




(to) 




(ic), 


2 2 
-9am X- 




fc) 




(1) 


2 2 2 
7Sa ra*n - 


1 


(d) 


a 

24cd^ 


(m) 


-ra n 




(e) 


-3o a 


(n) 




,2 


W 


-6axy 


(0) 






(s) 


, Uabcd 


I(P) 


0 




(h) 


-ISabxy 


(q) 


-asa^ + ( 


-2b) 


(1) 


2 2 
21am n 


* 






(a) 
(to) 


(-1) 




) 0 




(1) 


(d) (0] 





Answeri to Problem Set page 505* 

p - 2 

1^. 6x ^ 12x2 3^ -2m- + bmn 

> 

2. -I8ax + I2bx Jmx + Jmy 



pages 3« ^504 1 8^3 - 

y^^. 20am ^+ 5cm ' --' ll, s^C- (-32) ' 

7. ab + {-2)ac - 13^ ^^ac + (-6bc) 




16 



9, b + (-c). trnis ex^erclae and I5 
some of /those which follow 
may also be done by use of 

the property that the "oppa- + ("^) + ("^) 

sltt of the sum of two raal^^ 13/ (-b) + c + (-m) 
numbere is the sum of their 
oppoal^tes . ^ 

10. ^4x^+ (-3y) 



19. -b + d + t 
20^) 4mx + (^6my) + Smz ^ 




Answers to Problem Set B^gd ; page 30^+; 



1 



2 



19. zf + ^"^9?) + 21 

20, ^ (-2z) + 1 
5; + 2c + (-35) • 21. + (.6m)^ 9 

6. m^ + 7m + (^8) 22. + lOa + 25 

7. m^ t (-9m) + SO ^ 23. + (-10a) + 25 

2 

8. m + 2m + 1 b" + i4b + 4 
9* (-1) * 25. .8 H- 2b + (.b2) 

10. X + 6x =H q 26. 18 + (-9a) + a'^ 

11. a'' + (~2^) ' * 87. 56 + (-a^) 

12. X- + 8x + 1^^ 28. Sa^ + 22a + 15 



+ 5a + 6 17. + 7b + (-8) 



5*. a^ + (-8a) + li . ■ . IQ. - «2 

U. b^ +.iOb + 24 i on ,2 




13. X-.+ (-2x) + (.it^) PQ To™S ^ . „„2 



14 



29. 12ni + Iftnrt + 2n' 

50.- ac + bo + ,ad + bd 

31. 3t + (-ax) + (-bx) + ab 

32. x^ + (-ax) + (-6a^) 
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/pages 304-306 1 -S-s and 8-^ 

3. isa^ +a9a + (-21) ^ 2^ + (-Saz) + 6a® 

5U. am® + (-llB) +12 38. 9 + i-^^^) 



35. 



36, + (-t") ^0. ^x- + (^lOax) + 6a 

a series of exMplts ang i^estlonsj and with the aid 
the number line, the exlstenoe and uniqueness of the multlpll- 
dative Inverse are s#t before the student. 

^e student «s :^lrst opportunity tg discover that lero has 
no i!iultliS.leatlve Inverse eomes In Oral Exercises 8-,*a, Problem . 
2J This point is emphasised again In the text in the section 
faifowin^ these exercises . The student should understand not 

that laro has '"no multlplleatlve Inverse, but also why It ^ 



does not , 

The word "reciprocal" is not Introduced until Chapter 
whe^re It is given as an alternative for multipllcativa Inverse,^ 
At that point the statement Is made that the symbol j -4a used 
to represent the reciprocal of the number x. Such a postponement 
Ip expedient since the student will not have encountered division 
with negative numbers In the present ahapter. Hence , the s^^mbol 
i for X < 0 might cause trouble at this stage . In Chapter 10 
the full connection between division and reciprocal can be 
established on a logical b^sls . 

Some discussion should bring out the, idea that the multipli- 
cative Inverse Is unique/ Just as the additive inverse Is unique, 
The uniqueness of the raultipllcajtlve inverse wi3|l be used In 
subsequent work . 



Anawers to Oral ^erclses 8-4a j pages 305-506: 

1. (a) 1 (f) 

(b) 1 Ci) 1 

(o) 1 ' (h) 1 

^ (d) \ {iy 1 ^ 

(e) 1 
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pages 506-510; 8-1* 
S. (a) (|) ' 



(c) 
(e) 



(-5} 
t53 



(f ) (- |) 

(s) C|) 

(h) {- |]. 

(1) t|} 

(J) 



/ 



Aniwera jo OraXteerolBeB 8-4b i page 309 
1. '1 7 

a. -1 



1 



d - 



1^ (1)(1) - 1 
and (-1) (-1) - .1 



Zero haa no multiplicative 
Invez'se 



8. -a 

9. a 



5. 
6. 



niere la no number 
that n(o) ■ 1 . 

y#s 

no 



suah 10, no, zero does not hav# 
multlplleative Inverse, 

yes 

11, Th^ produot of the two 
, numbers will be one . 



Answers 


to Problem Set B-kh; 


pages 509-310: 


1. (a) 


True 


(g) 


Falsa 


(b) 


False 


■ (V) 


Tvum 




True 


. (1) 


False 


(d) 


Fais*-^^^^^ 


(J) 


True 


(tf) 


True 


(k) 


Palrfa 


(f) 


False 


(1) 


Tri|e 


2. (a) 




(s) 




(1>) 


(-^) 


(h) 




(c) 


(5) 


(1) 


(8) ^ 


(d) 




(J). 


t-3) 


(e) 


1- A' 






(f) 


(- \) 
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pagas 310-3121 8-5 



,8*^, ifaltlDlleatlo^ Preperty of Equality . 

Both the addition property. of ©quality - comments for^whloh 
tht ttaohar may want to ravlaw at this point - and the multlpll- 
eatlon property of equality art eoncerned with the language with 
whloh wt work rather than the algebralo struoture* If a, b, and 
0 are real numbers and a i- b, then the statement "sg ^ be" 
aan be thoutfit of as saying that the resul^ of multiplying two - 
given numbers was the same when they had the hames "aH and "e" 
as whan they had the names "b" and "e" * 

As m tht .case of the addition property of equality, it is 
tM usefulness of the multiplieatlon property of equality in 
finding the truth sets of sentenoes that Juetlfies its "elevation" 
J to the status of a property, ' . 



Answers to Oral Exeroiies 8-5 l page 312^ 
1, Using the multiplieatlon property of equality, multiply each 



2- 
3. 

^, 

6. 

7. 



of the sentence by 
1 



side 

multiply each side by 



i, since 

2 



9, 
10- 



11 , 
12. 

13^ 

15 



and 2 are inverses 
multiply each side by 2 



Answers tp^roblem Set 8-5 i page 512: ' 

A few of the exercises In this set will be worked out in 
various degrees, of detail , For the other exercises only the 
truth set will be given. In assigning exercises for students to 
work, it probably would be unwise to expect them to work ou^ in 
detail more than fouF or five of these exercises . •^fter all, it 
Is also a worthwhile objective to get students to the point where 



, pages 312-313 J 8-5 and 8-6 ' 

# ^ . - 

they aan dttermine the truth se^ts of o^mn sentenats^of this typm 
by InspaQtlon. 

1* If there la an a such that 10, [id) 

(6) 

{-12] = 

(|) 
t-^i 

(|) • ' 

<-!)=- 1? ■ .-. 
<=!>((- !)<=) - <-f)(S) 

l'^^' - '-=5>? ' • X -c .-IS . 



2a - 12 


Is 


true. 


11 * 


then the same 


a makei 




•12 . 


|(aa) - 


12 (|) 


and 




(| -a)* - i2(i) 


and 


14. 


1 . a - 


6 ^ -' 


and 


15. 


a ■ 


6 

* 


true , 


16. 


(-aia « 15 










(- i)l5 




17. 


lGi(=3))ai. 


(- i)15 




18. 


1 . k - 


-5 




19. 


a ■ 


-5 







a 



55. 



- ' ' Q =«t • 5 . _ 12 . ^ 

4. fa) ^ ■ ■ 11 /• 5 11 5 

5. '{oj . . - - IT • 1 

6. (-7) c . . il 

- 11 

7. {8} . - 
9. (-9) 

4 * 



b - 27 

8-6, SQlutiong of Open Sentences . 

Equivalent^ sentences will be discussed In more detail in 
Chapter 15* may wish to refer to this later discussion, in 

bpth text and commentary, before taking it up at this point, 'me 

228 . • 



pages 3y-3l^2 8-6 

id#a is Introdueed her© for linear eqiaations because the student 
/rs^probably beginning to be aware of it by now and surely is 
growing impatient with the Ghecking routine. It is not our in- 
tention to do away with checking altogether for these equations, 
but rather to put it in its proper perspective - a check for 
errors in arithmetic . 

It is important that the teacher note, and help the student 
note, that in the procfess of solving equations, not all eteps 
involve dlreotly the equivalence of two equations. Those steps 
in which the addition property and multiplication property of 
equality are used must raise the question of equivalence, but on 
the other hand there may be steps taken with the sole purpose of 
simplifying one member or both members of an equation. 

Thus in going from 

3x 4- 7 X 4- 15 
t^o (5x + 7) + O^x) +^ (-7)) - (x + 15) + ^-x) + (-7^) , 
eqt^ivalence is an^ issue because, for example the phrase on the 
left names a number different from that named by the left member 
of the original equation, '^as the addition property for equality 
has been used . But in going from 

(3x -f 7) -f ((-x) + (^7)) - + 15) + ((-x) + (-7)) 
to Sx. ^8, 

the question of equivalence does not^ enter the picture because 
all that is happening is that each member of the equation is 
being written in simpler form. Both types of steps are important, 
of course, and students should be able to give reasons for them. 

, A prolonged discussion in the text of the difference between 
these steps could have been a distraction to the main idea, and 
so the task of emphasizing the distinction is largely the 
teacher's* This is probably appropriate, because many natural 
- opportunities to point this out will arise in class discussion 
throughout the course . 

In conneotion with the work on equivalent equations, some 
teacherB report that classes have found good practice and enJoy= 
ment as well in the process of building complicated equations 
from simple ones by use of equivalent equations. For example, 



pages 31^^-316! 8-6 . 

^ ^ ^ - . 9x + 2 = 8 ^ ' ^ 
X + 1 ^ U 2x 4^ 2 + 7 - 8 + 7^ 

2(x +^ 1) 8 2x 4 9 - IS 

i One of the principal reascxis for introducing the Idea of 
equivalent sentences at this time Is the need for them in study- 
ing truth seta of Inequalities, coming In Chapter g. It la 
Impossible, for example to "check" the truth set of "x + 8 > 10" 
in. the sense that one can check the truth set of "x + 8 ^ 10" , 
It is important in the former ^case to know that "x + 8 > 10" and 
''k > 2" are equivalent sentences and so have identical tryth ^ ^ 
seta. Therefore, no "checkin^^eed be done In the original 
sentence (again, assuming no arithmetic errors); the truth set of 
"x > 2" ^ the truth set of "x + 8 > 10" , 

In the first example In this section of the text it is pointed 
out that the steps used in going from the original sentences to 
the simple sentence are reversible. Thfis, if there is an x 
such that 2x + 5 ^ 27 is true, then x - 11 is true for the 
same x; and, .conversely, if there is an x such that x ^ 11 
is true, then ' 2x + 5 ^ 27 is true for the same x. Although 
It is not called by this name or rCressed in the text, this is 
the first situation involving "if and only if", and it may be a ' 
good place for the teacher to begin building for this Important 
concept, especially since the notion Is perhaps more easily vis- 
ualized in terms of equations and truth sets than In the more 
subtle proofs whlbh the student, moy later encounter in other 
courses . 

Although the ^Idea is not difficult, "if and only if" often 
gives rise to confusion. The form always is "A 4f and . only if 
B", where A and B are sentences. We are actually dealing 
with the compound sentence, "A if B and A only if B" . The 
sentence "A If B" is a compact way to write "If B then A", 
and "A only If B" is a way of writing "if a then B" ; 
These conditional sentences are sometimes written "B Implies A" 
and "A implies B" . Some writers abbreviate "if and only if" 
to "iff". I^ie compound sentence ttien reduces to "A 'iff B" * 
T\\B confusion with "if and only if" comes from tryin^b remem- 
ber which statement Is the "if" statement and which yfehe "only 



10 ^ 
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pages 3l6-317i 8-6 

If" statement , Everyone has this trouble but it is fortunately 
not an important matter. What l_s important is that the compoand 
sentence "A if and only if B'' means "If A then B and 
If B then A" , 

The preceding remarks are for the benefit of the teacher 
only. It is probably not wise to introduce "If and only if" 
notation to the students at this time . 

An awe r 3 to Problem Set 8-6 i page 317: 

Since the student has been shown procedures which assure the 
formation of equivalent sentences it will no longer be necessary, 
in general, for him to "go the other way"* l.e*, carry out the 
reverse opera^tlons. the first four problems, however j we give 

him this experience, whl^ xtiB^Yfi as suggested earlier, helpj set 
the stage for an understanding of "if and.^only If", 



1 . 




5x + (-i+x) 
5 + (-^) X 




7 

-7 










IX 




7 










X 




7 










Oolng the othf 


sr 


wayi 










X 




7 










(l)x 




(l)(7) 










5 + X 




7 










5x + (-'te) 




7 ' 










The truth set is 


(73 . 






a. {2] 


7. 


C-3) 12 






17. 




3. , (2) 


8. 


{' |] ' 13 




(=17) 


■ 18. 




^. (3) 


9. 


(- |l 1^ 




(1) , 


19 , 




6. [3] 


10. 
11 . 


15 

f^l 16 




C23) 
(3) 


20. 
21 . 


any real 

number 

(0) 
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8-7,* Produott ^ and the Number Zero . 

The theonem on productB and Ihe number zero Is^ presented in 
this section in two parts. The first, since it is a direct coni 
sequence of the multiplication property ^ zero, requires very 
little eluGldation. The second ptrt 1^ far less obvious. It is 
proved here in detail for two reasons t one, to. dispel dn the 
student's mind the erronepua notion that the first result implies 
the second, a common error; two, because of the. slgnlflcai^e of 
the second result in determining complete truth sets of cektain 
types of equations-. For example, without the second property we 
could not assert that 5 and 4 are the only truth numbers of 
'the sentence (x - 3)(x - 4) .= 0. 

Our theorem can be stated in one piece as'an^"lf and only if" 
statement as follows 1 

For any p^eal numfiers x and' y, xy ^ 0 if 
and anly if x ^ 0 or y ^ 0 / (The use of "or" 
'here Includes the case when both x ^ 0 and 
y - 0.) ' - 

As before; this form is not given in the text since the two part 
approach seems at this point to make for greater clarity. 



Am 


iwer^ 


to Oral Exercises 


8-_7j ^page 5 


20: . 


1 I 


(a) 


( 

xTrue 


(e) 


False 




(b) 


False 


(f) 


'llrue 




(0) 


True 


(g) 


False 




(d) 
(a) 


True 
Co) 


,<^., 


True • 




(b) 


(0) 


(e) 






(c) 


[-1] 


■ . (f) 





Answers to Problem Bet H-7 ; pages 
1., (a) [0] 

(b) ro)_ . ■ . 

(c) (0) 

(d) , (0} 



320-523: 

(e) (0) ' 

(f) CO) . ^ 

(g) the set of all real numbers 

(h) (0) .: ' ^ 
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(^) 


(h) 


(-.8) 


(b) 


(?] 


CD 


(l) 


(c) 


(7i 


(J) 




(a) 


{-2) 


M . 


t- ¥ 


(e) 


(-6) 


(1) 


t§) , 


(f) 


C-1) 


(m) 


(-1) , 


(a.) 


- 3 


(n) 


C.91) 


(a) 


(-4, -3) 




(0, -2) 


(to) 
\o ) 


(=2, -6) 


(n) 

(a) 


(0. 5) 

[0 = i) 


(A) 


(-10, 5) 


(p) 


(0. 1) 


•(e) 


■ ['}, 5) 


(q) 


(0, 1) 


(f) 


9) 


(r) 


(0, -1) ^ 


■(g) 


3' W 


*(s) 


- |) 


(h) 


fi S'l 


*(t) 


(-5, -8) 


(i) 




•(u) 


(4) 


(J) 


(-5.4, -2.18) 


• *(v) 


fl _ i) 


(K) 
(1) 


{-5.15, 5.12) 
(1 .75. 'a. 25) 


*(w) 


(- |. -24) 



4. Be sure that the students write ^out the gteps carefully in 
the solutions. The following method is suggeeted: 

(a) If X is the number of cents that Mr. Johnion 

paid for each foot of wire, 

then 30x is the number of cents that Mr. Johnson 

paid for the first purchase of wire 

and 55x is the number of cents that Mr* Johnson 

paid for rthQ l^.ter purchase of wire 
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25x la the number of cents that^ ^he^ neighfeor 

paid for the wire t^iat he .purchased , 

Then the open sentence Is 

" i30K + 55x) + (-25x) ^ 25x + 420 i^-f^-25x) 
30x + 55x + (-25x) - 25x + (-25x) + 420 
(50 + 55 + (-25))x ^ 0 + ^20 = • 
60x ^ 420 

» ," 

X ^ 7 

Checking: A/t 7^ per foot, 

■ 50 feet of wire costa (30) (7) or 210^] 
55 feet of wire costs (5S)(7) or 585^1 
Mr. Johnson's wire costs (210 + 385) or 595^* 
The neighbor's wire dosts (25) (7) or 115^ for 

25^ feet of wir^/ 
Mr, Johnson's total cost is (175 + ^20) or 595^. 
Thus 7^ per foot is the cost of the wire , 



^If n is the 


Intege 


r. 


(n + 1) is the successor of 


thmt integer. 


The 0; 


pen sentence's ' ^ 








2(n + 1) + 10 




4n 




2n + 2 + 10 




4n 




2n + 12 


^n + 


(-Sn^ 




("2n)) -f 12 




2n 




12, 


\ 


|(2n) 




f(l2) . 




n 




6 


ir^the number. 


is 6/ 


four times the number is 24, 


If the numbar 


Is 6, 


it 


E successor Is t 7s twice the 


auGcessor Is 


14, and 


10 more than ^4 is 24, j 


Therefore 6 


is the 


, re 


quired integer *' 
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(c) If m ' Is the ni^ber of miles per hour that the 
\ , first mart drove j 

then 5ni ^is the number of miles that^^'the 

first man drove in 5 hours 
and 3m is the number of miles that the 
^^econd^mn drove in 3 hours, 

A diagram similar to the one below may be helpful 
— - — 5 m — = = ^ — ^120 mL— — — * 



^=3 m 



^ 



-2 5 0 mi. 



Start 



Finish 



The open sentence is 

/ 5m + 120 ^ 3m 4 250, 
5m + 120 ^ (-3m) + (-120) ^ 3m' + 250 + (-3m> + (-1£0) 

2m ^ 130 
m - 65 

Oieck^ If each nmn drove at the rate of 65 mile£ 
per houTj then 

the first man drove 325 miles in 5 hours ^ 
the second man dt^ove 195 miles in 3 hoiorsj 
325 + 120 ^ 445, 195 + 250^'^ 445: 

Prom here on the solutions are in more compact 
form and the check la not given. 



y (d) Let ^^,be the number of units in the length of the 
third ®dde* 



^en sentence : 



(2/+ 3) + (/+ 5) = 44 

O + 8 = 44 
4,^= 36 
9 
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\ 

(e) ni the Integer 

n + (n + .1) ^ 1 + 2h 
2n + 1 - 1 + 2n 

Hie •more ^lert students will observe that this sentence 
is true for ar^^ integer, 

(f ) a: the number of pigs - \ ' 

4a + 2(a + l6) - 7^ 

" 6a + 32 ^ 74 

6a ^ 42^" 

a - 7 

(g) b- the number of hits 

10b + (=5)(V 10) ^ ^25 

5b ^ 25 
V- 5 

(Gain is 10 if he hits and- ^5 if he miaeeg,) 

Answers to Revlevf Problem Set ; pages 324=351 r 

1, (a) -.3 '(d) ^10 

(b) 24 (e) 0 

(c) =25 (f) 0 

2. (a) 8 (e) 24am ^ (i) 24ab 
(b)' -16 (f) -Bm'^ ■ (J) -12bm 
(c| 30 is) M -^5a 



(d) ~2hm (h) ^xy (1) 0 

(m) -SOa^mx 



(a) 2a + 4b i^) l6a" + (-aab) 

(b) »4c + l6d (s) 3a + (-6b) 

(c) 42c + ( = 36d) (h) 4am + (-2an) 

(d) -3aam =h (-24an) ' (l) S^c + 3bd 

(e) iaiab + 28ac ' (J) Sm^ + (-lann) 

\ 







7 






i 

f 


■ \ 


lOc- 


4- mod 


(s) 




(-25) 


6) 


15bm 




(t) 


W -f 








+ 4cd 


(u) 




3a + 2,25 


in) 




7a + 12 


(V) 




(^4,41) 


. (o) 


p 

+ 


a + (-12) 


(w) 




(>4y2) + (^8y) 


(P) 


2 

m " + 


/-36) 


*(x) 




+ 9y2 + (-^y) + 


(q) 


y ^ 


(-lly) + l8 






2iTin + 2m + n + 


(r) 


2 

y + 


5 3 
f y + F 








. (a) 


13x 






(k) 


12a + 3g 


(b) 


-13a 






(1) 


6a + 4b + Q 


(o) 


9k 






Cm) 


6p =h llq 


(d) 


3b 






(n) 


»2p + (-6r) 


(e) 


..n 






(o) 




(f) 


9x 






(P) 


0 


(s) 


-l4a" 






(q) 


2t + 5s 


(h) 


2a 






(r) 


a -f 


(1) 


17P 






(a) 


-4m + n + a 


- (J) 


0 








7a 



5. 



(a) 
(b) 

(c) 



31 

W 

41 
21 



(a) 

(b) 
(c) 
(d) 
(e) 
(f) 



3(a + b) 
-S(c + d) 
5 (2m + n) 
-5(2a + 3b) 
n(m + ay) 
m(2y + (-x))j 



(d) 
(e) 



10 
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(g) 2b(x + 2y)j or, 2(bx 4- 2by) ; or b(2x + 4y) . 

In Problems (h) throu^ (J) slmirar alternate answers 

are acceptable . 

(h) 2a(2mH- 3n ) 
(1) -3b(2x + 3w) 
(J) |t(a + 2b) 

(k) ^ |(b 4^ O) 

(1) 2 Sim ^ 2n) 

(a) True 

(b) False 

(c) True 

(d) False 

(a) .. True 

(b) True 

(c) Palae 

(d) False 

(e) True 

(f) /True 

(g) False 

(a) F^se (r) True (j) False 

(b) False (g) False , (k) True 



(e) 
(f) 


Pal se 
False 




(s) 


True 


J* 


(h) 


False 




(i) 


True 




(h) 


True 




(i) 


PalBe 






False 








^1 Is 




wi|en 


a ^ -1 


(k) 


False 


%^hen a 


(1) 


True 





(c) True (h) False (1) False 

(d) Tru^ (1) False (m) True 

(e) False , '^"^^ 

10. (a) (S) (g) 0 

(b) (5) > (h) all real numbers 

(c) (-4) (i) (0) 
,(d) 0 (J) [7] 
(e) [-9] '"^V M tl) 



f) [=8] f (1) all real numbers greater 

than or equal to 5 
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(m) 


all numbers less 


(s) 


0 






than 1 




(n) 




(t) 


{01 












(o) 


(u) 


(1 ) 




all, real numbers 










greater than 5 


(v) 


all 


real 




and all real numbers 










less than (-5) 


(w) 


[-^) 




(P) 


all real numbers 


(x) 


(0, 


1) 


(q) 


(6) 


(y) 


t=7, 


2} 


(r) 


{-5) 


*(z) 


[0, 


2' 



11 . students should be encouraged to check their answers . In 
verbal problems this checking should be done first in the 
^original statement of the problem^ then, if necessary^ in 
the open sentence. Here the work is shown in detail only 
for -parts (a) and (b). After a while ^he students should 
be able to omit some of the steps . 

(a) Let X be the /number. , 
Than the open sentence is 

2x + 5 ^ 47 
2x + 5 + (-5") - 47 + (^5) 

2x ^ 42 

X ^ 21% 

/ 

If 21 Is the number^then twice the number P 
is 42 J and the sum of twice the number and 
. 5 is /42 + 5 or 47. 

i> / 

(b) Let b be the i|ujTiber of bushels of wheat each truck 

can hold. 

Then 3b is the number of bushels one truck hauled^ 
and 4b is the number of bushels the other trjick hauled. 




3b + 4b ^ 490 

(3 + 4)b ^ 490 

7b ^ 490 

b ^ 70 
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Check: If each truck holds 70 bushels^ then^ the 
fcirst truck hauled 3(70)^, or 210 bushels^ 
the secon^ one hauled 4(70) or 280 bushels* 
Together they hauled 210 + SSO or 490 bushels 

(0) c: number of cents. that one can of peaches cos^s 

2c + 83 ^ 150 + (-4) 

63 n^l 

c s -g^ or 31y 

(d) XI ntffnber of degrees In the second angle 

X + 2x + (x 4 12) ^ 180 
X ^ 42 
2x ^ 84 
, 4 12 ^ 54 

Check: 42 4 84- -^t- S^^-I-SG------ 

i 

(e) Let t be the number oi" hours that the passenger train 
ran before overtaking the freight train, Wien the 
freight train ran <t 4 l) hours, 

6ot Is the number oK miles the 'paasenger train traveled 
40(t -h 1) Is the niimber of miles the freight train 
traveled. 

^ Sot ^ 40(t \ 1) 

(1) t-2 ^ 
t + 1 ^ 3 

(2) } 9:00 A.M, ^ 

(3) ' 120 miles ^ 

(f) Let w be the nimber of feetXin the width, 

V/ 4 V/ + (2w 4 8) + (2w + 8) ^ 196 

^ Vi m 30 

2w + 8 ^ 68 

The dimensions are 30 feet by 68 feet, 

(If the student should say or write "w s 30 feet'^ 
remind him that w represents a number, so th^ 
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w m 30 Is a statement about nwnberSj v^ereas "the 
width Is 30 feet" is a stateinent indicating how 
long a certain line is. ) 



12, (a) #^1-0 i 1 — H— 4 



-6 -5 -4 -3 '2-10 I 
(b) ' \ \ \ \ \ \ \ i ) (the null a 



(g) r - 1 t (^.^ ■ ■! ■ — 

-4-3-2-10 I 2 3 4 5 

-^^^ 

(d) —I — -^-^ — i — H — — f I • » t 

'5-4-3-2-1^0 I 2 3 4 5 

(e) ^ — + — I— ^— C r - I P - f 

-3 "2 -I 0 I 2 3 



(f) 1 ■ Cii 



2 3 4 5 6 7 8 



) Suggested Teat Items 

1. Find the value of each of the following when x is =5j- 
' y is 2, a lE 'k, and b is i . 

(a) 2ax + 3by (c) + x + (-y))^ 

(b) 2ab((-x) -+ y) (d) 2x + (-a) 4- (-y^) 

2. Write these indleated prodUGte as indleated sums* 

(a) {-7)(3x+4y) (d) ^5x + {-£))(3x + 7) 

(fe) 3y(^ + (-£xy) + x^) (e) ^ + (-4)) (gx + (-3)) 

(e) Cx + 6)(x + 7) (f) (|x)(^63iy) 

3. tolte each""'o?^ the following as an Indleated product,' 

(a) 7a + 7b (d) 2xy + (-xy) + (-x) 

(b) 3m + 15n (e) (-4)a^ + (-4)x^ 

(c) 4p + (^7px) 



2^1 

^ 4 u 




Collect terms In the following. 

(a) z + 3z ^ (c^ 4x + («6y) + 6x + 12y , 

(b) (-15a) + a • (d) x + 3y + 7x + (-2y) 4 % 

Krlte the multiplicative inverse of each of the following 
numbers . - ' - ■ ' 

(a) 3 (el 0 . 

(b) -5 ' (f) 15 + (=7)1 

(c) ^ ■ (s) .23 

(d) .3| (h) X + (-x) 

'The following aentences are true for every a, every b. 



every c. 




A, 


ab = ba 


B. 


(ab)Q - a(bc) 




a(lO ^ a 




a(0) ^ 0 


E. 


(^a)(^b) ^ ab 


¥i 


If a ^ b, then ac ^ be. 


G. 


a(b -}= c) - ab + ac 



,.V/hich of the sentences exprasses: 

(a) the associative property of multiplication? 
' (b) the distributive property? 

(c) the multiplication pr^ojerty of equality? 

(d) the multiplication property of Ofie? 

Find the truth set of the follov/ing open sentences, 

(a) |x+ (-8) = 4 ^ 

(b) 1-51 4^. 7 + (-5) + 2x = 0 

(c) =((-=5)x + 7) - 5.^ 1 (=7) 

(d) |x| = 4( = 3) + (^2)(-.S) 

(e) 2x + 3x = 8 - 3x 



242 




>1_ ^ ■ 

8* If a and b are real numbers, state th© property used In 
aaoh step of the following. 

(a + b)(a + (-b)) - (a + b)a + (a + b)(-b) 

^ • - a^ + ab + a(-b) + (-b^) = 

« + ab + (-ab) + (-b^) 

^ » + 0 + (-b^) f 

' - a^ + i^b^) 

9, Wnd truth sets for the follOMli^— open sent enQee and draw their 
graphs , ^ 

(a) 7r + 4 + 3r ^ (-4r) + l5 

(b) ^(y + 2) + (-6)(y + 3) m (-y) - -4 
(o) 4|x| - 18 + (-2|x|) 

(d) 3{x -f (-4^ ^ + (^1)) - 0 

(e) x(x + 2) - 0 

10. Write an open sentence for each of the following probleme* 
Sta^ the truth seta and answer the questions , 

\{m) Two automobiles 360 miles apart start toward each 

other at the same^time and meet in 6 hours. If the 
rate of the first car is twice that of the second car^ 
v&WLt is the rate of each? 

(b) Four times a certain integer is two more than three 
tijnes its succeisor. What Is the Integer? 

(c) 'nie perjjnater of a triangle is 40 inches f ^e second 
aide is 3 inches more than the first side, and the 
third side Is one inch more than twice the first side. 
Find the length of each side. 

11, Which of the following sentences are true for all values of 
the variables? In each case tell what properties and 
definitions helped you decide, 

(a) a + (-a) - 0 (d) - (x + y) - - l(x + y) 

Jb) (73)(-ri.3)(p) - 0 (e) i-7)i-^) > {7)i^) 
(c) (. ^' (f) ^5(n + 3) ^ ^5n + (-5)(3) 
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12. 



(g) |-S6l| < (130)(-2) , (h) X + X 

Wi'ita and iolve an open sentence to answer each of the ^ 
follof^ing. 

(a) Wi&n a nxOTber and twice Its opposite are added^ the 

3 - 

resist is ' ^. For vrtiat nianber Is this sentenea true? 
Write and solve an open sentence to answer, this ques'fclon. 
Tell vrfmt properjles you used in finding the solution 
of this sentenoe*' * ' 



Two nmibers are mi^tiplicatlve inverses ^ and one of them 
is one**foiirth of the other* Find the pairs of inverses 
for v^lch this sentence is true by writing and solving 
an open sentenoe. 

The product of a certain nianber and Its opposite is the 
opposite of the square of the nOTiber* Find the nifflber 
for which this is true by writing an open sentenoe and 
finding Its'^truth set. 



Answers to Suggested Test Iteins 

- 1. (a) 27 (a) Bl 

(b) -20 (d) -6 

2. (a) (-21x) + (-28y) 



(b) 3y + (-6x7") + 3x^y 



(c) 



+ 13x + 42 



a) 7(a + bf 

b) 3(m + 5n) 

c) p(^' + (-7x)) 

a) 4z 

b) -l4a 



(d) 15x- + 29x + (-14) 

(e) Sx^ + (-23x) + 12 

(f) -3x2y 



(d) x(y + (-1)) 

(e) -4(a2 + x^) 

(c) ittc + 6y 

(d) 8x + 5y 

(a) 
(d) 



11 
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(t) Zmro h|ui no nultlplio&tlve Averse. 



f 

(h) 2mTQ has no multiplicative Inverse. 

6* (a) B (q) 

(t) 0 1 (d) c 

7. (a) (36) (d) l^k, 4) 

(t) C- |) - (e) CD 

(o) the let of all real 
nisnbers 

'w- ■ • , ■ 

8 . dlatrlbutlve property 
dlstrlbytlve property 

^Rie produet of one number and the opposite of another 
number Is the opposite of the produot of the two 
numbers * ' 

addition property of opposltes 

addition pr^erty of lero 

(^e assbolatlve property of addition Is also used In the 
latter steps j slnoe it makes possible the ^ouplng Implloit 
in these steps « ) 

9. (a) fl} \ \ \ \ \ ^ \ \ \ 

(b) [^2j \ s % \ \ \ \ y \ 

^ ^ -4-3-2-101234 

(c) (^3,3) \ m \ r \ I 1— 

■ -4 -^3 -2 -1 0 I 2 3 4 

(d) £l, ^] — H — * » ' ' » — » ' * 

^ .4 ^3 ^1 =1 0 I 2 3 4 

^ (e) (^2, 0) — ^ — i w \ • — I — t » I 

= 4 =3 =2 -I 0 I 2 3 4 
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(a) If the seoond pi^ Is tra^allr^ r i^les per houTj fcha 
flrit ow is traveling 2^^ mllas par hour, to 6 tours 

* than ^ he stiooM dftr travels 6r miles ^ an* the first 
car 6(2r) miles, Sinoe the * number of miles traveled 
both Gars together ii 360, we have 

. 6r + 12r ^ 36g^ / ^ ' 
iSr = '360 
r = 20^ 
Sr m 4o ' ' 

The rate of the first car is 20 m,p*h*, and the rate of 
the second car is - 4o m.p*h* 

(b) If n is the integeri n + 1 is its suooessor, and 

4n - 3(n + 1) + 2 * 
4ns^ 3n + 3 + 2 
4n - 3n + 5 
n - 5 ^ 

ihe^'integer is 5 and its successor is 6. 

(0) If the first side is m inahes long, the second side 
is m + 3 inches long, and ^he third side is 2m + 1 
.^. .inches long. Then 

m + (m + 3) + (2m + 1) ^ 4o . 

4m + 4 ^ 4o X 
4(m + 1) ^ 4(10) 

m + 1 = 10/ 
m ^ 9 

The first side is 9 Inches long, the s^ond side is 
12 Inches long; and the third side Is 19^ inches long. 

(a) True. Addition property of opposites 

(b) Tn^, Multiplication property of zero 

(c) Truel ^^^tipllcatlon property of one 

(d) TrueA -a m (-l)a 

(e) ^IseA (-a)(=b) - ab 



^^Ity^J^m^ Distributive proparty, 

i-^^(g) ^Ise. Ttim absolutt value of amisriber is always a 

' ■ 1' rio|to0^gativa mM^ar> and the product of a 

^ , ' negative number and a positive njbnber Is a 

^ negative nraiber. 

* (h) Time, DlBtrlbutlve property 

% (a) Let X be the number, thfn -x. Is Its opposite. Thm^ 
open aentence Is ' 

X + (-2x) m I a(-b) - -ab ^ 

^ / s 2 ■ • 

( xTl + (-2)) s J- Dlatributlve property 

\ 

J ■ - . 

K X --4 Multiplication property of 

equality and a(-l) - -a 

3 ^ 
TtL% truth set is C- * * 

(b) Let X be one nisnber and*^^x be the other. The op*en 
* sentence is 

x(|x) = 1. 

^ The truth set Is (-2, 2). The pairs of Inveraes are 
-S, - i and 2, I . 

(o) Let X be the number, then -x is Its oppoBlte . 
The open sentence Is 

X(-X) - -XT 

* 

O^e truth set is th ' of all real numbers. 



■ ^ ' • PI^OPlRTiES OF Ol^ER . . m 

In this chapter the propartlaa of the -order relation "Is 
less- than" are systematleiilly developed , T^rou^out the dlseusslon 
all order felatlonihlps are phrased In terms of the s TObol -'<'^^ 
The motivation for this Is twofold, l)*to keep the development as 
yneiuttered as possible, and 2)> emphasise the faqt that we 
are essentially considering only one order relation among the 
real numbers. To be sure, in talking- about a given pair of num- 
bers, we may, and frequently do ^ shift from^'less than" to 
"greater than'^ and back again without trouble. However^ this 
tends to obscure the Idea of order relation and is not perrolBslble 
when we are studying the order relation Itself. We are 

making an Issue of- this matter beeause It Is m&thematleally im- 
portant for the student to begin thinking of order relation and 
not Just order. It is not essential that they be able to explain 
It , If^-the tead^tfr is oar^ful to duscuBs the properties correct- 
.ly* then the student will automatically learn to think about an 
prder relat^ion as^a ^mathematical object rather than as a con- 
venient way of discussirtS a pair of real numbers. 

It has been the custom in the past to assert that properties 
analogous to those applying to the order "is less than" can also^ 
be "proved'' In a similar way for the order relation "is greater 
than" • Rather than oppress the student with a host of additional 
properties, we make instead a simple, statement to the effect that 
the expression ^ < b may be written in an alternative form 
b > a, both expressions conveying precisely the SMje relationship 
idea, namely that the "real number a is located to the left of 
the real number b on the number line, 

ITie student has already been familiarized with the symbols 
of inequality and has used them in ci inectlon with open sentences, 
I^us, certain developmentB in t^is cftaptar may appear to be 
repetitive. It Is hoped, howevery^that the student will be able 
to grasp the distinction between the use of the symbols and 
">'■ to form mathematical sentences and a study of the properties 
of. an order relation . Again in this chapter we Introduce some 
simple proofs . Considerable care shouljd be taken to prepare the 

• 2^9 



pages 333-3351 9-1 



studants for the preserit^tloft *so that they .might wderstand the 
slgniflaanoe of the proofs. The teaeher may decide to omit some 
o% the proof s , This can be done without loss of eontlnulty. It 

Is felt, however, that a. strong effort should be made to present 

j . . . p 

at least one ,or two bf the proofs in class, 

■ y^' , ^ ' " . : 

9-1. The "order Relat ion for Real Numb ©re . 

^ r— — — -T— . ■■ . 

• It is likely that a sti^ent's unfavorable reaetiSh to mart^' 
of the properties presented In this chapter will^ stem from a 
sense that they are for the most part Intuitively obvious, TOe 
comparison and transitive properties, fcr example^ ja^y seem 
scarcely worth mentloriing, Hie teacher, however, shoi^ld be aware 
of the fact that there are lumped together in our statemant of 
the oomparlson property two distinguishable ideasr (1) a state* 
ment about the ^language of algebra and (2) a basic property 
of order. The first of these merely recognizes that It is pos- 
sible for a and b to represent the same number. I^ien, of 
course, the order relation does not apply, since there is but one 
number involved. If, on the other hand,, a b, then exactly one 
of the following Is true: a<b, or*b<a. Some authors * state 
the comparison property for a ;^ ^ only, thus stressing the 
order relatlonj others have termed the property the trichotomy 
property, thereby tending to stress the Idea that, if a and b 
each represent any real number, it Is always possible to "hang'' 
exactly one of three symbols between them to make a true sentence 
As Indicated at the outset In our comments for this ehapter, we 
hope in our approach to play down the tendency to focus on the 
numbers themBelves^ and to emphasize the order relation. 

In connection with the transitive property it ml^t be help- 
ful to cite some examples, perhaps non-numerical ones, of a rela- 
tion which does not have the transitive property, For Instance, 
the fact that John Is the father of Sam, and Sam Is the father of 
Tom, does not Imply that John is the father of Tom. Likewise If 
John loves Mary and Mary loves Joe, it will not always follow 
that John loves Joel If the student is familiar with some ele- 
mentary gebmetry, the relation "is perpendicular to'' will prbvide 
a significant example of a non^transitive relationship between 
lines in the pl^ane . 



'^a^i 337-3*1 i 9*1 and 9-2 * 

In aalng Problems 9 and Ip, the student will very llkaly 
uto the vert phrase "Is, greater tjian" In reading the sentenee 
that Is his answer. Thus t^e itudant will be more likely to 
olinoh the Idea that, given tw© different numbers, one is klways 
less than the other. 



1, a < 4 . 6. -6 < 3 (-t)y 

2a f 3 < 4 ^ ^ 7- m'*:5 / ' ' 

X + (•2) < % + 2 ^ 8. b < 5* since b < -1 

h . / ^\ ^ T " 1 and -1 < 5 

y+(-3)<y + i 9^ > ^4] that is, *4 < 

5* -5 < -(m + C-lJ 10. 0 > -cj -that Is, .-c < 0 



Answari to problem Set ^-I j pages 337-338^ 

^ > ,3124 J that Is *|1S4 < ^ 



1 , 


(a) 


-5 < -2 


(d) 




(b) 




(e) 




(c) 


-5 < .01 


(f) 


2. 


(a) 


-a < -2 ^ 






' (b) 


•2 < b 






(c) 


-X < 3 




3. 


(a) 


X + (-1) < 3 


Ld) 




(to) 


0 < z 


(e) 




(e) 


2 < m 


(f) 



a > b I that^ is b < a ^ 

% < X + 1 
i 

(d) y < 2 

(e) Hal < 0 ^ 

(f ) 1 < %2 

-(a + b) < b + I-a) 

^|=3| < -2 since 2 < j-3| 

Slnee a ^ b, there la but one num- 
ber Involved, and there can be no 
ordering . 



9-2. Addition Property of Order . 

^e second addition property is Introdueed as an illustration 
of a simple deduction based on two other properties. Once again 
the result may seem "intuitively obvious", 

# ■ 

Answers to Oral Exercises 9-2a j pages 340-342: 

(a) True (b) True (c) True 

251 
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■ ' -'- * ^ ' , 

id) No dtolslon can be reached. (g) True 
I More Inforniatlon Is needed. 

(f) True •• i (1) False ' 

2. (a) The , relation doeB have the transitive property, 

^ ^ If 8-5-5 and 3 - 4 - 1, then 8-5-4-1. 

(b) Thm relation ">tV has the transltlye property. 
If 7 > 3 and 3 > -1, then 7 > -1 . v 

(0). mm relation ^ dots not have th# traniltive; property, 
8 ;^ ?> and 7 7 +^1, but 8 ^ 7 + 1 * . ^ 

Ofili partioular exerolst provides a good opportunity for thf 
teacher to point out that It requires only one, perhaps soniewiiat 
Isolated Qounter-example .to provf that a property ^oes not hold. 
Wia student may easily be led to believe that the relation "i^" 
is transitive since It would appear to work In all eases In which 
the original choice of c was such that e ;^ a to begin with. 
He may also be BusplelouB of the given answel' on the ground that 
the hypotheses look like % ^ h and h ^ €, with no c Involved . 
Here again, it miy be rieceBsajy to reafflnn the fact that dif- 
ferent letters may be names for the same number. 

(d) If a and b are any two different real numbers, then 
one of the statement, "a < b" and "b < a". Is true 
and the other Is false , 

3. (a) > (e) < (h) < 

^»') < (f) > (1) < 

(o) > (g) <^ •(J) < 

(d) < . 



AnswerB to Problem Set j-ga ; pages 342-343: 

1. (a) < 
(b) < 
(0) < 

(d) > 

(e) Mo decision can be made. 
More inf ion is needed. 



pasei 5'*3-3**6: 9-2 . , - 

(f) < , ' . - ' * , . 

(g) < Slnee a + S < -1, -1 < 0, and • 0 < b 

Can't tell since e eould be positive, 0, or negative 

< ;^ls problen antlelpatea the work at the e,l8Be of 
Secbon 9-2, O 

•6 < -3 
32 ^ 3T 





(-18) + 9 



True, (-5.3) < 0.^ . 
True. (. ^) - (-^) 

Pages 3^3-3^3 . Here and In Section 9-3 the coneept of 
equivalent Inequalities la presented without an attempt at rlgor- 

* ous Justification. A more detailed ^treatment of the same topic 
IB given In Chapter 15 • 

Answer a to Oral Exerglses g-2h i pages 345-3461 

1. (a) No (b) Tea (e) Tfi 

2, (a) Add (-3) to each "side" of the "<" statement. 

X < (-4) + (2) + (=3) 

(b) Add 8 to each side; 2n < (-27) + 8 

(c) Add (-4) to each Bide; (-8) + 12 + (-4) < (-jn) 

* (d) Add (- |) to each sldej 7 + (- |) + 2 + (- |) < ax 
(e) Add i to each side; .8 + 14 + (- |) + i < 4y 
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3' (s> . Add (-3) to eaah side, or add 'to eaeh sld© 

\ and (-9) to eAch sldt In two separate steps, ^ 
(b\ Add + (*3y) to eaeh side, 

(a) CoBblM teras to obtain + 14 < -jn 
then Udd =4n to eaeh side, 

(d) Add\^^^+ £ to each side, 

(e) OemWlne terms to obtain ^3 + 3,2y < .3 + 2,2^ 
then add -.3 + (-2,2y) to eaah Bide\ 

Answers to Problem Set g-2b i pages 347-348 i 
1, (a) the set of all numbers less than 8 

(b) the set ofr.all numbers less than 2 
(a) ^ the set of all numbers less than 0 
(d) the set of all numbers greater than 0 
(a) the set of all numbers greater than ji 

(f ) ' the set of all numbers ^eater than ^ 

(g) the set of all numbers less than or equal to J^4 

(h) the set of all numbers greater than or equal to ^ 
(1) 0 

(J) the set of all numbers greater than ^ 

(k) the se^ of all numbers greater than 4 

(1) the set of all numbers greater than -7 

(m) the set of all numbers greater than -4 

(n) the set of all numbers greater than or equal to -1 

(0) [-3} 

(P) (1) \ 

(q) the set ofv^all numbers less than I5 

(r) the set o^ all numbers ) 

(^) {-4) 

(t) the sat of all numbers less than 5 



•VP?-' 



-I 0 I 2 r 4 5 6 7 S • ' 



(d) 

-i 6 I 2 3 4 5 e 7 

% % I — 4 « I 1 I 1 I I I 

.4 ^ ,2 ,| 0 I ,2 3 4 5 8 

(1) ^ (the empty let) 

0 1 . \ 

(P) 

3. (a) False (b1 True (c) ttnae 

4 . Suppose n is the number , 

If 5n + 3 > 7 + ^n, 
then 5n + 3 + (-i*n) + (-3) > 7 + '♦n + (-4n) + (-3) 




and 



then 



n > 4, # 



If n > 4, 

n+4n + 3>4+4n + 3 

5n + 3 > 7 + 4n, 



All numbers greatar than 4, 

Tha taaeher should note that wa hava asaartad hare that 
tha "ravarglblllty" of addition by a raal number asfluras 
equivalent sentenoes . Therefore thera Is no nead from 'the 
point of view of mathematical theory to reverse the steps 
in the process of solving the sentence. Nevertheless, going 
throu^ the reverse steps does afford the student one means 
of checking his work for computational errors. He may prefer, 
instead, to choose several numbers from what appears to be 
the truth set of the sentence, and then check these in the 
original sentence, but this Is an Incomplete sort of check, 
hardly more than an indication of the plausibility of his 
supposed solution set. 



o 
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pages 348-^51 i 9-2 

5. iuppM« X Is the third teit score. 



If 



8a + 91 + X 



|~ * ^ > 90, Cheekr If x > 97, 

173 + X > 270, 173 + 3f > 270, 

X > 97. 82 |1 ^ ^ > 90. 

%e Bust Boore hi^er than 97 . 

Pagea 3't8-350. The "two-way" eonneotlon between the order rela- 
tion and addition will play a leading role in the development of 
the multiplication property. It Is eiaentlal to the proof. 

. At thli point the words equation and inequality are Intro- 
duced as names for the two types of sentences under oonalderatlon 
It 18 quite likely that theee terms are already familiar to the 
students , 



Answers %6 Oral ExerolBes g- g o • page 350: 

1. (a) 3 + 4 - 7 (e) .99 + .009 - .999 

(b) -2 + 6-4 (f.) -.3999 . -.4000 + .0001 

(e)"-4--5+i (g) (x) + 2 - X + 2 ^ 

(d) -f - - ^ + I (h) k + 1 - (k) + 1 

8- (a) " < 6 (e) m > n 

^ < 9-5 (f) X + (-1) < y + 2 or 

(e) X < y (x + (-1)) + 3 > y (x - y) 

(s) x<y + 5 or x + 2>y 

(d) 2x < y (h) k < 1 

Answe^ to Problem Set^ 9- So ,- pages 350-351 • 
1. (a) -15 > -24 J 9 

(») f > --I ; M 



25J / 



pages 5|l-357s 9-2 •nd 9-3 



(d) 


■ ff <y 


' 1 


(•) 






(f) 




' ft ' 5f 


(e) 


1.117 > • 


.0.21 I 1.68 


(h) 


<-|><5' 


> (|)(- |) ; 


M 










(d) True 



(f) 



(g) Falie 

(h) Trut 



3 * * Addition property of order 

Addition p^perty of zero i 
a ^ c names the same number as b . % 

9-3, Multiplioation Property of ^der . 

A dfductive argument ii^glven to ehow the plausibility of 
the mult^lioation property of order. This argument not 
constitute a .complete proof of the property but it dg^ Gontaln 
the essential ideas that are involved In the proof. 

A second multiplication property analogous to the second 
addition property is included. T^e results of this are fruitftil 
in the study o^ square roots. They should be noted liven thou^ 
the student may vi^h to side-step the proof. 



Answers to Oral Exercises g-ga ; 

1 . 2a < 10 

2 . -2b < 6 

3. -p < 0 

4. 3m < 3n 

5. -2q < 10 



page 357' 

6. -3 < X + (-1) 

7. 15 < -3(a + (-b)) 

8 . 25 < 5a + 5b 

9. a < -4 
10, -2 < X 



Answers to Problem Set 9-3a i pages 357-358: 
1. (a) < (c) We can't say. (e) < 

Ih) > (d) > (f) < 

257 



pages 3 57- 5 60: B-y' 






2. 


(a) 


15 < -5x 




- 5 < X 




(b) 


a < -1 


(e) 


5 < X 






-2 < z + (-2) 


\ ^ ) 


y < z 






X ^ A 


(d) 


y < 1 




(b) 


z ^ ^3 


(e) 


m''' + 1 > 1 






2x < 2 

a- 


(f) 


< at 




(a) 


25 < X" 


(d) 


z'^ < 25 




(b) 


2 


(e) 


a + b < 12 




(c) 


■ 25 < 


(f ) 


|b|2 < |a|2 


Anaweins to Oral Exercises g-jb 


> page 


360: 


1 . 


1 
3 




6 . 


3 
? 


2 . 


3 




7 . 


8 
5 


3 . 






8 . 


Do not multiply 



4. 

5- 



1_ 

5 

1 
7 



Add «5 



9. Add -4 ] multiply by i 



10, 



Add -3 1 multiply by i 



Anawers to pFoblem Set 9-3b ; pages "^60-561: 

(a) all numbers less than ;5 

(b) all numbers less than ^ 

(c) all numbers greater than ^ 

ID 

(d) all numbers less than 1 

(e) all numberfi less than -3 

(f) all numbers y^*' or' greater 

(g) all numbers greater than - 1 
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pages 360-361 : 9-3 

(h) all numbers greater than 

(1) CO) 

(J) 0 



-8 



2. (a) 
(f) 
(1) 



< 1" 

-I 



(a) all numbers lese than (-3) 

(b) all numbers greater than (- ^) 

Q 

(c) all numbers - |- or greater 

(d) 0 

(f) all numbers greater than -12 

(g) all numbers less than .31 

(h) ^all numbers 

19 

(j) all numbers greater than - 

If Moe pays x dollars j then 
Joe pays (x + 130) dollars. 

If X + (x + 130) < 380, 
2x + 130 < 380, 
£x < /25O, 
X < 125. 



If 



Joe I 
Moe I 

Total cost 



X -h 130 < 255, 
X < 125; 
< 380. 



X < 125i 

2x < 250, 

2x + 130 < 380, 

X + (x + 130) < 380. 



Hence, Moe pays less than #125 
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pages 561^,5631 9=3 



5. Suppose n Is the number. 

If 6n + 3 > 7 + hn, If n > 9, 

2n > 4, ^ ' 2n > 4, 

^ > ^ ' 6n + 3 > 7 + 
The number is greater than 2, 

6. Suppose there are x students in t^he class. 

If 3x^< X + 46, If X < 23, 

2x < 46, 2x < 46, 

^ ^ 23 . 3x < X + 
There are less than 25 students. 

7. If Norma is x years old, then ^ 
Bill is . + 5) years old. 3 



'^^ + 5) + X < 23, If 



X < 



2^ + S < 23, 2x < 18, 

2x < 18, 2x + 5 < 23, 

^ < 9^ (x + 5) + X < 23, 

Norma is lass ~han 9 years old. 



Answers to Review Problem 5et; pages 361^365: 

1 . (a) False ' (f ) True 

(b) True (g) False 

(c) FalBe . ^ (h) True 

(d) True = . (i ) False ^ 

(e) True (j) False 



(a) (^4) 7 < (-?)x + (=5). 

3 < (-2X), ■ 
and -4 y x 

are all equivalent sontenaes . 

Hence, the truth set is the set of numbers x such that 
X < ^4, 
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(b) 4x + (-3) > 5 + (-2)x, 

4x > 8 + (-2)x, 

6x > 8, ' ••• ■• 

^ and X are all equivalent sentances 



Hence, the truth set is the set of numbers x ^such that 

. ( 



4 



(c) (|) + |) < |) + (-3)x. 

0 < (-3)x, 

and 0 > x are all equivalent sentences. 

Hence J the truth set is the set of numbers x such that 
X < 0. 

(d) i ^ + (-2) < (-^5) + I X, 

and 4 < X ^ SlVq all equivalent sentences. 

Hence, the truth set is the set oi' numbers x such that 
X > I . 

(e) [^6] 

(f) the set of all nusnbers -j- or less 

17 

(h) all numbers less than -^-^ 

^ ' 4 

(l) all numbers greater than - ^ 

( J ) all numbers greater than 2 

(a) ■ . i i — ^ ( - ( 



;b) 



1 2 
3 



page 36k 



If the rectanele la x Inches wide, then 



12 

it Is ~ inches long. 
12 

^ < 6 (v/here x > 0 because the number of Inches in 
width is positive), 

12 < 6x, 

Hence^ the width is gi^eater than 2 inches. 

If the rectangle is x IncheB- wide^ then 
12 

it is -J- Inches long. 

If if < i£ and ^ < 6 (x is positive), 

' ^^x < 12 and 12 < 6x, . 
X < 3 and 2 < 

Hence^ the v/ldtxh la between 2 and 3 Ijichea. 

2 



If X > 0, 
If X < 0, 
If X 0, 



X- > 0. 



If X is any non-sero number j 
o 

number, x" ^ 0. 



P 

K > 0. 



If X is any real 



(a 
(b 

(c 
(d 

(f 
(S 
(h 
(i 
(J 



3a^ + (-6a^b) -i 3ab 



ax[Sx + y + (-1) 



laa + 8a'- 4 (-4aj<) 



or, 2^2x^ + xy + f-x)^ ; 
or, x^4x + Sy i (-c')^ 



(X + 2)(a + (-4 

-H X + (-a) 

^ 8x + a 
-1%'"' 4 32y \ (-8) 

am(2x + 1 -i- 3a): or m(4x + 2 + 6a); or 2(2mx + m + 3am) 

6rt + (-12t) + 21- + (-It) 

p o , " 

+ '-imx + i|m" 
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V 

^ pages 364-365 

8. (a) -llx 

(b) 7a + 2b can't be simplified further, 

(c) 0 

(4) 2rBt + (-6Btm) can't be simplified further, 

(e) X + (-5y) , . ^ 

9. If h is the number of hours required, 

then 34h and 45h are the distances traveled by the cars, 
giving the sentence ^ 

\ 45h s 35 + 3^h. 

45h + (-3^h) ^ 55/+ 3^h + (-3^h) 
h(45 + (-3^)) ^35 + 0 
llh ^ 35 

35 

h - jj 

2 

The time required was 3^ houra . 

10* n is the number of votes received by Charles* 
n + 50 is the number of votes for Henry. 

n + (n + 30) ^ 516 
2n + 50 ^ 516 
2n + 30 + (-30) - 516 + (-30) 
2n ^ 486 
n ^ 243 

Charles I'eceived 243 votes. (Note that the domain of 

the variable for this prob^ 
lem is the set of non- 
negative integers . ) 

11. a is the number of dollars left to the son. 

ga Is the number of dollars left to the daughter. 

a + 2a + 5000 ^ 10,500. 

3a + 5000 + (-^5000) - 10,500 + (-5OOOX 

5a - 5500 

a - 1833 *55i 



The son recaived $1833 *33 

12 . (a) "3a + 2b 

(b) 2x + (-3a) -r- 7 
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(c) ^2a + 3 + (-2a). + (=3) i 

(d) 3a + (*2b) , ' 

(e) -2x^ + X + 1 

as, (a) Prove that -(a + b) ^ (-a) + (-b). 
Proof I 

(^a) + (^b) + (a + b) ^ (-a) + a + (^b) + b 

. . commutative property of addition 

« ((-a) + a) + ((=b) + b) 

associative property of addition 

addition property of opposltes 

^ 0 

addition proper*ty of ^ero 
This means that (=a) + (^b) is the additive inverse of 
a + b. Therefore (^a) + (-b) Is equal to ^(a + b), 
since additive inversee are unique. 



(b) Prove I if a + c = b + c then a = b, 

Proof • S I 

a + c ^ b + c given 
a-f c + ( = c) 4 c + 

addition property of equality 
a + + (=-c)^ ^ b + ^0 + (^c)^ 

associative property of addition 
a + 0 - b + 0 

addition property of opposltes 

■y ^ = ^ 

addition property of zero 

With those students for^ wht^m Problem 13 is clearly too 
difficult as an independent exercise, the teacher may want to 
go through the proof in ilass, v^era students may be able 
to work profitably with 1^ as a Joint enterprise. This 
procedure Is of considerable value to the teacher as well, 
for it gives him direct Infomatlon regarding the degree of 
understanding and appreciation of formal proof that his . 
students have at this stage of ' the course. 
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Suggested Ty^ t Items 

1, We know that the sentence "4 < 7^' is true. Wrmt true sen- 
tences reBUlt; when both numbera are 

(a) increased by 5 (d) miatiplied by (=5) 

(b) changed by adding -5 (e) multiplied by^ 0 
(g) multiplied by 5 

2. ^ich of the follov/ing W-ntenoes are true ? Which are false? 

(a) If a 2 ^ b> then b < a. 

(b) If a 4^ (»3) ^ b, then b < a. ^ 

(c) If (a + 5) H (-2) ^ b, then b < a, # 

(d) If a < and ^ > b, then a < b. 

(e) If a 4 2 < 7 and b 4 2 > 7> then a < b. 

3* Given ^ and n. In eagh pai^t of this problem make as ^ 

many statements Involving about n and the given numbers 
as you can^ if you know: 

(a) n < ^ (b) n < I (c) n < ^ 

4, A man has three pieces of :^etalj each having the same volicne. 
The saiT^le of lead outv/eighs the sample of iron. The sample of 
gold outweighs the sample of lead. Which is a heavier piece of 
metal J gold or iron? \#iat property of real numbsrs ie Illus- 
trated here? 

5. Find the trnath seta of the follov^ing open sentencea and draw 
t'heli' graphs . 

(a)l X + 5 < (-8) - |-8| 

(b/ |x I- (^3) > X , i^n) 

(J) i-^) 4- (^y) < ^ 4 1} 

(d) 37 + (-6r) -h 7 > 9r + (--7^) + 8 (-2r; 

(e) 5n + (-3) > 2n + 9 
.(f) h |x| > 12 
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If p, q and t are real numbers and p < q, which of 
the following sentences are true? , 

/ 

, (a) p + t < q + t, if t > 0 
(b) p + t>q-Ht, if t<0 
(□) pt < qt, if t > 0 
(d) pt > qt, if t < 0 

Write an open sentence fcr each of the following problems* 
Find out all you can about the numbers asked for in the 
question . , ? 

(a) Paul bought a jigsaw puzzle and put It together, only 
to discover that there were 13 pieces missing. If 
the label on the puzzle box said ''over 350 pieces", 
how many pieces were in the puzzle when Paul bought it? 

(b) Tom has $12 more than Bill, After Tom spends $3 
for meals, the two boys together have less than #60. 
How much money doe^ Bill have? 

(c) If 13 is added to a number and the sum is multiplied 
by 2, the produe:;t is more than 76. What is the 
number? 

(d) Tom works at the rate of p dollars per day. After 
wirklngx 5 days he oolleGts his pay and spends $6 of 
it. If Vie then has more than $20 left, what was his 
rate of pay? 

(e) A farmer dlacovered that less than 70^ of a certain 
kind of seed grew into plants. If he has 2^5 plants, 
how many seeds did he plant? 

If m is any positive real number and n is any negative 
real number, which of the following sentences are true? 

(a) n f m (d) n + m < 2m 

(b) 3n < 3m (e) < -m 

(c) 2n < m + n (f) -m < 
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AnawerB to Suggested Test Items 

1 . (a) 4 + 5 .' 7 + 5 . g ^ ig 

(b) 4 + (-5) < 7 + (-5) ; or, -1 < 2 

(o) 5(4) < 5(7) ; or, 20 < 35^ 

(d) -5(7> < -5(^) or, -35 < -20 < 

(e) 0(4) = 0(7) f or, 0 = 0 

S. (a) False (d) False 

(b) True (e) True 

(o) False 

3- Ja) No further statement 
(b) n < I I n < I 

^ » 
4* Since the number measuring the weight of Iron is less than 
the number measuring the weight of lead^ and the number 
measuring the wel^t of lead is leas than the number measur- 
"^""^ Ing the weight of gold, by the transitive property of order, 
the number measuring the weight of Iron Ig lesB than the num' 
ber measuring the weight of gold. Hen^e gold is heavier 
than iron . ^ 



.4 



5. (a) The set of all real 

numbers less than -5 



(b) The set of all real 
numbers greater than 



(c) The set of all real 
numbers greater than 




H — ^ — f— 0 i I I i t i 

= 5 -4 =3 -2 =1 0 4 2 3 4 



-4— 0 i I i i I I I - J h » 

-5-4-3-2-1 0 I 2 3 4 5 



(d) The set of all real ^ 

numbers less than 6 -a -4 -3 =2 -I 0 I 2 3 4 a 6 



f" 

i 

I 



(e) The aet of all real 
numbers greater than 



i i I I I t i — I — Q I » 

-5-4-3-2-1012 3 4 5 d 



(f) The set of all real t i i o i \ i i i e i - i J 

numbers less than -3 -5 ^4 -3 ^2 -I 0 I 2 3 4 6 
or greater than 3 

6, (a) True (c) True 

(b) Pals^e (d) True 

7* (a) If Paul had p pieces In his puzzle when he bought It, 
then 

P + 13 > 350. 
P,> 537 

Tlius there were more than 537 pieces left In Paul^i 
puzzle * 

(b) If Bill had B dollars, Tom had B + 12* 

B + (B + 9) < 60. 

2B + 9 < 60 
2B < 51 
B < 25 .50 

Thus Bill had less than $25.50. 

(q) If n Is the number required, 

2(n + 13) > 76 . 
2n + 26 > 76 
2n > 50 

^ n > ^5 

The number is greater than 25^ 

(d) If Tom works at the rate of p dollars per day, 

5p + (-6) > 20. 

5P > 26 

^ 26 
P > T 

Tom's rate of pay is more than $5.20 per day. 



(e) If the farmer planted p seeds, 

2^5 < ( .70)p. 

(^)(245) < C^)i^)p 

350 < p 

The farmer planted more than 350 seeds ^ 

(a) True (d) True 

(b) True (e) False 

(c) True (f) True 



Chapter 10 

SUBTRACTION AMD DIVISION OF REAL NUMBERS 

The logical structure of arithmetic and algeb?^i could be 
developed without even mentioning subtraction or division . How- 
ever, it is convenient to have the binary operations of subtrac- 
tion and division J if onty for ease in writing. Evidently, these 
operations must be defined directly in terms of the basic opera- 
tions of addition and multiplication . 

There are two eaulvalent ways of defining subtraction either 
of which could have been used here , They are 

(1) a - b ^ a + (-b) 

(£) a - b is the solution of, the open sentence In Xi 
a ^ b -I- X , 

The writers of this book chose the first of these because it 
lends Itself more readily to the point of view that subtraction 
of a number is a kind of inverse operation to addition of that _ . 
number, an operation which is already known for numbers of arith- 
metic and must extended to all real numbers , Thus we have 
only to Identify subtraction in arithmetic with a + (-b) In 
order to motivate the definition for all real numbers , This 
definition also builds on tne work done previously with the 
additive inverse, which is important in its own r^ight, and fits 
In nicely with the picture or^addition and subtraction in the 
number line , 

There are also two way a of' defining division: 

(1) f.a.i 

(?) = is the solution of the equation a ~ bx^ b ^ 0. 

In this case also the first method was chosen because it parallels 
the chosen definition of subtraction and emphasizes the multipli- 
cative inverse . It should also be mentioned that from these 
definitions the various properties oi' subtraction and division 
flow easily from earlier properties of addition and multlplica- 
tion * 

The second method of defining subtraction and dlvlsiorf uses 
"solution of equationB" as motivation. It has some advantage 
when the objective is to motivate extenslona at: the number system 
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by demanding that c^^rtain simple equations always have solutions. 
For example the equation a = b + x does not always have a sol- 
ution in the positive integers (even ii a and b are positive 
Integers) but does always have a solution when the system is 
extended to Include the negative integers. Similarly* the 
equation a * bx (b-^ O) does not always have a solution in the 
integers (even 11 a and b are integers) but does always 
have a solution when the system is expanded to include the 
rational ' numfcer'S . ^In later courses the introduction of the com- 
plex numbers is motivated by the demand .that x^ + a ^ 0 (in 
particular x'' + 1 ^ 0) have a solution for. every a. 

The student is motivated by being asked to describe subtrac-^ 
tlon of numbers of arithmetic In terms of what must be added to 
the smaller to obtain the larger. When it is established that 
we must add the opposite of the smaller , we Immediately take this 
as the definition of subtraction for all real numbers. A simi- 
lar motivation leads to the definition of division. 

Rei"erent3^^^a subiraction and division will be found in 
Studies in NffithematlO s , Volume III, Section 3^1. ■ 

10-1 . The Heaping oj; S uDtraotion . 

' We ahuume that t^he atijdent is familiar in arithmetic with 
.subtracting .b from a by i inding how much must be added to 
b to obtain a. v'rnm thin our knowledge of equivalent equations 
quickly l'-^a<lL> to HiVllng thv oppOLil. i.a of b to a , 

For thB student who has beten subtracting by ''taking away", 
we nope the llluatration of making change will help the tr^ansition 
to an aailtjvo viewpoint. 

\ » 

Page 369 . ^^0 - 9 - "0 4= - 11 

10'- Iv - 10 -f (-15) ^ -5 

(-lAj) \ ^ i;^io) I- Y - -5 

7 ^- (-M - 7 -H 11 

- r i^^^j) -r (-2) - ^^7 

^ { ) - 7. -f- / - 7 



pages 369-372 ^ 10-1 

read *'5 * as "five minus the opposite of 2*'^ 

The first Indicates subtraotlon. The second means 

"the opposite of". (Of course In this oase ths eeeond could also 
be read "negative 2" , If a variable were Invdiyed^ however j 
the would have to be read ''the opposite",) 

We shall sooii want our students to be able to look at a - b 
and think of it as a sum , the sum of a and (-b). This is ,1us- 
tif led by our definition of subtraation . 

You have, no doubts noticed that we are not using the word 
"sign'' for the s^bol or , We find that we do not 

really need the wordj and since its misuse in the past has Q^used 
considerable lac^of understanding (in such things as ^getting 
the absolute value of a number by taking off Its sign")* we pre- 
fer not to use the word "sign" in a^y of our exposition, 

A related p^nt that we ihould mention la that we do not 
write +5 for the number five, :The poBdtlve numbers are the 
numbers of arithmetic , We therefore do not need a new s^nTibol for 
thenf* Thus we write 5* not +5* and the symbol "+" is used 
only to indicate addition. ' 



Answers to Oral Exerclgea lO-l ; page 371 * 

1,^ (a) 5 + (-4) (1) (B + (-12)) + (-2) ■ 

(b) 11 + (^S) . (J) 2 -H ^(3 + (^12)^ 

(c) + (=8) (k) rr + TT 

(d) -11 + 5 (1) 8k + Ilk 

(e) 24 + 8 . - (m) 6x + (-2x) 

(f) 4a +^(-5a) (n) 0 + 3m 

^ ^ (g) -2x +^ (o) 6v^+ (-9^ 



(h) 7y + 2y 



Answers to Problem Set 10-1 ; .pages 371 -373 : 

1. (a) -(a + 7) - (-a) + (-7) (d) 4- x ^ 

-a - 7 (e ) X ^ y 

(b) -(a - 7) - -a + ^(-7)) (f) x 4- y 
- -a +.7 



" (c) -X^ - X 
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page 372'. 


10-1 




2. (a) 


15 + (-25) - -10 


it) 


(b) 


132 + 18 - 150 


(g) 




-12 +2^-12 


(h) 


(d) 


-7b + (-12b) - -igb 


(i) 


(a) 


-3x.^ m'x 


< 

(J) 



in J* I- 1 



- 6m + "(-12) 
-4x + (-Ex) + b 

■ -6x + b 

7 .^m + (-12) + 3 

- 10.9m + (-12) 

3, (a) 2x + 2 (J) .6n, 

(b) 5 - w . (k) 4m - 3 

(e) 0 « (1) 2 

(d) X ^ (nj) 2a +%2b 

(e) 1 - 2x (n) 18 
in 2a - k (o) ^ 

(a) -3 (p) 10 - 3a - 2b 
(h) -x^ + 2x (q) 0 

(1) 0 ^ (r) 0 

4 (a) X + (-5) - -4 

' x + (-5) + 5 * -4 + 5 
Cl) 

(b) (-1) 

if) r^i . ' ' 

(d) ' 4 + (- |) + X - 5 +,(- |x) 

4 + (= |) + X + (-4) + I + |x . 5^+ (- ^) + (.4) + 



f #) ^ |(|) 

(e) (f). 7. 

(f) all numbers less than 9 



pages 372-373 r 10-1 

^ (g) all negafclva numbara 
(h) ^ 



5. 



(a) 

(b) 
(c) 
(d) 
(e) 
(f) 



15+6 
-25 + ^ 
-9 + (-6) 
22 + 30 
-12 + 17 
8 + 5 



(g) 5 + (-10) 

(h) 7 + 8 I^iis deserves 
emphails sinat it 
relates dlreetly to 
the definition of 
subtraotlon * 



If the bullet takes t seconds to reaeh the target, then 
the sound takes 2 - t seoonds to return, Sinoe the dis» 
tanoes are equal, the open sentence la ' 



3300t. + 
W5 ^ 



3300t 
3300t 
33O0t 
llOOt 
4400t 
U400t 



1100(2 - t) 

1100(2) + llOO(-t) 

2200 + (-llOOt) 

2200 + (-llOOt) + llDOt^ 

2200 
1 



t ^ 



Too 

2200 



X 2200 



t 



The time it took the bullet to reach the target was ^ 
The distance then is i x 3300 or 1650 ^et , ^ 



see , 



If r is ^ the number of gallons of regular gas, then 
500 - r ia the number of gallons of ethyl . 
Thrn value of the regular la (30r) cents, 
Thm value of the ethyl is 35(500 - r) . cents, ^ ^ 

The value of the mixture is 32(500) cents. 
Our sentence then is 4 



1 



The value of 



regular plus the v^lue of the ethyl I9 



the value of the mixture 



or 



30r + 35(500 - r) ^ 32(500) 
30r + 17500 + (-35r) ^ I60OO 
X^)r + (-35)r + 17500 + (-17500) ^ I6000 + (=17500) 
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• 30 (-35) r - *1500 

-5r - -1500 

- |(-5)r - ^ |(-1500) 

^ r ■ 300 

Thm number of gallons of regular was 300. 

ThmrB were 200 gallons of ethyl, % 



8. If t la the number of hours walked by the seoond man, then 
t + 1 Is the number of hours walked by the first , The dis- 
tance traveled by the first Is 2(t ^i^), by the seeond Is 
3t , Since the dlstanees walked were the same, our sentence 

la: . ^ , 

3t ^ 2(t + 1) 
3t ^ 2t + 2 
3t + (-2t) ^ 2t + (^2t) + 2 

t ^ 2 

Thm seoond man will have walked, 2 hours whan he catches up 
to the first . ^ 



10-2, Properties of Subtraction , 

l^e title of this section might seem to be a misnomer, 
because we find that subtraction does not have many of the pro* 
parties enjoyed by addition, such as the associative and commu- 
tative properties, ^ l^e point is that we always change from in- 
dicated subtraction to addition and then apply the known proper- 
ties of addition. Thus, multipliGatlon appears to be distribu- 
tive over subtraction: ^ 

a ( b - e ) - ab = ac 

only because multiplication is distributive over addition: 

a^b + (-C )) ^ ab -I- (=ae) 

In this sense, subtraction can be thought of as having the 
properties of addition, but only because subtraction is defined 
as addition of the opposite , ' * , 
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Anawgjt to Cfral Exerolses lO-aa ; page 576: 



1. 



2. 



(a) 




(a) 


Falsa 




(to) 


True 


(e) 


Tru© 




(0) 




(f) 


False 


/ 


(a) 


-fi 


(f) 


-5 




(t) 


-It • 


(1) 


-l4x 




(0) 


-8 


(h) 


-a 






3 


(1) 


^42 


• 




2 


(J) 


-10a 





i 

Answege j to Problem Set lO-Sa ; page 377; 



(af) -58 

(^) -9a 

(i) |t 

(4) 0 

(e) X - 5 



(s) 

(h) 



2 



-6x^ - 9x - 
7m - 2x + 
(J) 7m - 2x + 1* 
-3a + 5b 




6xy 
6xy 



ihe gentenees In (a), (c), (e) 
all values of the variables . 



and (1) ' are true for 



Antfwers tp Oral Ixerclses 10- 2b ; page 38I : 

li (a) -b [also, (-l)b] 

' (b) c^:^^ J 

(c) 3qm '"' 

(A) -llx' 

|e) -3x - ^ 

(f) -aec + 5- , 

(g) -a - 2b + c 

* . (h) X - S7 . 

^(1) X - w 
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2. (a) i» 

(b) X - y - 2 

(c) a - X - 7 

(d) 5x . . 

(e) -ax + Jt' 

(f) -a + a 
(s) -3y + 5 

J 

Aniwers to Prpbiem Set lo-gb ; pagei 381-384! 

1. (a) -7 + ax (e) ^ + .oix 

-a - b (f ) - 1* + ay + fx - 2y or 

^ - So (g) -3x(2x + 3) or -Sx^ . ^ 

(d) , 10a t (h) -7m(3ra - 2) or .aim-+l4m 

a. (a) 3 _ X - 2 OP -x"N.l ov 1-4 

(b) ay, + 5 - {5y - 3) - 2y + 5 + (-(5y - 3)) 

- 2y + 5 + ((-5y) + 3) ^. 

- 2y + 5 + (-5y), + 3 
^ - - -3y + 8 

(c) 5a - 10 

(d) -5m + n t^l'^ti'lbutlve property) 

(e) -(5m - n) - -Jm + (-(-n)^ (opposite of a flum) 

'^m + n (oppoalte of the opposite) 

' (f) 7x + 3y - 4 

(g) -6x + 4b 

(h) -lOOx + X or -Qox 
(1) 4y _ 2 

(J) 5t + 8 

(k) -x(x - y) « (-x)x + (-x)(-y) ■ 



= -(x)(x) + xy 

« -X + xy 
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(X)' (9a + 2b - 7) -(3a - 7b + 5) - 

ga + 2b - 7 + (-3a) + (-(-7b j) + (-5) 

a 6a -t- 9b - 12 



(b) 33t - - 3e(1 - x) - 5x - X - X + 

- 2X 



n) (X - 1)U + 1) - (x^ - 1) . - 1 - 1) 

- 0 



(o) 2m * 6m(Bi * 1) * m ■ 2m - 6m + 6m - m 



I 

s X + 2 



(p) (x + 2)(x + 1) - (x + 2)x ^ x^ + 3x + 2 - X- - 2x 



i^other way I 



(X + 2)(x + 1) - (x + 2)X - (X + 2)(x + 1 + (-x)) 

(distributive proptrty) 



- (x + 2)(1) 

- X + 2 



The aentenees In (a), (b), (d), and (f) are true for 
all values of the variables . 



(a) {-6) 

(b) {-5) 

(o) set ©f real numbers 
equal to or greater 
than k 

(d) set of real numbers 
lass than 2 

(e) set of real numbers 
equal to or greater 

' than -3 



(a) 

(b) 



-3x + 5y 



(c) 9a + ^ - 11 



(f) P 

(S) (5) 

(h) (2) 

(1) 

(J) t|l 

(d) k - 91c® - 29 

(e) n^ + ajn - 3 
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pagtB 383-3841 10*2^ 

6. (a) n • 8 if J^m It now. n ^years old 

* 

(b) B ■ 6b If th# boy Is b ytari (Old Md thm mar 
years old 

(a) 5d - 36 if d la the dlstMdt In miles 

J id) tw + a Ifj w is the number of feet In the width 

and J is the number of feet in the length 

(e) 3(3y) or 9y feet 

(f) (l.l)x if X is the number of pounds of ^andy 

(g) 3ta + 35(x + 40) if X Is the number of gallons of 
3^ gasoline 

(h) lOO(ad) 

(1) 15 + 2k if k is the number of dollars have 
7. ^g( ^" ^ ^^y^ 4 + ^ ^^1 exerolse. 



ng. 



^ (2n + 2 - 4)| 



- (2n - 2)i 

- n - 1 



Thus n - 1 is^the simplest general form. ' 
Starting with 2, «2 - 1 ^ 1 is the final numlDer. 

Starting with U, 11 - 1 « lo Is the final number, 

Starting with -3, -3^1. .4 is the final number, 

d is the number of dimes 

d + 1 Is the number of quarters 

2d + 1 Is the number of nlokels 

.10d'+ .Ca(2d + 1) + .25(d + 1^ - 1,65, 

lOd 4- 5(2d + 1) + 25(d + 1) - I65 

lOd + lOd + 5 + 25d + 25 ■ 165 

45d + 30 + (^30) * 165 + (^30) 

45d - 135 
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10. 



.U5d ^ X 155 



15 

■ l.d ^ 3 
d ^ 3 

The number of quarters li ^. 

Let n be the number of half-pint bottles 
Ihen 6n Is th© number of pint bottDuiS* 
39 quarts Is the same as 2(39) plnl^ 

^ ^ + 6n - 2(39) 

n + 12n 4(39) 
13n ^ 156 

n - 12 * " 

There are 12 half -pint bottles. \ 

11a + 13b - 7a - (8a - 5b - 4o)^ ^ 11a + 13b - 7a - 8a + 5b + 4 

i ^ 3a + 18b - 3a 



11, -9s - 3u - (3s - 4t +^u) - -9b - 3u - 3s + 4t - 7u 

■ -^12s - lOu + 4t 

12. (1) If a « b + 0 

then a + (-b) b + c + (-b) 
and ^ - b » e 



(11) If a - b * 0 
/ then a + (-b) « e 

and a+ (-b) +b*b+c 
and a ■ b + Q 



10-3 • gubtraotlon In Terma of Distance 

The relation between the dlfferenee of two numbers and the 
distanoe between their points on the number line is introduaed 
here to make good use again of the number line to help Illustrate 
our ideas . 

You are no doubt aware ^ however, of the fact that (a - b) 
as a dlreoted distanoe and ja - b | as a distanoe are very help- 
ful aoneepts in dealing with slope and distanoe in analytic 
geometi^, . , 
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Answers to Qpiki aEgrelBea 10-3 ; page 388; 



1 


(a; 


D 

O 


(f ) 






(b) 


8 


(g) 


6 




(o) 


-8 


(h) 


6 




(d) 


8 


(1) 


-7 




(e) 


-k 


(J) 


7 


2. 


(a) 


5 - X 


(e) 


-X + 1 




(b) 


|5 - x| (alao |x - 5 


1) (f) 


l-x + 1| 




(c) 


X + 2 


(g) 


X 




(d) 


jx + 2| 


, (h) 


1 3C| 


Answers to Problem Set 10-3] Daees bSq-^QO^ 


1 , 


(a) 


1 - (-5) - 6 




3 - 8 - -5 




(b) 


-5 - 1 - -6 ' 


(f) 


8-3 = 5 




(c) 


|1 - (-5) 1 = 6 


(l) 


5 




(d) 


1-5 - 1! - 6 


> 


5 




(a) 


-3 -(-8) - 5 


(e) 


-8 




(b) 


7-4-3 


(f) 


1 




(c) 


5-0-5 


(s) 


4 




(d) 


6 - (-5) = 11 


(h) 


8 


3. 


(a) 


X - 5 


(•) 


1 




(b) 


5 < X is true 


(f) 


1 or ^9 




(c) 


X < 5 ±W tTue 


(s) 


{1* 9) 




(d) 


9 








(a) 


The infonnation given 


can be 


translated: 






|x - 5| < 4^ and X 


> 5. 








Since X > 5, |x - 5 


] . X - 


5. 






X must be such that 


X - 5 < 


4 and x 



Hence x must be greater than 5 but less than ' 

(b) |x - 5! < ^ and x < 5 ^ ■ 

X - 5 < 4 tells U8 that x Is between 1 and 9, 
But X shall be less than 5. 
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pagti^9-390s 10-5 

Henct X is bftween 1 and 5. 

(e) X Is betwten 1 and 9. 

(d) Thm Bmt ©f all numbers which are greater than 1 and 
less than 9 

5 . Dha sentence |% - ^ j - 1 tells us that the dlstanaa betweei 
X and- k on the number line Is 1. Ttim sentenoe Is true 
imen X is 3, also when % is 5 . 

I^th seti {3, 5) 

\ 

6. (a) 1^1 4 L ^ 



i4 



(b) (4) 



(o) (8, 12] 



1 ^ I I- 



____ > t • 

0 s ID la 



(d) all real numbers ^ ^ 

which are ^eater j^- I I I | 

than -3 and less ^ ' 
than 3 

(e) the set of all real 
numbers 



(f) (-1, 1) 



(8) 0 



(h) {=22, -16} 

(i) (-1^, ^) 



-16 



-14 =5 



pages 390-391! 10-3 and lo-^^ . ^ 

7u Timth Mti the of an nuBberi whloh are ^eatap than 
3 and less than 5 * 



H ^ 



8, 



Thm enph aonslsts of all points whoie dlstanoe from 4 i, 
leas than 1 , 

The set or numbers whleh are either greater than 5 or 
leas than 3 , 

The graph of |x - 4 | > 1 would eonBist 
of all points whose distance from 4 is 
greater than 1 . 

9. The graph la the same as m problem 7. Kie truth s^ts are 
the same . 

10. |x| - 3\ X - -3 or X - 3 

|x| < 3 5 X > -3 and X < 3 

1^ I < 3 X > -3 and x < 3 

1^ I > 5 X < -3 or X > 3 

1*1 i 3 X < -3 or X > 3 

10-4. Division . 

In a manner analogous to the uefinltlon of subtraotlon In 
tenna of addition, we define division by aTnoh-zero number In 
terms of multiplication by Its multiplicative inverse. The word 
"reciprocal" la introduced to mean the same thing as ■'multipli- 
cative inverse" . The symbol | is Introduced to represent the 
reciprocal of b. where b la a non-zero number. 

At this point it might help to draw on the analofflr between 
the reciprocal (or multiplicative inverae) and the opposite (or 
additive inverse). 

■ Co^r-espondlng to each Corresponding to each non- 

real number X there 18 .ero number x there la 

a unique number y such a unique number y such 

that X, + y . 0. that xy = 1. 
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callad the opposite of 
•^th# numbar x md is 
dtnotad by ^^x.. 



mils unique number y ll' 
oallad the reclproeal of 



the number x 
denoted by ^ 



and Is 



Ihe apposite of the 
opposl^ of X is X: 



•nie reeiprooal of the 
reolprooal of x Is x: 

^ X, if X ;^ 0, 



Wot real numbers a, b, Qf 
a - b = 0 if and only if 
a ■ b + 0 * 



For real numbers a, b| a» 
with b 0, I ^ 0 if and 
only if a ^ be , 



^e sum of the opposite a 
is the opposite of the 
sumt 

(^x) + (-y) - -(x + y) 



The product of the reolpro- 
ealB Is the reelprooal of 
the product'. 

(i) (i) * i , if X ;^ 0 



Again, like subtraction, the operation of division has no 
properties in its own ritfit, but when written In terms of multl^ 
pliomtion of the reciprocal it can be thought of as having all 
th© properties of multlplloation. Thus 



a + b ^ a . b 

0 ^0 G 



can be thought of as a statement that division Is distributive 
over addition, whereas In reality it is a statement that multl^ 
plication is distributive over additions 



. (a b)| 



C O 



by definition of division 
distributive property 

by definition of division 



-page 391-395: 10-4 

Answera to (^al jxerolaea io-4a ; pages 391-392: 
1. 



(a) 


MlBt 


number 


do 


we 


multiply by 


k 


w w 


get 


Xc f 


3 


(b) 


What 


number 


do 


we 


multiply by 






get 


^JL c f 


-3 


(c) 


vmat 


number 


do 


we multiply by 




to 


get 


12? 


-3 


(d) 


What 


numbar 


do 


we 


multiply by 




to 


get 


-12? 


' 3 


I© J 


Wnat 


number 


do 


we 


multiply by 


4 


to 


get 


'4a? 




(f) 


What 


number 


do 


we 


multiply by 3m 


to 


get 


ISm? 


4 


(g) 


What 


number 


do 


we 


multiply by 


9^ 


to 


get 


* 2 
27x ? 


3*2 


(h) 


'mat 


number 


do 


we 


multiply by 




to 


get 


26a? 


-2a 


(1) 


What 


number 


do 


we 


multiply by 


1 
I' 


to 


get 


4? 


8 


(d) 


limat 


number 


do 


we 


multiply by 




to 


get 


-6a? 


3a 


(a) 


a 





















M I (e, I 

(=) I , ■ ■ 

(q): "What number multiplied by a gives 
us the product b?" . 

For the others r "Wiat number multiplied by* b gives us 
the product a?'* 



Answers to Frpblem Set 10= 4aj pages 392-393: 



1 . 


-4 






11 . 


1 


a . 


2a 






12. 


-3a 


3. 


-5 






13. 


X 


4. 


-7 






14. 


-4a 


5. 


-5ni • 






15. 


12 


6. 


-21 






16. ■ 


-1 


7. 


-7a 






17. 


3 


8. 


X 






18, 


-2a 


9. 


5ax 






19. 


0 • 


10. 


a + b 






20. 


-16 


Answers to Oral 


toercises 10-- 


4b J 


page 


395: 


1 . 




(to) - 


1 

7 




( 
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t '^: {A) -6 ■ : ' . (h) ' ■ 

V >Je) f " ■ !• " ^^^^ 

* (f) -3 (J) d Is ftMumea t© b# 

^ difftrent f r©m ^^^a 

(S) f ■ * . " 

2.. (a) ttnii (d) True 

(b) ^alse ' ^ (©) True' ^ ^ 

v; (c) Palsa , (f) False 

3l ^ ^ ^.murtipllad ^ yields , 1' as produet , 

^ 4/ If n Is a rtalproaal of 0, then 0-n « 1, baeause the- 
; - produot of a number and its *reelprooitl shall^be 1. 

Bep^enoa' 0*n ■ 1 has the empty set, 0, as its truth 
There Is noThvirober whlah when multiplied by 0 yields 1, 

Answers ^ C^al toereises IQ-^o j pages 399-?*0Oi , ^ / 

1, (a) True for all values of b except lero; 7 » 1 ^ 
(b) Not true for any value of a 

. (o)^ True for all values o f . b and o and all values of a 
. except' sero ^ ^ 

? (d) ^ue for all values of x and a 

■ > (-3)2 - -6 ; (- |)(-5)2 - (- |)(-6) 

( e ) True a , , . 

. .8 • -24 - (-8) (5) 
^ ; , _ say- "If^ I - c" we imply that b ^ 0. 

(f) True for all values of x exoept =3 
(gT^^^^ru^ for all values of x - 

2^1^ - 2(5) +3 

2. (a),^'' , ^ (°) 5 ■ 



287280 



(g) no DUltlp3.1catiq|i rtqulred \ 



(d) x(f) . 

(e) (-5yi(..,^) 

(f-) (-|)(|). - 

(d) -2/ 
(e) 




(a) #) 



^ (b) (4) 
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ERIC 



^o). -5m - -16 ' (* |l 

-16 • ' " . 

16 . . 

• . ■ T ' (f) C-'^s) 

. , Ituth set : 1^1 

5.V (a) 6y i 41 ' 



I 



|(6y) ^ |(ni) 



a 



ft) 2x - 71 • 

i(23t) - i(7l) 



3t « 



2' 



6. m + (m +2)-S 83 * % ' 

2m ? 81 

/ m - 

The flrSLt-numbar may an^ odd Integer 
frC^Ti 1 to 39 inclusive, TTie second Is 
two more than the first* 

^Tr^^^Mt^^W^tttf^wl-dth^ln^ iTOhes - 

' Then 7x is the length In inches. 

... ... - - - ^ . . 

7x M63 
The width la n inches, 

8. Let X be Oick^s age 'in years, ^ 
Then 3x is John^s age in years, 
(x ^» 3) + (3x ^ 3) - 22 
X - 7 
3K - 21 • 
Dick is 7 and John is 21 

S.89 



page HOZt 10-4 



^^SK;; ;[n + {n + 2) W 46 

' . n + 2 ^ 24 

Th# numbara 22 and 24 

i - 9 
The numbtr Is 



10. 



11. 



12. 



Let the 9PBed of the wind be x miles par hour, 
^e ^peed of the plane is 200 - x miles per hour. 

, X ^ 20 ^ . 

The average speed of the wind Is 20 mph. 

(1)^ Proves If a ^ be and b 0, than § ^ c^. 

Proof I If b 0 then ^ Is a real niaiber. 



Then if a ^ bc^ 
a - (be) 



'Proof: 



1 
t 



a 



^(11) Prove: If 



b ' 
a 

a 



- (b 

- 1 ' 
^ c , 



multiplicative pr*pperty 
of equality 

associative and commu- 
tative propartie^s of 
^multiplication, and 
definition of division 



and b ^ 0/ then a ^ be. 



If ^ ^ then 



1 

b 



a . ^ - c 



Is 



b(a 
■(b-^:|)a 

(Da 



be 



be 



definitTon of- divisldn 

multiplicative" propert^y 
of equality 

associative and commu- 
tative properties of ■ 
multiplication - 



^ bo 



a s be , 






Anewers to ^sl ExerolBCB lO-»d ; pages tO^-^oS: 



2. 



2^ 
17 



M ft' -A 

3 



, . -1* k 
(c) T , ■ _y 



(a) g 



(c) 



3b 



(a) *a + -i = 1 

(b) f= -(-f) 

■ = f * f 
^ 5 

, s 3 2 3 2 
1 

'7 



(d) 
(e) 



(f) 
(d) 







-6 


6 


^ ■' 


^ ^^^^ 


=1 ' 


- 1 






(also 




^ ^ - 
2n 


W 








8m 




7H 




3 a 


a 







-2a 

2n 



etc . ) 



. 3a . I + a . I 

= (3a + a)| 
.4a. i . 

-4 4 



8 
T 



1 

x 



Answers. 



to Problem Set 10-4d ; pases 405-406: 



(a) 

(b) 
(c) 



(e) 



-1 

7 ' 

3 ' 



. 2 

5 

1 

' 7 

2 
-3 

5 

'X 

3 



i y 



(f) 



(i: 



7 


7 


-"^ .' " 


T 


3a. . 


3a 






-2m ■ 


2m 


3n ' 


-3n 


il ' 
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;• 3. '-(a) I' ' (d) 



7 

TS" 



(a) I . w I 



8 



(^). . (f) 1 



3 



or 



a 



,37 ■ • (=) If 



.«. - (a.) 1 (d)- i 



a 



(c) ^, . (f) 0 



(c) ^ , or- - ^ , (f) 



a - to 
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pages 407-^09? 3.0-5 " ' - • 

10-5 * CMnon Haines , *^ ' 

In this and the following eeotlon we are Interested In three 
eofirnionly acoepted eonventloni about the simple st numeral for a 
number • . . ' 

(1) . There should be no indicated operations remaining whieh 

can be perf o^rwed . 
* • •' 

(2) If there is an indicated division, the numbers whose 

division is indicated should have ho common factor, 
(» We prefer - f to "| or ^| ^ 

Thus, to Illustrate the first convention we would say that 

is not as simple as "5"; simple as 

g ; is not as simple as ^ \ but ' --^^ cannot be 

"14'* 

simplified,^ Similarly, for the second convention ^ is not as 

^ ii^fi "Px^ +4" - ''2'' 

simple as # and — ?5 = Is not as simple as — . Sim- 

"5 ax^ + 2a ^ / 

pllflcations of this kind depend on the theorem which states that 

f * f ^ M ' ^^^^ ^^^^ t ^ ^ a ;^ 0, and the property^ 

of 1 . 

I^e student has for years been ^'multiplying fractions" 
aGCording to the theorem proved here . It is ic.ot a new result to 
him, but it is now a consequence of and is directly tied to ^^au^ 
definition of division and the properties of multiplication. In 
the past he knew how to divide; now he, learns why he divides in 
this manner, f 

In the process of proving the theorem, it must be w»Wbllshed 
that' (^) ( j) ^ ^ 1 that is, that the product of the reciprocals 
, of two non-zero numbers is the reciprocal of the product of the 
numbers. To do this, use the commutative and associative proper- 
ties of multiplications ^ ' 

bd(i)(|) = (b4)(d.|) ■ 
- (i)(i) 



'^ence, (|-) (|-) - Is the reciprocal bd; i .e 



pages 4lo-4iii 10-5 



( Not 



1 



Notie]^ that wt .have baooma rtlaxed.£n our use of th# words 
itor" and "danpffllnator" . AlthQu^ these words refar to 
nunerals, wf shall bagln to usa them Interehangeably for numarWs 
and numbtrs, /^anever the context is claar. 



Answars to Oral toarolsas 10^5 j paga 4lOi 



" (a) 




1 

^ 2 




(f) 






7 




(g) 






X 

" y 


, y ;^ 0 


^(h) 








1 • « 9 


(1) 




X + 2 
X - 1 




X + 2 
" 1 ' 


i-J) 








X ;^ 1 ■ . 





S/ X - 2 . 



X -3 



Angwerg to problem Set 10-5; pages 4ll-4lg' 



1. (a) 



7a 

a 



, a ;^ 0 



(e) , X 0 and m W 0 

(xm ^ 0 says the same 
thing as X 0 and 
m ;^ 0) 

■(d) I . X 0 

(e) 7 . X y »2 

(f) Is In simplest form, 



(g) 



(h) (x - 2)(x + 4), .X ;i 0 
(1) , b 0 and x^ 0 

(J) |s X ;f -1 

(k) 2 - a, a ^ O 

(1) X + 1, y ;^ 0. 

(m) is Ih simples^ fo™j 'J ^\ 

(o)" -1, b - a 0 ' 



(p) -1, X ^ 2 



3, X -2 and x ;^ 3 



594 



.page 10-5 • 

.■Ef;'!"' ' C») ^(5*) - fi. (Zero Is exeluded trom the donatn) 

?x 6 ) 

{21 ' ,■ ! , 

(b) The valua 1 is exaluded from the domain dtede the 
left' plde of the sentenee Is meaningless for x « 1. 

Ihus the sentence ^5 

■ becomes 3x • 3, - 

Hrhlch is equivalent to x ^ 1 . 
. The truth set Is empty sl«ce 1 la not in the donjalni 

(c) Excluding the value, -1 from the domain of x, the 
1 ' given sentence is equivalent to f 

*^lch Is equivalent to x ■ 1 

The truth sat Is fl). ^ ^ 

(d) (0) Exclude the value -1 from the domain of x. 

♦(e) Exclude the value 1 from the domain of -x. 

6x ^ 6. . ^ 
' kx - 4 < 5 

^^<5 



6 ^ = 

'mis means that the truth set eonslsts of all real 
numbers except 1 • 



(f) Exclude 0 and 7 from the domain ©fx. 

^-5X , 

jth let (y , — yl , 1 and -1 are the only numbers 
which are their ovm reolprocals, ^ 



( ^ 
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» P»g»« 411-4121 "10-5 and J 10-6- . : 

^^S) ' ^* * ^ ' 1 / Ko numbers need be exaludad 

f ram the dmain ©f x , 



Ite ^ 6 m k 

(11 



4 Let t ba the required number of yaarS .^ 
^ After t = yBBTB BTpm^B salary will be 360O + 300t 
After *t years- Jones* salai^^^ be 450O + 20^^ 

3600 + 3oot.^ 4500]+ aoot 

After '9 ' years ^#ir salaries will be the s^e. 

Let X be^Blll's'^ge In years now, 
'Rien 2x la ^b'r.age In years now: 

f * ' 

(x + 3) + -(ax + 3) » 30 ^ 

^ J. ax ^ 16 

Bill is ^8 years old. Bob is 16 year&^old. 



10-6, Fraotions , v ^ " ) ^ ^ 

The main point of this Sf otion is to develpb skill In slm* 
pllfylng an expression to one in whleh there Is it most ohe^lndi- 

^i^H;^^ V. learning to 

multiply, divide^ and add f nations , j 

^ge _Uig. We are agai^ relaxing our rigor in^ the qse of words. 
We Shall allow ourselves to use "fraotlon" for eithe^ thf symbol 
or they number, even though ob^reotly apeiOcing it me^s thfe s^bol 
Thus in the prepeding paragraph a preeisa statamei^ would have 
said ''to multiply, divide, and add numbers which are represented 
by fractions , 

Now that we have begun to relax our preelsion of language, 
we shall hereafter, without further comment, feel free to use con^ 
venlena^ of lan^aga even when it . violates precision of language 
about numbers and numerals, as long as we are sure' that the 
precise meaning will be understood, , 

. 296 ; 



pages 412-4151 10-6 ' * ' 

We def Int the word "rati©" j( Problem Set ^ft^fito ) a* part , 
the iuigUage in certain applloatlons , ¥m also call an equation 
fluoh as * ^ ' Miloh equates ratiosp a ^-pro^ortlon'- , It 

aeeois undesirable at present to di^esi^.into a lengthsr treatment 
o^ratlo and prbpertioo since it is Just a matter of special 
names for familiar ooncepts. { , ^ ^ *^ 

Answera to p^al ^eyclseB lO-6a i pages 1*14-415; 
1. - ^ ' ' 8; X - 3, X ^1 

4. - ^ ^ , 11. -1, X ;^ 1 

5. ^ 12. -1,' a ^ -b 

2 - 

6^ * ^ V . / 15. 6a, a 2, a 0 " 

%-l,%ftO l4. Is In simplest foiTn, y ji -1 



Answers to j^rgbAgg Set iO-6a ; pages 415-417^ 
4 21 4.21 ' 



, ^ T.S.5 . (1) 5 K 



29 



(c) ¥ N 



7 '2 2j3 

T'S-'T' ■(J) 

5 • ■ W 



T (1)" I . X ^ 0 

(d) 4 , n ;^ 0 . , ^ 

n already In simplest form 



(e) 1, n 0 



J 
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' (d) I » be, ^ 0 

i ', ay o, t y o, , (e) ,21, ^ Q 



and e '0 

55 



i 



(f) I , rs ^ 0 

(aj 3X + ^ ^ f (d) X > - I 

- ' jl.j Truth set:^ all real num 

-J bers greater than * 

(b) C|) ; («) c- .i . i] ^ 

. (c) C|) ' ^ . ' (f) {3) • 

- I ■ ' ■ ■ 

5, If the fral^t t^^aln averages p miles per hour, 

wthen the passenger tralti averagei p + SO miles per hour^ 
le dli^^ae traveled bj: the paesenger train is 5(p + 20) 



raileaj by the freight train Is 5p miles 

5{p + 20) ^ 5P + 100 
* 5p + 100 f 5p- + 100 

The sentence is true for ever^ valwe of p. Thm fi^lght 
train could have travel|d at any^ speed what soever* 

If $0 was the price of the ctair before the sale, then 
the dlsoount was ( ,2)c . 

The sale prlo*^ was the original "price leas the discount, 
giving the a^htence 

♦ c .2c = 30 '<• 

^ ■ > • .8c =30 

^ c. 30(f). 200^ 

* 57.50 

The oUglnal cost of the chair waa SjTisoi 



£98 . 



pages 417-4201-- 10-6 I 

J. a number n Is the Bame as |n + 3 



1 : 


1 


= |n + 3 






= n + 18 




2n 


= 18 , 




n 


= 9 


The number is 













-5 page 4i8 . Th« j^easons for thf^^stapff are: 
Definition of subtrmctlqn 



2 , 



a . -a 



3^ Multipli-cation property of fine 

4. I ^ 1, if a 0 ' \ 

5* Theorem on multiplication of fractions 

6. ^finltlon of division: f ^ a ^ i 

7. Distributive property 

8. Definition of division, and ^ " , 

The number of steps needed to ,do such a^ simplification will vary 
from student to student. After he understands reasons for every 
stepj he will soon be able to write , 

5x 2% 5x 6x 

-T ,' T T ^ T ' , , , 

, , = (5x = 6x)| 

_ X 

" 9 ■ ■ 



AnswerB to . Oral Exercise a 10-6b ; pages 420-421: 
' : '^i; (a) I J 6x (d) :| } -5a2 

V' I • '♦O^ ^ I J 21a 



(c) I J 9 ■ (f) i 5(a + b) 
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pages ^20-' 




o 






(g) 


m + n . 
m + n ' 


6a (m + n) 


(i) 






b{x t y) 




(J) 






2. 


(a) 


X 




(f) 




(b) 
(c) 


a 

3 ' . 
4m + n 

5 




(g) 
(h) 




(d) 


12x +-1 
4 




(1) 




(e) 


-4y'- 10 




(J) 


Answers to Problem 


Set 10^6bj„' pai 


gea 




(a) 


. 1 

a 

y 




(e) 




(b) 


9 
a 




If) 




(c) 


2a 




(s) 




(d) 


4a 4^ 5 
a 










1 




(f) 




(b) 


4 " ^ 




(s) 




(c) 


0 




(h) 




(d) 






(1) 




'(e) 


5a 




(J) 


3. 


(a) 


15 (| + i) 










3x + 45 


- iO 




















(e) 




(b) 



















^1 ; X - 2 
13 

T 

10 + y 
bx 

1 - 3y 
X + y 

3x 
TP 

3x 



19a 

20.- a 

" 55 " " 

3x - 6 



X 

o 

ab + b" 4- 1 

a + b ^ 

7 + 5(a -f b) ^ 7 4- 5a + .5b 

a + b a +' 

15 

m 



X + 1 
fl5i 



than 1 



500 

3 I 



pages 422-423: 10-6 \ . 

(f) (-11) (1) 0^ 

(g) (f) ■ (J) ^) 

(h) (-10) , _ 

4, Let s be the number of '^0 stamps Mary bought. If she 
= was charged the correct amount ^ then, s must be a non- 

negative Integer and . 

^ ■ 15( ^05) + ,04s - 1 .80 J 

If there Is a non-negative integer a for which the above 
sentence is true, then each of the following sentences are 
true for this value of s . 

.45 + .04s. ^ 1 .80 
.04s - 1 .35 

4s m ^ . 

Since 33^ is not an integer, she was charged' the wro^ 
amounts ^ ^ 

5. He had 12 pennies^ 16 dimes, 22 nickels. He has #2, 82' 

6, John has |25 . 

7. ir one number is y, the other number is 24o - y. 

y ^ |(240 - y) 

5y - 720 - 5y. 
y - 90 - 
e numbers are 90 and IgO. .^-=- 

It should be pointed out that another open sentence for this 
problem is 240 = y ^ iy , Here you get y ^ 150 and 
240 - y - 90, Again you get 90 and 150 as the two 
numbers , 




pages h2jj^h2ki 10-6 

8 ^ 3C ^ 27 

7 " 21 

12 + 3x ^ 27 ' . 

^ - 5 ' ^ ^ 

The numerator was increased by 5 , . W' \ 

9. 312 • ■ ■ ' 

•10. If his father is x yearr old, Joe Is ix Fears old . 

ix + 12 . |(x + 12) ; ;■ 

^ X = 36 

The father's age is 36; the son's age Vs 12. ^ 

1 11. Let X be the smaller of the two numbers. Then the large 
number is 7 - x. 

■ (7 - X) - X - 3 

■ ' ' / 
The numbers : 2 ^ 5 v 

The sum of tf^^eciprocals : 



1 




_ 7 


2 




10 




1 


_ j_ 


2 


, 5 


10. 



f The dlfferenoe of the reciprocals 

12, (a) If there were g girls, 

there were (260O - g) boys. 

26OQ - q ^7 

'"^ 6(2600 -Jg) - 7g 
. ' 15600 - ig ^ 7g 

15600 ^ IJg 
1200 ^ g ^ 

If 1200, 2600 - g ^ 1^00, 

' - and IMO ^ 7 

Hence, there were 1200 gins in the school 



502 





Tin 


j 


(b) 




Boo 




800 


- '^Q 




40 
750 


1 

19 



radios . 

^ The alert student will -liotlGe that the number 
800 is unnecessary £nMrmatiD)n . If we Buppose that 
there were v radios In the' Shipment j then 

radios were defeotlve, and 

1 9 

^ ^r radios were not defective , 



iO ^ 1.. 



Therefore the required ratio is ^ , 

(c) ' Let f be the number of faculty members 

f 2 

f = ^. 1197 



f ^ 1^5 



\ffence, there^are 126 faculty members. ^ 

(d) Sinct ll . ^ I , 1 ^ I (when x ^ 0), 5x and 
^ 9Jt are in the ratio of 5 to 9j More prepis^ly^ 

if phe TipmJt of the numbers that are In the 

5 

ratio ^ , and y Is the other number^ then 

5x ^ 5 

J ' 9' 

' Then 970) - 9y(|) ,^ ^ 

' 9i5x) = 5y 

and 9x = y. 



' j 

page 424: 10-6 / 

Hence, the numbers can be represented by 5x And 9x> 

" ■/ 

5b and 6> . / / 



/ 

(e) If § - ^ . then \ j 

Multiplication property 
of equality 

Definition'^ of division 

Associative and commutative 

propert3/es 

■ / 

Deflnl^%n of multiplicative 
invers^ 

ad ^ be Multl]^liGa€lon property 

of one 

\ j [ 

it) Jf ^ be and b 0 and d ^ 0 /then' 

(ad)(i^i) ^ ^^)^ ^ Multiplication property 







If X - 7, 


the numbers 


If X s 100 


, the number 


1 


c 

= then 


■ (|)bd 




(a •|)bd 


= (c ' 


(ad)(b ._|) 


- (bc)(d . |) 


(ad) -1 


- (be) .1 



of equality 



(d - i-) ^ (b ^ 4) (c ' h) Associative and commutative 

" properties of multiplloation 

l '(a ^ i) ^l^(c ^i) ^ Definition of multiplicative 

inverse 

* 1 1 . ' 

T= ^ c ; Multiplication property 



D 

'a _ c_ 

b " d 



6 _ 2 ^3 ^2 ^ ^ 2 
15 " 5^3 "5 5 



of ^one 

Definition of division 









z ^ a 


q 


p 




X p 






X 




P ' 




y 
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AnawerB to Oral fixe rcl sea 10-6c ; page 427: 



(a) 



(b) 



(c) 



(e) 



7 J also 



bd 

m 



r ; alao 
6 2 



i 

y 



(d) ifeV^ 



ISxy 
rsxy 



so 



alao 



4x 



(f) 



also -2— (g) 



(h) 



(J) 



28b 



bm 

T 

Bm 



also 



7b 
-2a 



6 

b 



also 



also 



3bm 



5 Dm 



(i) II ; alBo , 



X - 1 



X - 1 



5x 



X 
X 



also 



AnawerB to Problem Set 10-6c ; pages 427-431; 
2 6 



(a) -4- 



(a) 



(b) 16 



2x 
jx 




6 
5 



2 6 



12 

5 



T 



(c) 



(d) y 
(a) f 



(f; 



4x.. 



5x 



4x / 1 \_ JL 
T'Vslx'".T5 



(c) 2 

L ) ■ 



pages 428-429: 



10-6 



V 



(e) 4 



1 



(a) 



(b) 



(d) 
(e) 
Xf) 

(a) 
(b) 



(a) 
(b) 

(o) 

(a) 



3(2x 
2(x.+ 1 



(c) 8 

ab 



m 

5n 



9 



11a 



(c) -Sa^b^x 
2 



3y - 6, 



X - 



X » 2 



12 



X - 



12(f) 



:'X + 



or ,i{y - 



20x - 5 

gga . 
3 4^ 2a 



(f) 



X - 2 

•X - T 



/ 

+ 2b - 2c 
1 



2(X + 1, 
7a ' 



i5y 

12 12 

IS lb 



15 

12 4 + |y 

+ 3y ■ is 

" 15 ^ + 3y 

35y 
lb + ISy 
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pages 429-^30: 10-6^ 



(a) 


(U. =8), 




'(f) 




(b) 




% 


(g) 


the set of all, real numbers 


' (c) 








^ 15 


(d) 






, (i) 


all r^al' numbers except -k 








(Jl 


(0, 3,, -2) , » 



7. (f) 



I i 



> 



(g) 
(1) 
(J) 




-3 -a -I 0 1 2 3 



If the suaceBSive positive integers are n, n + 1, irid 
n + 2, then the sente^e is 

n +"lTrV 1) + (n + 2) ^ 1080 

' % 3. ^ lOSO \ 

3n^- 1077 
- ' n - 359 , t 



.The integers are ^^59, 360, and 561. 

)" ■ ■ ■ ■ ■ 

Let the succeBSive positive integer* be n .and n + 1 
Mien ' * 



n + (n + 1) < 25 
2n 1 < 25 
2n < 24 
n < 12 

The numbers could .be any of the pairs (11, 12 

. . (1, 2) / ' " 



c 



:io, 11;),' 



^0 



pages 10-6 

10. If the consecutive even Integers are n 'and n + 2, 

* then / 
J* 

n + (n + 9) . ^ 46 \ 

' 2n 2 - kS T 
% 2n ^ .44 

n ^ 22 < 

/ 



The numbere ^'d and 24, 

)le i 



II 



11, If the whole number and its successor are n and n + 1, 
then 9 

n 4^ (n,+ 1) ^ 45 C 
. ^ 2n + i - 45 , • 

' ^ ^ 2n - 44 ^ ^ ^ 

n ^ 22 

'TOie numbers are 22 and' 25 . 

hi 

12. If the two consecutive odd' numbers are -n and n + '2, then 



L 



n + (n + 2) - 75 

^ 2n + 2 ^ 75 

^ ^ ^ 2n - 73^ 

n.S ■ 

^i^t ^ n must be an Integer, so there are no conseGUtive ofld 
numbers whose sum Is 7b ^ 

13. If the first number Hs n, then the second is 5n and 



rHs n, then the secand ii 
n + 5n/^ 15 + 4n 



2n ^ 15 

The two numbers are and S , \ ^ 

14, If t is the number of hours each train traveledj then 4ot 
is the number of miles traveled by the train going souths and 
6ot is the number of miles traveled by the train going north. 



40t + 60t 
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^7 a 



pages 451-453 , ^ / 

loot - 125 , ^ 

^ 125 ^ 5 

The time required was 1 hour and 15 minutes ♦ 

* . ... 

Answers to Review Problem Set \ pages 452=447: 

It Is not anticipated that all of the exene^rs^^ln the 



following rfeview list will be used by any one teacher. .Many 
teae^tieps may. choose to use some of them as supplementary or as^ 
"extra credit^^ exercises at the time the topic Is studied earlier 
in the course . . 

V Iri some cases it may be desirable to use portions of the 
llst^s a revieW' list because the class' is completing part 2* 
In a few Instances the 'completl.b^n pf Chapter 10 may conclude ^th 
year's course* On the other hiind^ a teacher who plans to use 
Part 5 may not feel that review is necessary at thlB point and 
may omit, the entire list. / 

In no instance Is It recommended that an assignment Include 
more than 5 or ' 4 difficult verbal problems . 

1. (a) y (f) =1' (k) -S 

' (b) ■ ■ (s) ^ (1) k 

5 



^10 1 



(c) - (h) (m) 100 



a2 . 1 



(d) ^ (1) x2 . 4 („) . 10 _ 

(e) 1 ^ (J) — (o) 100 or 20 

y".+ 1 'W 9 



ia) 1 . (e) ^^1, 0 (The expression is 

not a number if a - ^I * ) 

(b) -1 (f) has a reciprocal for every 

^ real number a 

(c) -1,1 / (g) has a reclproQal for every 

real number a 

(d) -1, 0 (h) -1 



369 
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pages ^33 -'+3'^ 
(i) -3, 3 



•5 



((a - 5)(a + 



(a + 1) ((a 3) 




multlpllaatlon property 
of equality 



'a - 3',. 



) = (a = S)( 



(a + 1) a ^ 
a + 1^ 



associative and commutative 
properties of rtiul tlplicatlon 

^finitlon of reelprooal 
multiplication property of 1 



3\ 



If 



3, then 3 + 1 



1, and this Is false 



We should not expect, the sentence^a + 1^1 

since our 



to have 

multiplier 



tjie same truth set as the original sehte 

^ i 1^ not a number when a ^ J, and we used the ^ multlpllca- ^ 
tion property of equality in the ver^ first step. In manlpul^ing 
algebraic expressions, as in this example, we have to be constant- 
ly on guard that we do not become so engrossed in "pushing symbols' 
that we forget our algebraic structure. So long as we remember 
that ^ here IS eupposed to represent a number, we are safe 

in ^lAslng algebraic properties . When we v}.ew - ---- ^ as a symbol 

a - ^ 

only and a^^^ply our algebraic properties , any results we get can 
be only symbc^ic; to be Interpreted as results about numbers, we 



Si,. 



bo 
at 


check 
each I 


to see that we 
itep along the \ 


were actually using 
¥ay . 


(symbolic ) 


(a) 




+ 15x - 14 


(f) 


-2b'^ '+ 2ab 




(b) 


a 


25 


(g) 


3a + I8b - 


3c ' 


(c) 




- ba + 10 


(h) 


3x"' - 8x + 


19 


(d) 


lOn 


+ 15p - 15a 


(i) 


-12a + 4t - 


• lOu 


M 


7x" 


-3x^16 









Yes, In all cases 



310 



31 



pages 434^435 

6. (a) i < i is t^ue. 




8. 



Yes, it is' true, 'Let a = 3, b s 2 . (b < a) 
Then 



If 



1 ^ 1 

5 " 2 



Yes, it Is true. An example; 



a = 



1.1 
then _g p 



'8, 



(b < a) 



9. If a is positive "and b is negatlvl^ then f > ^ * 

the reciprocal of a positive number is a positive number 
> and th^ reciprooal ■ of a negative nunvber is a negative number 

10* If b < a, then a - b is positive. The proof of this 
follows. 



If b < a, then 



b + (^b) < a + (-b) 
b ^+ (-b) < a - b 
0 < a - b 



addition property 
of order 

definition of"^" 
subtraction 

addition property 
of opposites 



pages 435-^36 ' - - # 

." . * " ' ^ 

, If a Is to the right of\ b ^ the number line, then the 

- - - / ' 

difference a - b is positl\ 



11. If (a ^, b) is a positive number, then a > b< 
If \(ar~^b) is a negative number, then a ^ b, 
If (a b) i ie zero then a ^ b. 



* IS, If 'a, b, and c are real' numbers , and b < a, then 



b = c < a p c, The proof ^f. this J'ollowa : ^ 

.If ' b < a,. ' ^ 

b + C^Sl < a + (-q) addition property of orde^ 
b - c < a - c „ definition of sObtraction 





(a) 






(h) 


-25pq - pq = (-25)pq + (-l)pq 




» 


a 






= -26pq 




io) 


19k 




(1) 


-i6y 




Jd) 






(J) 


* 

0 


\ 


(e) 

^ (f ) 


4x^ 




(k) 

(1) 


3m — 




'(g) 


-5a 


B 






14. 


4 - 
The 


15 ^ -11 
^resulting 


temperature 


is 


11° below zero. 


15. 


(-50) - 50 = 
The new posit 


-80 

Ion is 8o 


feet 


h 

below the surface , 



l6. If the number is then 



-16 ^ n - £5 
-16 + 2^5 ^ n - 25 + 25 



J 

Hence, the number is 9 



9 - 



312 



IT^Xt'^^ii o»«loek P.M., 



Alb 



2 o'clock A.M., 
2 - (-1) -2 + 1,-3, 
5he Intervaa li 3 houps 



t - -1 
t'- 2, 



18. 



(a) 
(b) 

(c) 

J 
19. 



At 6 o'clock A.M., t - 6. 

^fe 4 o»elo^^ A.M., the next day„ jfe = 28. 

2&. i & « 22 ■ . . 

The Interval li 22 hours. 

Let the distance in miles to the east of the 
Gorrespond to positive numbers" 



0 mark 



John»S7^ 
position on 
the number 

rine 



(3) (10) - 30 
5 + 3(10)"^ 



5 + 30 ^ ,35 
(3) (10) * 30 

(3) (-10 )■ « -30 



) 



■Is 

po'sipl.on on 
the 'rittmber 
llile 



(3),(--12) = -36 

-6 f 3(12) w= 
-6 + 36 = 30 

j(2|) (-12) V " 



-12) = -33 



-6- + 3(-lfe) = -42 



- The 
dlf fprenca 



[30;- (-36)1 = 66 

|35. - 30 ^ 5 

|30 - (-33)U 63 



1(^30) - (-42] 
= 12 



Distance 
between 

them 
In miles 



66 
5 

63 

12 



S 



(a) 


If 


a is larger than 1* 0 < b < 1. 




(to) 


If 


0 < a < 1, then 1 < b . 




(P) 


If 


a ^ 1 , then b ^ 1 . 




(d) 


If 


a ^ -1 , then b - -1 . ' 




(e) 


If 


a < -L, ^then -1 < b < 0. 




(f) 


^If 


-1 < a < o; then b < -1, 




isVf 


ilf 


a > 0,^ then b > 0, 




(h) 


If 


a < 0, then b < 0. 




(i) 


Zero hae no multiplicative inverse. 




(J) 


If 


b is the reciprocal of a, then a 


L is the 



reciprocal of b . 



?i3 3x 



20. (a) 0 

(b) No 



(c) n - 0 ' . : 



p ean be any number Including 0. 

(e) Either p = 0 or 0, or both are ztro. 

(f ) q jnuBt be • 0 . 

(8) X - 5 must be afcro Blno# 7 Is not zero, 
(h) "Bie given lentenee Is Bqulvalent to 

(9 X 17 :^ 5)y = 0 

• 

If y > 0| then the produet (9 ^ 17 x 5)7 > 0. 
If y < 0, then the product ('9 % IJ % 3)y < 0.. 

Therefore the only truth number of the given sentence 
Is 0. 

(1) X - 8 Is zero when x = 8, It follaws that 8 Is a 
truth number of the sentence (x - 8)(x - 3) = 0* 

(8 ^ 8)(8 ^ 3) - 0 . . 

X - 3 is zero when x - 3, 

_ ^ * _ 

3 is a truth number of (x - 8)(x - 3) ^0/ 

The truth set' of (x - a)(x - 3) ^ 0 Is (8, 3). 

21. (a) If X ^ 20, X - 20 is zero, and hence 
. . (x « 20)(x - 100) is zero. 

If X - 100, X - 100 is zero, and hence, 
(x " ao)(x - 100) is zero. 





The trjUth set Is 


(20, 100) , 






(b) 


{-6, -9) 


(h) 


(6) ' 




(c) 


(0, 4) 


(i) 


{-2} 




(d) 
(e) 


{-34) 
Cl, 2, 3) 


(J) 


all real numbers 
than - |- 


greater 


(f) 

(s) 


{| . = |) 

b ' 2^ 


(k) 
(1) 


all real numbei's 

than • i 

5 

I 2 - 


less 
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^22. (a) 1 

.(c) 10 



: Ca) 



0 

r ■ 

i - #- 
a 2E 



gab ^ fib; ^ p ^ b 



5 . S ' SiW ^ Sm + la*" ITS 



V 



(f) -2 



X + 8 
X + 2 

u) if ■ ' 

^ + 8^ ^Is may also properly be left in Its 

a * 8a + 12 original faetored form, 

(ra) 1 

1 ^ + ^ ' ' 

(n) . ^— . £2 - Ji _ ^ ^ - (x - ijln. + i) 



1 - "2 X X - 1 



X 



X - 1 



(o) 



a + b 
(q) 1 



= 1 



, X- + 33t - 6 



(■) 



1 — ^-^^ 



V 



g(a'+ 1) + (a - 1) 
a + 1 + 2 (a I- 1) 



•23. 



(a) (f) 



(b) (H) 



(c) (O) 



(d) 



6x 'X 

7*5 



6x ^ X 
10 + lb " 



?0 - X 



= X 



ix - X = 0 



x(i|=l)=0 

t 

The truth set Is {0} 



+ 5)(2x - 3) = (3x + 5)(2x) + (jx + 5) (-3) 
! Also 3x(2x -'3) + 5(2x - 3) 



(25 + (-10)) + (-25) 

- 25 + ((-10) + (-25)) 

- 25 + ((-25) + (-10)) 
m (25 +'(-25)) + (-10) 



by the aBBOclatlve property of 
addition 

by the commutative property of 
. addition 

by the assocl'atlve property of 
addltlop 
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.BtiWi:* by th€ transitive propertyi ' ^ < is true, 

87, '^Lat e be the number of units In the leMth of each edge. 
Then 4e Is the number of units in th# /perimeter and e 
is the number of units In the area 4 

miJce the irfngth of the edge 2e , 

New._^perlmeter 8e ^e perimeter is multiplied by 2. 
New area ^ 4e The area is multiplied by "^k, 

28. (a) Set A Is Qlosed under multl^llpatlon , 

Set B is alosed under multlplioatlon . ^ 

(b) C ^ (0| 1]. Set 0 is a subset of both set A and 
set B, but Is a proper subset of B only* 

29. 1^ ^ . The only .value of x for whloh |^ ^ | Is not i 
r real number Is x = i , 2x - 7 ^ 0 if aiM only if ^ ■ J 

The set of real numbers other than 0 is closed under 
division . ^ 

30. Slnae | ^ | , a - |b , 

(a) If a < 2k, then |b < 24 

and b^< |(24)* 
Heneg b satisfies the Jnaquality, b < 36, , ' 

i 

(b) a < 16 



: 31 



, t\ a Is ont 



other nuinber. 



of the numbers, than a^^ O and ^ Is the 



(a) a < 3. If 0 < a < 3, then i > i and I > 1 , |y the 

% i a J a J 

multipllaatlon property of order. If a < 0, then 

2 2 

^ < 0. Thusi ttie other number, is greater than # or 

a p — 
less than 0. ' 



(b) a < -3, Here i > ^ ^ and | > | . Also, slnoe 

2 ^ P a ^ J 

& < 0> < 0* Thus, the other number is greater than 
2 

- y and less than 0. . 



%32, No 



; ^ (a ♦ b) + c - (k 



a 

be 



a + (ti^ + o ) ^ a + ' ^) 



^ a 



aa 



33 
3^^ 



and 



ao 



^ ^^e not equal for all values of - a, b, and o 



(For example,' let a = b ^ e ^ 2) 

( 



No 



2 5 

A counter example: 2 + 3 ;^ 3 + 2^ since ^ ^ i 



If ^ a + i and a ^ i , then 



ax 



^J., |(| , 4.) ^ 



t + 1 + t 



- 1^ or 
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35.^^ Jf, - a is toetwaen p and q, ^ Is* ^ ^etwean ^ 

and - , Suppose p > q, thtn q < a < p, Slnoe a' < p. 



Sinee a > q* ,i < i * Henea* i is between 

» t> q a 




^fer feet^ If 6y 1b. th€ nunbar of yards 
Sftf Inchesy. 1 Is the number of feet 

8j[ ^plntV, if is the number of quarts 

(n - 10) yearsj, if she Is now n years old 
(iQc + t) ounees^ If- k la the number of pounds 
and * t is the number of ouneas 

(f) Ikkr square inohaSj if ^ f is the number of square 
feet ^ 

s 

(g) (ioOd + 25k) oents, if d Is .the number of dollars 
\ and k is the numbar of quartars 

(h) (lOOd + 25k + lot + 5n) cents, if there are d 
dollars I quarters, t dimes, and n nlokels 

(l) n + Ij if n is the whole number 
Cj ) i * if the number Is n 

(k) 528^ feet, if k Is the number of miles 
(1) 2(5280k) feet. If k Is the number of miles 



37 • In these open sentenees, the phrases and numbers often give 
^a clue to the possible translations, ^In each part. Just one 
interpretation is given, for suggestijfe purposes pnly, and 
there is no^ Implleation that this Interpretation is the 
"best" onei pupils should be enaouraged to look for mora 
than ona meaningful translation . Mote that with certain 
tranglatlons the variable is restricted to the set of whole 
numbers, whereas with pther translations there Ig no such 
restriction, ' 

(a) ^ grandfather is less than 80 years old, 

(b) His annual salai^ is 360O dollars, 

(0) The assets of a certain bajpk are more than 6ne hi*fldr^ 
million dollars* . 
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pages 441-442 ^ / , ^ 

% (a) nit sum of the angles of a tplangl# is i8of, } 

(e) Thm length of a rectangle Is l8 Inches more thm the 
width. ' !nie area Is 360 square inches. 

(f ) Bie length ©f. a rectangle is three times the width 
and the area does^ not exceed 500 square inches , 

(g) The number of. units in the length of a rectangle is 
^tufQ mo^m than the number of units in the width, side 

. of a s^are is one unit longer than the width of the 

rectangle. The area of the square is greater than the 
area of the rectangle. 

(h) Farmer 5'oneB had 30 sheep which he expected to sill 
for $20.00 a headi^ some of the sheep dledi but he 

^ sold the remainder for $24 a head, receiving as much 
as or raor^ than he had originally expected, 

(i) Itie ^ides'of an equilateral triangle and a squai*e are 
such that the perimeter of the triangle is equal to the 
perimeter of the square, f. 

(j) The sum of five co^seoutive numbers is less thin 90, 
and the least of the pumbers is greater thap 13 . 

In_ each case, above the responBe could have been given, in the 
forni of one sentence by ,ijse' of aanneotlves • Sometimes , for 
the sake gf olarlty, it is better to use several shorter v 
sentences in makihg a translation, ' > 



38. . (a) If n is the number\^ then the numljef^ diminished by 3 
is n - 5. . . ' ' ^ 

(by If'^ t is the first temperature, the temperature after 
it rises 20 degraes Is t -h 20 degrees, 

(e) If n is the numberrof pencils purchased at 5 cents 
e^ch, the cost Is ^5^^ cent's, 

(d) If the number of nickels in my pocket is y and the 
number of dimes is the amount ofHifbney I have is 

(lOx + 5y + 6) cents. 



320 ^ ^^"^ 



0.1 



page kkZ 

(e) If tJW number is n,. tt\pn' the result of Inereaslng it 
by twlee the number is n + 2n . . ' 

(f) If the first number^ Is x and the other Is y, the 

fipat Inereaaed by twice the second is x+ 2y. 

(i) 'If the number of weekB Is w, the n^ber of days Is 
7w. 

' (h) If X is th# number of melona and is the nusibffi' of 
pounds of hamburger, the total ^oost Is 29x'+ 59y oents 
(1) If n is W number of IncheB in the shorter side of 
a reetanile, n + 3 is the number of Inches in the 
longer slde'l and the area is n4c + 3) Bquare Inches . 
(J)'* .If X is the population of the city in Kansaa, then 
, ' 'one million more than twice the population is 

2x + 1,000, WO. 
(k) If X is the number of dollars salary per month, the 

annual salary is 12x dollars . 
(l^If b is the number of»doliir8 In Betty's allowance, 

, the number of fitollars in Arthur's allowance is 2b + 1. 
(bi) If h is the nuiBber.of hours, the distance traveled I 

at 4.0 m.p.h. Is >*0h miles. 
(h)' If the number of dollars in the value of the prope'rty 

is y, the real estate tax is xfe^®'^ dollars, 
(o) If 'the number of founds larl'weigha \b e, the number 

of pounds Donald wel^s Is e + 40* 
(p) r - 1 Is the number of miles the first ear travels in 
an hour* If r is the number of miles the following 
oar travels in an hour* 
(q) If X is the number of pounds of steak, the cost in 

dollars is 1 .59x^ , 
(r) If the number of hours Catherink works is the 

number of dollars she earns is (ItSz. 
(s) If the number of gallons is g, the cost in cents Is - 
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39- (a) y is Maryi« slstti^ts age* = 

16 M y + 4 

(b) b la the number of bananas , 
9b » 54 . : J 

(c) n li^ the numbVr. 

. . .„2n + n <'39 '. ■ 

(d) ,.*b Is the nunber of dollars in Betty's Itllowance. 

2b + 1 iB the number of dollars In RrthiiriB allowanee 
Sb + 1 = 3b - 2 , 



(e) t Is the number of hours . 

4ot-^ 260 . . , . • . 

(f) t 4s the number of hours the trip took. 

• got > 300, If we assume that the maximum speed is not 

maintained for the entire trip, or- ' ^ 
50t = 30^, If we assume that the maximum speed Is 
malntalnid.. The sentenoe 50t >4p0 gives a eorreet 
trans^a^on . , - / ' 

(«) h IS the number of feet of elevation of Plke"s Pe^jc. 
h > 14,000 , ^ 

(h) is the number of pages In tYm book. 
, ' 1.4.= 6.0p3n + 2( .1) 

(1) Let p be the number of people In any e^ty In Colorado. 
3,000,000 > 2p + 1,000,000 ^ 

(J) X < (x - l)(x + 1). This Is a correct translation. 
However, It Is not possible to find any ^value of x 
for which It Is true, ^ 
Using the distributive property we get: 

2 2 

X < X - X + X 1, 

2 2. * 
^ < X - 1^ and this is false for every x, 

(k) y la the number of dollkrs in the valuation of the 
property. J r / . . ^ \_ . ^ ~ 

j^(24. 00)^ 348.00, or ,Oa[iy - jUS .00 
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(i) * number of pounds Earl weighs . - 

(m) n Is the oountlng number, * 

n + 1 iB its sucGessor* - , 
n + (n + 1) ^ 575 

.(n) n Is the oountlng number* 

ifi + 1 ^is^Ats suaatssor* * 
t\ + (n + 1) 576, This a^tenee Is f'alM for all 
aountlng numbers. If a number Is odd,^ suoeessor is 
% eveni If tht number 4i even, its sueeessor is oddi 

in either case, their sum eannot be even. * j 

• . • - / 

(o) n Is the flrj^number. 

n + 1 Is the second number * ^ 
n + (n^% r)/- 576-/ 

Here tt^* solution set Is -tiot the empty set since the 
domain of n is not restricted to the counting numbers. 

(p) f Is the numben of feet in the length of one plede 
of board 

2f + 1 Is the number of feet in the length of the 
other piece . 

f + (2f + 1) « 16 ^ ' 

(q) 5% * 225. 
(r) e + 1 - T 

(s) J Is the number of years old Ma^ is now, 
m y - 6 is the number of years oid Itery was six years ago 

y + 4 is the number of years aid Mai^ will bi in four 
years. - ^ ^ 

^ y + 4 ^ 2(y - 6) ^ 

(t) t is t^ ten's digit. \ , 

*u Is the unit's digit. 



* lot + u Is the number* 
u + t is the sura of the digits 
lot + u - 5(u + t) + 7 

\ 
\ 
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(a) n It th« nuntbQr. 
. 3(n + 17) » 192 

4v) 5(n + 17) < 192 



-a 

40 



41.' 



42. 



^--^ the Tiumber' of months that have elapsed Slnde His' 
wel^t was 200 iba . 1.^ 1. ,,r 

175'+ 5n » 200^ . 

f - 

n is the number, 
n < 7 and n > 1 ^ 

(b)^ b Is the number Betty chooses, and b < 7, 
n Is the number Paul ahooies, and n < 5, 
Both are oountlng numbers, so b > 0 and n > 0, 
If b ^ 1 and n ^ 1, b + Jn ^ 4; If b ^ 7 - and 
n ^ 5, b + 5n ^ 22j henee: 
'b + 3n > 4 and b + Jn < 22 . 



(o) 



(a) 
(b) 

(0) 



b Is thi number ^tty chooseB* and b < 7, 
n Is the number Paul ohoosee,^ antf^n < 5, 
Betty chooses a counting number, so b > 0* 
^?aul chooses a whole number', so n > 0, 
HeiAi: b + 3n > 1 and b + Jn < 22, 

The\ fee for 4 



hourg is 35^ + 3(20)^ or 95^, 

t ^Is the number of one=hour periods a€ter the initial 
hour, 

35 + 20t is .the parking fee . 

h Is*^ the totafL number of -one-hour periods parked, 
h - 1 Is the^^umber of .one-hour periods after the 
initial hour* 

35 + 20(h - 1) Is the parking fee. 



43. (a) lOOx + 40y is the total dumber of gallons, 

, (b) 120(100) Is the number ojT gallons from the first pipe 
in 2 hours . 

hOy Im the number of gallo^^^ from the second pipe in 
y rAnutes, where y > 120, 
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y minutes, ' y > 120, 



120(100) la the total number of gallons Ip^'-"^' 



•(a) lOte + 4^ ^ 20,000 

If X is 0, 60, 120, 160, 180, 200 , 
and y is 500, 350, 200, 100, 50, 0 ^ 
JMm sentence is true . 

44* 0 is the number of degrees Centigrade, 

1 ,Bo + 52 is the number of degrees Fahrenheit . 
1.8o + 32 < 50 
^ ^ 50-32 

^ < l.B^ i 

45, d is the number of dollars Harr^reoeives . 

d + 15 is the number of dollars mck receives. 
2(d + 15) is the number of dollars Tom reoelves . 

d + (d + 15) + 2{d + 15) ^ 205 
* 4d + 45 ^ 205 

4d ^ 160 
d ^ 40 

^. Harry must receive ^ $40, 
Dick must reeeive $55* 
Tom must receive $110. 

r^'^^: ■ ^ ' 

46. Last year's cost was lOOd cints per dozen, - 
l^is year's cost is lOOd + e oents per doien. 

Half a dozen balls will eost 100^^+-^ cents, 

4T. Since the amounts are proportional to the ages 7 and 3 
they may be' represented .as 7x dollars and 3x dollars, 

) ^ lOx ^ 2% 

X ^ 2,40 

men 7x ^ 16.80 and 3x ^ 7.20. 

The older child receives $16. 80 and the younger, $7*20 
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48 * Let 'X be the new average , 

Then - 8x Is the total number of points received by the 

8 pupils who remained in the class. 
^ ^e total number of points reoelved b^ thfe 10 pupils 

is 720. . Henae, 

V _ 
8x + 192 ^ 720; 

, : ^ 8x - 528, . 

and * X ^ 66. * 

Hence the new average Is 66. 

J - {. \ ^ik, ^2, 0, S, 4, , . J 

Addition, subtraQtlon or multlplioation of any two 
numbers of the se^ gives a number of the set. 

Division may. not give a number of the set , For example 

2 

^ is not an even Integer, / 
^ . Finding the average of pairs of numbers from the set 

f 2 + 4 

-may not give a number of the set* For example, ^ - or 
3 Is not an even integer. Thus, the set of even integers, 
is closed u^der addition, subtraction and multiplloatlon, 
but Is not closed under division or pairwise averaging, 

50. If the first shirt coat x dollars, then 

X - .a'sx. =.5.'T5, ' . 

,75x = 3.75, • ' ^ 

; ' X - 5. ^ , , 

The first shirt cost $S, so he lost $1.25' on it . 

If the second shirt cost y dollira, then 

y + .25y = 3.75, ' 
l.asy = 3.75,. 
y = 3. 

The second shirt cost $3, sc he,.-^ained $0.75 on It. 
Thua, he lost #0.50 on the sale of the two shirts. 
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51. If n Is the number of niokels, 
then 12 - n is the number of dimes, 
5n is the number of cents in n nickels, 

and 10(12 - n) is the number of cents in (12 - n) dimfei 
Since the total number of cents is 95, we have 

5n + 10(12 = n) ^ 95 
5n + 120 - lOn ^95 ^ 
-5^ - -25 

= |(=5n) = - |(=25) 

;s \ ■ n = 5 

There were 5 nickels and 7 dimes. 

52. If t is the number of hours he rides into the woods, 
then 5 - t is the number of hours to ride out, 

kt is the number of miles he went one way 
and so is 15(5 - t). Hence, 

4t - 15(5 - t) 
4t - 75 = 15t 
19t - 75 . 

'=8 -'if 

iR 

He can ride in for hours so he can go a distance of 

(3j| X ^) miles into the woods, 

53. If s is the speed of the wind in miles per hour, 

then the speed of the plane is 200 - s miles per hour, 

and the distance traveled is 3i(2W - s) miles. 

So, . 

3f(200 - s) ^ 630 

700 - 3|s ^ 630 

s - ^70(.- |) 

s ^ 20 

The speed of the wind is 20 miles per hour. 



SlmpUfy each of the following: 

(a) -^'-6. ' (h) ^ , where y^o 

£_ 

(b) 12 - 4 ^ 3 , (i) (2a . 1) - (a + 2) 
§7 , (J) 3(x - 2) _ (x - 2) 



(d) 


5 1 
27 " ? 






+- 2 






(e) 




(1) 


X 


3 ' 


(r) 


3x -4 

- X ^ 0 


X 


0 


(s) 


2(x + 2) 1 


(m) 

-2 


3y' 


- 7x + 


X - 2 '4(x + SJ ' 
where k ^ 2 and x ^ 


If 


m ^ -4 and n ^ 3 find 


[ the Vi 


alue 


of 


(a) 


m - n (c) jm 


- n| 




(e) 


(b) 


n - m (d) |n 


- ml 




(f) 


Simplify each of the followingr 






(a) 


3a b^5c^ 


(c) 


X + 




c bat 


3 




(b) 


a - b 


(d) 


b 




^ Sa 


b ^ 


4 
F 



r 

m = 
m + n 



For what values of the variables in Problem 3 Is each of 
these expressions not a real number? 

Find the truth set of each of the following^ 
(a) f +- I - 7 (d) i = I 

1 
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For what #^lue3 of the variable l^each or the following true 




(a) 0*x ^ 0 

(b) 5x ^ 0 ^ (e) |x 2! > 0 

(c) x.O « 3 ' . - 

Find the truth set of each of the followinE: 

(a) y - 3 - 3 ^ y ^(c) ^ > 1 

(b) 1 + X > 1 ^-x (d) |x| > 2|x| 

, If ^a < b, which of the follov/ins numbers are positive? 
(a)^ a - b ' (d) a, if ab <.0 

(0) ia ^ bi y _ . • ^ 

V/hat number must .be added to -2x + 3y - to get 
X - 2y + 2? 

■■ "" * 

.0 

By what nuin^er must ^ be multiplied to get 3ab? ^' 

3 

If the numerator and the denominator of the fraction ^ 
are each increased by x^ where x is positive^ the value 

of the fraction is Increased by ^ , Find x. 

A student lived at a boarding house ^ where he paid rent at 
the rate of $1*50 per day^ except ^on those days when he was 
able to work for the boarding house oxmer* Vjhenever he v/orked 
for the owner for a day^ the owner charged him no rent for 
that day, and gave him $8 credit tov;ard his rent for the 
month, I^ie student, paid $8,50 rent for the month of January 
Write and solve an open sentence to find out how many days he ■ 
worked for the owner thkt month, (Hint: If the student v/orked 
n daySj for how many days did he pay rent?) 
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Horatio Id ,malclnn a ncale model .0^ a buildif-ig. If the scale 
is ^ — that Is^ if a lc2nr,th of , - w feet on the bulldlns is 
represented by a length of one Toot on the model--hov/ long 
□hould he make the v/all of hln modol v/hich Id to go rre spend 
to a 2^>-foot wall of the bulldin:::? ^/rite and Golvi^^an^^en 
Gontence for this problcmt 



^ Ansv/ers to Giiggeste^ Test ItemG 

■ 1 

. (h) u 
(1) a - 3 

CJ) 2x - "' 
■ (k) 2 ■ , 



(a) 


-10 


(b) 


5 


(c) 


-3 




2 


(d) 


27 


(0) 




in 




0:) 










f 


(a) 




(b) 




(a) 




(b) 


1^ 







or 



1 



(1) 2. 

(m)* 2y - 5x +.3 



(e) 7 



■d) 7 , ' (f) 7_ 

/ N 7x + 1 



(d; 



TT 

2 



b 



7~ 



If at leant one of a, ta, and o is 0 / 'V / 

If a = b ' — 
Mone 

If b in -2, 0, or 2 

[12] ' (d) [|] 

[ = 12] ^ (e) {%] 

1 

^all real value □ (d) 2 

. 0 (e) all real values excepu 2 

for no value of x \ 
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' \ ' ( 

(a) (3) ' . (c) all valuea of x whiGh are 

f greater than ^2 and rfess 

4 than 2, except 0, 

^ (b) all positive real (d) 0 

numbers 

8, The numbers In (c) and (e) are positive; the others 
negative , 

9'. X - Sy + 2 - (-2x + 3y - 4) = 3x - 5y + 6 
10. 

'a 

3_+ X 3 _ 1 
^^'^ 4 -+ X ^ V ^ ^ 

^ 12(3 + x) » 3" 3 (4 4^ x) ^ X 

X - 2 

12* If'^ the student worked n days^ then he paid rent for (31 - n) 

■--/^ 

days* Thmn 

1,50(31^- n) - 8(n) - 8,50 
46*50 - l*50n ^ 8n ^ 8,50 
46.50 - 9.5n ^ 8.50 

38 ^ 9*5n - 
4 ^ n 

. Ibe student worked four days diirins the month of Jaiiuai'y, 
ft 

13- If the wall of the model Is y feet long^ ^then 

W 25 
300 (gi) - 300 (^) 

5 ^ 12y 



^ - y 



The wall must be A- ft. (5 inches) long. 
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Challonge FroblemE 



Part 



' The relation 
For example. 



>" doe 
and 



not have thQ^ comparisun proporty 



2 are dirferent real niunberSj but 

nGithor Is further from 0 than the other; - in other v;ords, 

neitf^-r of the statements 2" arid "2 y ^2" is true, 

) ' - - 

Trie tr^altive property for ">-".^ uould read* If a, b, and 

c are real nLirTibers for v/hich a>b and b>G, then a V^c*' 

This is certainly a true statement as can be seen by 

^Gubstitutlns the phrase "is further from 0 than" for " " 

v/herever it dcours. , ^ 



> havp the same meaning for 
"is further from 0 than" and 



J The relatfonD " y" aiid 

the numbers of arithmetic 
"is to the rlcht of''^ mean the same thine on the arithmetic 
number line* 



By the definition of the product of , two real numbeTS, 
we have 

ab |a I . lb I or ab ^ ^( fa! I ) , 



(li^ If ab ^ ja| ^ |b I , then 



ab 



a| . |b| 
|a| ^ |bh 



since |a Hb I > 0, 



(11) If ab^ ^ |a|^, ^ |b|), then 
|ab| - h(|a| . |b|)| 
|a| ^ |b| 

al ^ IbL 



since |x| = |-xj for all x 
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3p Prove that,^ the number 0 has no reciprocal . 

Proof'. Assume tt^at the sentence of the theorem Is false. 
.Then 0 has a reciprocal, say a. This would mean that 

0 X a ^ 1 . 

Since the product of zero an^p^any real numtfBr is zero, it 
follows that ' ^ ' 

,0^1. 

This s^lftence is false. Thus our assumption that zero has, 
a reciprocal is a false assumption, and it follows ti^at zero 
has no reciprocal 

^. Prove that the reciprocal of a positive number is positive, 
and the' reciprocal of a negative number Is negative, 
^ Proof: The^statement follows Immediately from the defini- 
tion^ a X i = 1, since the product of two numbers Is 

a k s 

positive if and only if both numbers are positive or both 
numbers are negative. (Proof by Gontradictlon would also 
be possible . ) 

5^ Prove that the reciprocal of the reciprocal of a non-zero 
real number a is a. 

Proof: Since Is the reciprocal of — by the deflni = 



a 1 
tlon of a reciprocal, it follows that (^) f-^^l = 1. 

■ ^ i 

a 

Similarly, since i Is the reciprocal of a, it follows 

a 



that (a)(i)\|l, or, by the eommutatlve property* (i-)(a) - 1 



Compare (-) (-^) ^ 1 with ' (fTCa) ^1. We see that the 

i - I 

number — has reclprocalg and Since any non-zero 

a * ' 

real r^mber has only one reciprocal. It follows that 

1 

^ ^ a, which is what we wanted to prove. ^ 
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i>age 448 
6. 



(a) 


19 - 2| 




|9| - |2| 


(b) 


/ |2 - 91 


> 


|2| - |9j 


fc) 


|9== (-2)1 




|9| - .|-S| 


(d) 


J (=2) ^ 91 


> 


|-2| - |9l 


(e) 


l(-9) = 2| 


s 


1-91 - |2|' 


(f) 


|2 - (-9)1 


> 


|2| - !-9l 


(g) 


J (-9) - (-2)1 




1=91 1=2 


(h) 


l(-2) - 1-9)1 




|-2| = 1=9 



r om the preceding exercise the student will, we hope, infer 
that for all real numbers a and 

!a - bl > |a| ^ |b| 
|a » b| > |b| |a| 
|a ^ bf > I |a| - Tbl | . 

In case some of the more capable atudents are Interested In 
seeing a proof of these statements^ we give the following. 
The statement that |x+y| < |x| + |y| for all real numbers 
X and y can be used to prove the three statements above i 
With X ■ a - b and y - b, we have 

|a| ^ |(a b) + b| < ja - b| + |b| . 

By the addition property qf order, 

|a| + i-\h\%< la - b| 
|a| - IbfU |a - b| 
U - bl > |a| - |b|. 

Similarly, x = b - a and y = a leads to the sentence 

|b - a| > |b| - |a|. 
Since |b - a| = |-(b - a) | = |a - b|, this gives 

|a - b| > |b| - |a|. 



I 
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But / lb I 



|a| ^ -(|a| - so that we now have 

|a ^ b| > |a| ' 

|a ^ b| > -(|a| ^ |b|). 



Therefore, |a - b| > ||a| ^ |b 



The distance between a and b is found to be at least as 
great ^s the distance between |a| and |b|, beGause a 
and b can be on oppositp sides of Oj while |a| and |b| 
must be on the same sld^ 

The two numbers are 3 and 5 . 



I^ough the above is the auggested approach to this problem, 
some students may try to do it by , using the definition of 
absolute ^value . 

If 1^ - ^ I is 1, that Is, |x - 4 I is another 
name for 1, then (x - 4) must^^^by definition of absolute 
value, be either 1 or -1. Thus^ 

f X ^ 4 . 1 

X ^ 5 



or 



X - 4 ,-1 
X - 3 , 



10. 'The truth set of the sentence 
3 < X <■ 5 , 



jx - 4 I < 1 is the set 



Rather than using formal methods for solution of the 
inequality, the student will be guided by the question: 
What is Jthe set of numbers x such that the distance between 
X and 4 is less than 1? As in the case of the'^ preceding 
exercise,^ the student may work directly from the 'def inition 
^ of absolute value instead of by the suggested approach. 
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For example: 



If .X - i+ 


> 


0, 




then 


|x - 


^ ^1 

! 




X - 4 


/ 








But ^ 1 






< 


1 








■ 


So 




X 


< 


5 


If ,x - 4 


< 


0, 




then 


1 

|x ■ 


ll 1 

• ^1 




-(x - 4) 


















-X + 4 










But' 


|x = 




< 


1 










So 


-X 




< 


1 
















< 


-3 














X 


> 


3 


Thus, 




X 


> 


4 and 


X 


< 5 






or 




X 


< 


h and 


X 


> 3 






Finally,. 








' < X < 










graph 

, 1 — = 


Of the 
• 


^ truth 
i 1 


set 


; of 


X > 3 and 

— i ^ 






0 








3 




5 



. 11, ^e graph of the truth set of x > 3 and x < 5 is 

^ 

It Is the same as the tr*uth set of |x - 4| < 1, 

12, In some of the following exercises the methods described in 
connection wit^ the solution of Problems 6 and 7 above 
may be used byy^the students. The method of the distance on 
the number line is our main objective here, 

^ ^ (af^- Truth set: [-2, 1^]' ^ 

^-4 -I - \ — I J I i ^ 1~4 S 1 i f I ♦ t I - 

Graph: -2-1 0 1 2 4 5 6 7 8 9 10 II 12 [B 14 

' (b) Truth set: {4] 

-i-H — H — i 4 1 \ l — 4 f - \ - \ — 4=4 — I 1 I — 4-- -4---4^ 

Graph : 



— -i — \ — ^ 






f— 1 


—4 — 4=4^ — i— 


0 1 : 


^ 3 4 


T 







(c) Truth set:. (8, 12) 

\ \ i --^ r I i - 4 # i t I » 4 i i t — 4 — 

Graph: 0 8 9 10 II |2 

(d) Truth set: Real numbers x such ^hat x < -3 or x > 
Graph \ 

, ' ' < ■ 4 1 I H- 4 -A- - > 



(e) Truth set; All real numbers N:^ 
Graph I 



V 
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(f) \7\ - 1 

Truth set: [-1,1] 

— 4^--4^-4 -4 ^ - ^ - ^ I » I ^ 1 i I i I — i f - i 
Qraph^ -I 0 i 

(g) Truth set: Real numbers y such that 4 < y < 12. 
Graph * 

- i I i I I i d 1- i - I I I - -f--:-i-:-r-i6 - 1- ^- t I- U 

(h) I. I = -6 ° ^ 8 m 

The empty set 0 ^^-^^^ 

(i) Truth set: ,{-22, -I6) 

i-l 4 I i I 1 t ^ I i { I \-\- I ( i--4-i- I i 1^ 4- -j- -t- 
Oraph: -Za -16 0 

(J) ly + 5l - If - (-5)1 - 9 

Truth set: [-14, 4) 

_ - 4 { I [ t t j — i f - \ \ —\--\ — 111 141 

Graph: -14 -5 0 4 



1 



13. Pr6ye:^i5 * = (|) 



Proof: ^ ^^^^^ -a ^ (-l)a 

^ i_ 1 ^ ^ i . 1 



/ 

a 



>l)^i \ Definition of multiplicative 
inverse 



'a' 



14, Prove: If a < b, a and b both posit ive real numbers. 

then h < - . 
b a 



Proof: a < b Given 

,1 ix . .a 1 
^s- b) < ^^l 'b 



a(=- h) < b(i *i) Multiplication property of 



^ order; J is positive, 
since a and b are positive 

(%t-^i)i < (b • i)i Associative and commutative 
\ properties of multipliaation 
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^^k^ ^ ^^a^ Definition of multiplicative 

inverse 

) 

e < — Multiplication property of 1 

Da { 



Prove: If a < where a and b are both negative 

real numbers ^ then i < i 

D a 

Proofs a < b Given 

^^5' B") ^ ' Multiplication property of 

order 

(Since i aad h are both negative numbers ^ (i * i) is a 

positive number.) The remainder of the proof is identical 

to that in Problem 14, Alternatively, since a < b, 

-a > -b . Because =a and -b are ^toth positive numbers^ 

Problem 14 allows us to assert that i < i , and 

11 -a 
- — < = ^ . Taking opposites, again we have. 



a 



If a < 0 and b > 0, then — < ^ because — is negative 

V 1 a D a 

ana ^ is positive . 



f + I ^\^^^) +^^(^) Definition of division 

(a + b)i Distributive property 

Definition of division 



a + 



1^1" |(|^ ^ |(|) Multiplication propei^ty of 1 



ad be 



+ Commutative property of multl* 

^ plication and tr^ theorems 



ad + bc 
cd 



proved in Problem IJj 
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19. (a) Yea, beeause the product of any two numbers of the set 
Is a member of^the set . 



(b) (=1) X J - J X (-1) = =J 

Hence, (-1) x J = J x (-1) 

J X (-J) = i J (-J) X J - 1 

Hence, J x (-J) = (-J) x J 

(=1) X = J .1 ( = j) X (Ll) = J 

Hence, (-1) X (-JX = x (-1) 

(c) (-1) X J X (=.J) - ( = J) X (-J) =N^l 
(-1) X J X ^-J) = (-1^ X 1 - -1 

Hence, ' (-1) x J x (-J) = (-1) x J x (-J) 



1 X (-1) X J o (-1) X J - -J 
IX (-1) X ,1 . 1 X (-J)- = -J 

nee, 1 x (-1) x J = 1 x (-1) x J 



Td) Yes . 1x1=1 

(-1) X 1 = -1 

^ j (-J) X 1 - -J 

- ' 

(e) 1x1^1* Hence, 1 is the reclprooal of 1. 
(=1) X (-1) - 1. Hence,-! Is. the reciprocal of -1 , 

J X (-J) = 1. Hence, -J la the reciprocal of J, 
(-J) K J ^ 1. Hence* J Is the reciprocal of -J. 

(f) If X is a number such that J x x = 1, then 

(-J) X (J X x) - XI 
(-J) X J X X - X 1 

1 X X ^ -J 

X - -J 

If X ^ -J, then J X X o J X ( = J) 1 . 
Hencej the truth set is f-j). 



\ ■ 
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21. 



(g) similarly, the truth set Is (-1}. Multiply by J, 
since J Is the reciprocal of * t 



( 

(1) 



The truth set la (1). Multiply by (-1), since (-1) 
is the reciprocal of J" or (-1). 

The truth set la (1). = (J-) x J = (-1) X J = -J. 

Hence, muitiply by J, since J la the reciprocal of 





A rate of 3 m^utes per mile is 2d m.p^h* Thus, the 
time going ±b/^^ > or 18 hour^T 3 miles pfer minute 
is 180 miles per hour. -Thu^^^tie time returning is , 
or 2, hours. The total time is 18 + 2, or 20, hours 

the t(5tal distance 2.360, or 720, miles and the average 

4= 4 720 
rate is , or 30 m.p.h. 



Start with the sum t . 

Then J for the .ten numbers, the new gum is 

3{t 4- 10*4) ^ 10*4 ^ 3t + 80. 
For 20 numberB, ' 

3(t + 20^4) ^ 20-4 ^ 3t + 160. 

^e new sum, then, is 160 more than three times the 
original sum . 



v. 



